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ee PREFACE. 


ca work is prepared to meet the demands of our best 

High Schools and Academies. The plan pursued in 
the development of the subjects is substantially the same 
as that adopted in the duthor’s Inductive Algebra, of 
which this is a revision, but the scope of the treatise has 
been considerably extended, so that it may more fully 


- meet the demands of institutions that are preparing 


students for our higher scientific schools, and for advanced 
standing in our colleges. 

It is believed that the treatment of the subject will 
commend itself to teachers on account of its simplicity, 
its clearness, and its thoroughness. The student is led 
by natural and properly graduated exercises to a. thor- 
ough comprehension of the principles of the science, and 
then he is given such abundant practice in applying 
them, that they become fixed in the memory, and the 
most rapid progress is secured. 

Improvement in methods of teaching has been very 
great in recent years, and it is necessary, therefore, that 
new text-books should keep pace with the very noticeable 
advance in educational science. This work is prepared 
for the purpose of meeting this demand, and it is con- 


fidently believed that it is constructed upon a plan 
3 
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which exemplifies the methods of the best teachers of the 
subject. ) 

In no instance has the theoretical treatment of subjects 
been subordinated to the practical, and yet the theoretical 
is at all times illustrated and enforced by numerous 
practical exercises in which the book abounds. 

The author desires to express his obligations to others 
who have preceded him in preparing text-books upon 
this subject, particularly to the authors of the many 
excellent works which have recently appeared in Eng- 
land. He is also specially indebted to Professor Oliver 
S. Westcott, A.M., of Chicago, Ill. His distinguished 
success as a teacher, his keen insight into the depths of 
mathematical science, and his eminently practical views 
of truth have peculiarly fitted him to give wise and 
valuable assistance in the preparation of the book. 

The High School Algebra is submitted to the public 
with the hope that its scientific arrangement, its progres- 
sive development of principles, its accuracy of statements, 
its precision in definition, its clearness in discussion, its 
abundant examples, and its special adaptation for its 
purposes, may meet what is believed to be a popular 


demand. 
WILLIAM J. MILNE. 


State NorMAL COLLEGE, 
Albany, N.Y. 
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HIGH SCHOOL ALGEBRA. 


ALGEBRAIC PROCESSES. 


1, Exampie 1. Two boys had together $21. If the elder 
had twice as much as the younger, how much had each ? 


ARITHMETICAL PROCESS. 


A certain sum = the money the younger had. 
2 times that sum = the money the elder had. 
3 times that sum = the money both had. 
_ Therefore, 3 times that sum = $ 21. 
The sum= $7, what the younger had. 
2 times $7 = $14, what the elder had. 


The above process may be abridged by using the letter s for 
the expressions, a certain sum and that sum. In Algebra it is 
common to use the letter x, or some other one of the last let- 
ters of the alphabet, for a number whose value is to be found. 
Therefore, the following is the 


ALGEBRAIC PROCESS. 


Let x= the money the younger had. 
Then 2% = the money the elder had. 
And 3a =the money both had. 
Therefore, 3a = $21. 


x= $7, what the younger had. 
2a= $14, what the elder had. 


ad 
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* 
2. An Equation is an expression of equality between Oe 

- numbers or quantities. 


Thus, 4+ 7=11, and 24 = 16, are equations. 
3. A Problem is a question requiring solution. 


4, A Sclution of a problem is a process of finding the result 
sought. 


5. A Statement of a problem is an expression of the condi- 
tions of the problem, in algebraic language. 


Solve algebraically the following: 


2. A man paid $30 for a coat and a vest. If the coat cost 
4 times as much as the vest, what was the cost of each ? 


3. Two boys earned together $36. If James earned 3 
times as much as Henry, how much did each earn ? 


4. A farmer picked 24 bushels of apples from two trees. 
If one tree bore twice as many bushels as the other, how many 
bushels did each bear ? s 


5. A and B together furnish $800 capital, of which A fur- _ 
nishes 3 times as much as B. How much does each furnish ? 


_ 6. A man had 450 sheep in three fields. In the second he 
had twice as many as in the first, and in the third 3 \times as 
many as in the second. How many were there in each field ? 


7. Two boys together solved 350 problems, of which William 
solved 4 times as many as Charles. How many did each 
solve ? 


8. A certain number added to itself is equal to 260. What 
is the number ? 


9. A farmer sold a horse and a cow for $250, receiving 4 
times as much for the horse as for the cow. How much did 
he receive for each ? 


. 10. A has 3 times as many sheep as B, and both have 420. 
How many has each ? 
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“1. A farm of 480 acres was divided between a brother and 
a sister, the brother having 3 times as many_acres as the sister. 
How many acres had each? 


12. The greater of two numbers is 5 times the less, and 
their sum is 540. What are the numbers ? 


13. A and B had a joint capital of $1750. A furnished 4 
times as much as B. How much did each furnish ? 


14. A farmer raised 1320 bushels of grain. If he raised 
_5 times as much corn as wheat, how many bushels of each did 
_ he raise ? 


15. A farmer raised 1350 bushels of wheat, corn, and rye. 
If he raised twice as much corn as rye, and 3 times as much 
wheat as corn, how many bushels of each did he raise ? 


* 46. A, B, and C contributed $560 for the relief of the sick. 
A gave a certain sum, B gaye twice as much as A, and C gave 
twice as much as B. How much did each give? 


17. The number 169 can be divided into three integral parts 
such that the second part is 3 times the first, and the third 9 
- times the first. What are the parts ? 


18. The profits of a business for 3 years were $10,890. 
The second year the gain was twice the gain of the first year, 
and the gain the third year was twice as much as that of both 
previous years. What was the gain the third year ? 


. 19. The expenses of a manufactory doubled each year for 
three years. The third year they were $13,800. What were 
the expenses for each of the other years ? 


20. A lecturer received $300 for 2 lectures. For the sec- 
ond lecture he received 3 times as much as he did for the ast 
How much did he receive for each ? : 

21. A, B, and C own 10,000 head of cattle. B owns 3 times 
as many as A, and C owns 4 as many as are owned by A and 
B. How many does each own ? 

22. A number plus twice itself, plus 3 times itself, plus 4 
times itself, equals 30. What is the number? 
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23. John has 5 times as many hens as ducks. He has in 
all 12 fowls. How many ducks has he? 


24. A man has two daughters and one son. He wishes to 
divide $6000 among them so as to give the elder daughter 
twice as much as the younger, and the son as much as both 
the daughters. How much must he give each? 


25. Walter has 3 times as many slate-pencils as Albert has 
lead-pencils. The lead-pencils cost 3 cents apiece, and the 
slate-pencils 1 cent apiece, and together they cost 30 cents. 
How many slate-pencils has Walter ? 


26. Divide 36 into 4 parts so that the second shall be 8 
times the first, the third shall be 4 of the first and second, and 
the fourth shall be 4 of the other three. 


27. What number added to 5 times itself equals 90 ? 


28. What number added to twice itself, and that sum added 
to 4 times the number, equals 28 ? 


29. What number added to 7 times itself equals 104 ? 


30. A and B enter into partnership to do business. A fur- 
nishes 4 times as much of the capital as B, and both together 
furnish $15,500. How much does each furnish ? 


31. A gentleman dying, bequeathed his property of $14,400 
as follows: to his son 3 times as much as to his daughter, 
and to his widow twice as much as to both son and daughter. 
What was the share of each ? 


32. A farmer bought some grain for seed —in all, 32 bushels. 
He purchased 3 times as many bushels of oats as of barley, 
and as many bushels of wheat as of oats and barley. How 
many bushels of each kind did he purchase ? 


33. A merchant bought 3 pieces of cloth which together 
measured 144 yards. The second was 3 times as long as the 
first, and the third was 8 times as long as the first. What 
was the length of each piece ? 
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34. A farmer had an orchard containing 560 trees. The 
number of peach trees was 3 times the number of cherry trees, 
and the numberof apple trees 8 times the number of peach 
trees. How many were there of each kind ? 


35. James has 6 times as much money as John. He finds 
also that he has 30 cents more than John. How much has 
each ? 


36. A library contains 10,000 volumes. The books of fic- 
tion are 9 times as many as the scientific works, the books of 
travel and biography each one third as many as the books of 
fiction, and all the other works 4 times as many as the scien- 
tific works. How many books of fiction are.there in the 
library ? 

37. Mary had 40 cents more than Sarah, and Mary’s money 
is 5 times as much as Sarah’s. How much has each? 


38. A farmer had 217 cattle in three fields. The first field 
contained twice as many as the third, and the second twice as 
many as the first. How many were there in each field? © 


39. The earnings of a manufactory doubled each year. If, 
at the end of four years, they amounted to $15,000, what were 
the earnings the first year and the fourth year ? 


40. Three men engaged in business with a joint capital of 
$6000. A furnished three times as much as C, and B fur- 
nished $ as much as A and C. How much did each furnish ? 


41. In a certain school there are 600 pupils. The pupils in 
the second class are twice as many as the pupils in the first 
class, the pupils in the third class are as many as in both the 
first and second classes, while the number in the fourth class 
is double the number in the third. How many pupils are there 
in each class ? 


6, Quantity is the amount or extent of any thing. 


Numbers are used to express quantity. In Algebra, however, the word 
quantity is frequently used for the word number. 

Thus 35 gallons expresses a quantity. 

In Algebra 2 a, (w+ y), 4a are called quantities. 
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7, Known Numbers, or Quantities, are such as have definite 
values, or those whose values are given, or to which any value 
can be assigned. They are represented by jigures and the first 
letters of the alphabet. it 


Thus, 6, 8, 215, representing given numbers, and a, b, ¢, etc., repre- 
senting any numbers, are known numbers, or quantities. 


8. Unknown Numbers, or Quantities, are those whose values 
are to be found. They are represented by the last letters of 
the alphabet. 


Thus, x, y, Z, ¥, w, etc., are used to represent unknown numbers, or 
quantities. 


9, Algebra is that branch of mathematics which treats of 
general numbers, or quantities, and of the nature, transforma- 
tion, and use of equations. 

The Signs in Algebra are, for the most part, the same as 
those used in Arithmetic. 


10. The Sign of Addition is an upright cross: +. It is called 
Plus. Placed between quantities, it shows that they are to be 
added. 


Thus, a + 6 is read a plus b, and means that a and 6b are to be added. 


ll. The Sign of Subtraction is a short horizontal line: —. It 
is called Minus. Placed between two quantities it shows that 
the second is to be subtracted from the first. 


Thus, a — b is read @ minus b, and means that 0b is to be subtracted 
from a. 


12, The Ambiguous or Double Sign is +, a combination of 
the sign of Addition and the sign of Subtraction. 


Thus, a + 6 shows that b may be added to or subtracted from a. 


The signs + and — are sometimes used for other purposes 
besides indicating operations to be performed. Thus, if dis- 
tances east from a given meridian are indicated by the sign + 
prefixed to the number of degrees, distances west will be indi- 
cated by placing the sign — before the number of degrees. 


. 
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If the sign + indicates gain, the sign — will indicate loss. 
If degrees of temperature above the zero point are marked 
with the sign +, those below the zero point will be marked 
with the sign —. The signs + and — are, therefore, some- 
times, signs of opposition, as well as of operation. 


=a =3 = = 0 sual +2 +3 +4 
| |- | | | i | 


18, The Sign of Multiplication is an oblique cross: x. It is 
read multiplied by or times. Placed between two quantities, 
it shows that the one is to be multiplied by the other. 

Multiplication may also be indicated by a dot (-). In Algebra 
the sign is usually omitted except between figures. 


Thus, each of the expressions a x b, a- 6, and ab, shows that a@ is te 
be multiplied by b. 


14, The Sign of Division is a short horizontal line between 
two dots: +. It is read divided by. Placed between two 
quantities, it shows that the one at the left is to be divided by 
the one at the right. 

Division may also be indicated by writing the dividend above 
the divisor, with a line between them. 

; Thus, each of the expressions a + b and @ shows that a is to be divided 
by b. b 

15. The Sign of Equality is two short horizontal lines placed 
one above the other: =. It is read equals, or is equal to. 
When it is placed between two expressions an Equation is 
formed. 

Thus, x + y = 4 is an equation. 


16. The aes of Aggregation are: The Parenthesis, (); the 
Vinculum, ; the Bracket, [ ]; and the Brace, { }. They 
show that the Br antitics included by them are to hg treated as 
single numbers. 

Thus, each of the expressions (a+b)c, a+bxvc, [a+ b]c, and 
{a + bic, shows that the sum of @ and 6 is to be multiplied by ¢. 

When quantities are under the vinculum, or are included within any 
of the other signs of aggregation, they are commonly said to be in paren- 
thesis. 
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17. The Sign of Involution is a small figure or letter, called an 
Exponent, written a little above and to the right of a quantity 
to indicate how many times the quantity is used as a factor. 


’ 


Thus, a5 shows that a is to be used as a factor 5 times. 


When no exponent is written, the exponent is 1. 
Thus, a is regarded as a@!; bas D1. 


An exponent is also called an Index, 


18, A Power of a quantity is the product arising from using 
the quantity a certain number of times as a factor. 


Thus, 4 is the second power of 2; a3, the third power of a. 


Powers are named from the number of times the quantity is 
used as a factor. 
Thus, a® is read the fifth power of a, or a fifth. 


The second power of a quantity is also called the sguare, and the third 
power the cube of the quantity. 


19, A Root of a quantity is is one of the equal factors of the 
quantity. 


Thus, 2 is a root of 4; a is a root of a3. 


. 


20. Roots are named from the number of equal factors into 
which the quantity is separated. 


Thus, one of two equal factors is the second root, one of three equal 
factors the third root, ete. 


The second root of a quantity is also called the square root, and the 
third root the cube root of the quantity. 


21. The Sign of Evolution is V , called the Radical Sign. 
When it is placed before a quantity it shows that a root of 
the quantity is required. 

The quantity or number written at the opening of the radi- 
cal sign is called the Index. It shows what root is sought. 

When no quantity or Index is written at the opening of the 
radical sign, the square root is indicated; if 3,.as WV , the 
third root ; if 4, as V , the fourth root, etc. 
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22, The Sign .-. is called the Sign of Deduction. It means 
therefore or hence. ‘The Sign --- is called the Sign of Continua- 
tion. It means and so on or and so on to.- 


23, A Ooefficient is a figure or letter placed before a quantity 
to show how many times the quantity is taken additively. 

Thus, in the expression 7 0, 7 is the coefficient of b, and it shows that 
76isequaltob+6+4+60+604+0+4+0+408. 

Although the first figure or letter of an expression is usually regarded 
as the coefficient, strictly speaking, any factor or the product of any 
number of the factors may be considered as the coefficients of the product 
of the remaining factors. 

Thus, in 3 ax, 3 may be regarded as the coefficient of ax, 8a as the 
coefficient of x, or 3% as the coefficient of a. 


24, Coefficients expressed by numbers are called Numeral 
Ooefficients; those expressed by letters, Literal Ooefficients. 
When no coefficient is expressed, the coefficient is 1. 
= 


ALGEBRAIC HXPRESSIONS. 


25, An Algebraic Expression is the expression of a quantity in 
algebraic language. 
: EXERCISES. 

1. Interpret in ordinary language a? + 3Va? = 


InTERPRETATION. —The algebraic expression interpreted or read is, 
the sum of a@ square and 3 times the square root of the remainder when 
x Square is subtracted from a square. Or, the sum of a square and 3 
times the square root of the quantity @ square minus % square. 


Copy and read the following expressions : 


2. a+b. 0: VapnoP ce 
Be O10 — a io. e+4(a—3y). 
a, @ 4-6. 2—V4a—z 

a sea 11. eh eee 
at+e+y 

6. #+b+ec’. 12. Fe a ies 
7. 4(a+ b)—c. 7 3a + y—Vay. 
8. # + Vx  4yP—2+2ay? 


ALGEBRA. 
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When a=1, d= 2,c=38, d=4, e=5, find the numerical 
value of each of the following expressions by using the num- 
ber for the letter which represents it: 


Thus, @+6+8d—e=1+2+19—5 —10, 


rks 22. ot a heb eae 
2. 2o—b. b 
3 di 
8. 344-6. ae led faa: 
4, 2? —a~—b. oa. [TES Va 
Crs : 
5. d+c—2Za. 
2 2 
aa ee a5, (4% +*) 3d. 
6. d—(a+b) Face 
2 25% 
ener a 26. ?4+04284 Pe 
8. (a+b)d—e. ar. /-Va +a i926, 
9. d—c). 
tar BE a) - 28. (a+b)(b—a)4a. 
10. (a+ 6’) +(a+5). 3204 dep REE 
29. ‘ 
11. 4(83a—b). he nae 
12. Ta(3d—2a &. (9% . pay" 
2. Ta(3d—2a). PAW ae. 
13. abed(a+b+c+d). 8c(P—¢)_¢ 
31. Ae eee 
14. (a+b+¢)(at+b+e). 2d+b 
15. (a — b)—(ce—b). b*c? Vara 
(d +e—6)—(c—d) 82. 2 —5V (a te)h 
16. (d—a+c)(e—b). —_ 
17. (be + d)—d(a' +0). 88. 8 ee 
16. (= atic) +te—a). 34. (a+ d)?+ abv (bd + a). 
¥ 4be \?_ @ 
19; ? —a)+(d— -§ 80 eae 
(c+@—a)+(a—s). | ¥ Gee : 
20. 2b(a +c) (e—e). 3 
se, SFE, de _ (ae 
21. Sad(c—a+d)—¢, e -b4¢>. (an 
87. 4 (abe — be) 4 [4+ +(e+a)*] 
(6+) 


88. {[a+bxc(d+e) dV(a+d). 


ALGE XPRESSIONS. 19 


26, The Terms of an 
nected by + or —. 


Thas, in the expression 2@ + 3% — 2cd, there are three terms. 


expression are the parts con- 


Several terms in parenthesis are considered but one quantity. 

Thus,.@+ (6+c—d)«x consists of but two terms, viz.: a and (0+c—d)a, 
although the quantity in parenthesis consists of three terms itself, 

27. A Positive Term is one that has the sign + before it. 

When the first term of an expression is positive, the sign + 
is usually omitted before it. 

Thus, in the expression @ + 3c — 2d + 5e, the first, second, and fourth 
terms are positive. 

28. A Negative Term is one that has the sign — before it. 

Thus, in the expression 3a —2d—38c+2b-—e, the second, third, 
and fifth terms are negative. = 
29. Similar Terms are such as contain the same letters with 
the same exponents. 

Thus, 3%? and 12%? are similar terms; also 2(%+ y)? and 4 (a + y)2. 
ax? and 6a? are similar terms when a and b are regarded as coefficients. 

30. Dissimilar Terms are such as contain different letters, or 
the same letters with different exponents. 

Thus, 3ay and 2 yz are dissimilar terms, as are also 3ay and 3 xy?. 


81. A Monomial is an algebraic expression consisting of but 
one term. 

Thus, xy, 3ab, and 2y are monomials. 

82. A Polynomial is an algebraic expression consisting of more 
than one term. 

Thus, e+y+2 and 3a + 2b are polynomials. 

33, A Binomial is a name applied to a polynomial of two 
terms. 

Thus, 2a+386 and x—y are binomials. 

84, A Trinomial is a name applied to a polynomial of three 


terms. ee 
Thus, «+y-+2 and 2a+3b-—2c are trinomials. 
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35. 1. How many books are 5 books, 3 books, and 7 books ? 
2. How many 0’s are 4b, 3b, 5b, and 2b? 
3. How many 2’s are 3a, 5a, 9a, 13a, and 10a? 

_4. How many ab’s are 2ab, 3ab, 4ab, 6ab, and 9ab? 


5. James has no money, and owes one person 5 cents, 
another 3 cents, and another 2 cents. What is his financial 
condition ? 


6. If the sign — is placed before each sum which he owes, 
what sign should be placed before the entire amount ? 


7. What sign will the sum of negative quantities have? 
8. How many —a’s are — 9a, —3a, —Ta, —8a? 


9. Asa owes one person 10 cents, another 12 cents, and 
another 15 cents. If James owes him 5 cents and Henry owes 
him 9 cents, what is Asa’s financial condition? What is the 
value of —10, —12, —15, +5, and +9? 


10. How much is the debt in excess in the following: —8 
dollars, —7 dollars, — 9 dollars, 5 dollars, and 12 dollars? 

11. Which is in excess, and how much, in the following: 
3a, —5a, —2a, Ta, —6a, 9a, —2a? 


12. When no sign is prefixed to a number, or quantity, 
what sign is it assumed to have ? 


36. Addition is the process of uniting several quantities so 
as to express their value in the simplest form. 


37. The Sum is the result obtained by adding. 
20 
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8.<PRINCIPLES. —1. Only similar quantities can be united 
by addition into one term. 


2. Dissimilar quantities are added by writing them one after 
the other with their proper signs. 


In Algebra an indicated operation is often regarded as an 
operation performed, as in Principle 2. 
39, To add similar monomials. 


1. What is the sum of 3a, a, 4a, and 5a? 


PROCESS. 
3a 
a Expianartion. — The sum of 5a, 4a, a, and 3a is deter- 
he mined by adding the coefficients, or numbers, which tell 
5 how many a@’s there are. Hence, the sum is 13a. 
a 
134 


2. What is the value of 2a4+4a—2a+3a—a—3a? 


PROCESS. 


za —2a Explanation. — Since the quantities are similar, 

Ai i ee they are written in columns. 

3 3a The sum of the positive quantities is 9 

Eo sum of the negative quantities is — 6a. 

9a —6ba 9a—6a=8a.. Hence, the value is 3a. 

9Ya—6a=3a 

Find the sum of each of the following: 
3. 4. 5. 6. 7. 
4b 3ax 4 oy — 42%? — 20x 

b 2ax T ay — 32y" — ¢# 

7b hy 3a’y — #y° — 8a? 
9b 4 aw 2ay — 82’y" — ce 
5b 9 ax 9 ay —T2y? — ce 


8. Find the sum of aa, 3aa, Taw, Iax, 8ax, and 2 aa. 


9 Find the sum of 7mn, mn, 2mn, 8mn, 3mn, and 5mn. 
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10. Find the sum of —3a%y’*, —ay, —da*y’, —Ta'y’ 
—9a’y’, and — xy’. 
11. Find the sum of 3a*y3, 4a%y3, 3a%y?, ay’, Tay’, and 
, “Express in the simplest form : 
12. 8a+4a—2a4+T7Ta—3a—6a+a. 
13. 9a®w — 3a°x + a®a + 20°e —7 a®a — aba. 
14. 4Vay + 2V ay — 3Vay + Vay + 4V ay — 2V xy. 
15. 3 (ay)® + 4 (ay)? — 3 (ay)* — (ay)® — 7 (ay)? 
16. 2(%+y)*+6(e@+y)*—T(@t+y)'—3 (e@+y)'—4(z+y) 
+9(@+y)*—9(@ty)i +8 (@+y)*—-(@+y)* 
17. 3(@—y)+5(@—y)—2(@—y) +7 (@—y) — (@—9) + 
9(x—y)—6 (@—y)—8 (w@—y) + 4(@—y). 
18. T(a+ 6) +3(a+b) —5(a+b0)4+6(a+b)—4(a+ 5) 
—2(a+6)+(a+b)—3(a+5). : 
19. (a—2)+6(a—«)—2(a—a)+4(a—2) +5(a—2) — 
T(a—2x)+5(a—2)—3(a—2). 
(a —b)’—5(a—b)?4+5(a—b)?+7 (a—b)?—8(a—b)? 
b)? — (a —b)?. 
(a+ y)+5(a+y)+7 (a+y)'—4(#+y)'—3(e@+y)3 
rey) — 7 (e+e (ee 
22 ONG > a —e—5 Ve — 4 BV oo —4- Vo 2? 
+ TV — 4+ Va — 


40. To add when some terms are dissimilar. 


1. Find the sum of 7+2y+42, a—y, and a+ 3y +4 2z, : 


PROCESS. Exrianation, — For convenience in adding, simi- 
lar terms are written in the same column. Since 

a+ 2y +2 there are three different sets of similar quantities, 
ay their sum, or the simplest expression, is the sums of 


e+ 3y +22 the different sets of quantities connected by their 
—_——__ proper signs, for only similar quantities can be 
3sa+4y+3z united into one term. 
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2. Express in its simplest form the following: 3a + 2ay 
+2—say+2e—32+4e—3ay —2ay+62—Tae+2w. 


PROCESS. EXpLaNnaTion. — The quantities are ar- 
Ba+2ay+ z ranged so that similar terms are written 
in the same column. Beginning at either 

2a — Say —3z hand, each column is added separately, 
4a —3ay+6z2 and the dissimilar terms of the result are 
—Tax—Qay +2w connected by their proper signs, for the 


dissimilar terms can not be united into 
2% —6ey+42+2w one term. (Prin. 2.) 


RuiLe.— Write similar terms in the same column. Add each 
column separately by finding the difference of the sums of the 
positive and negative terms. Connect the results with their proper 
signs. 


EXAMPLES. 
3. 4, 5. 
3a+26 5xa+ daxy 38a+4e2— wz 
—2a+3b— ¢ 20 — Tay 2a —Az 
2a +2¢ —3x—6x2y 32—422 
4] ea eas ; 4ay — 32 82+62—Axz 
3a—46 30 +4z 7 xz 


Express in their simplest form the following: 

6. 3x +2y —3e—2y +32— 604+ 4y 4+ 32430432—64. 
% Anyte—y+32—y—3ay+ay—yte2+4u—3y +2. 
8. 3ac +4ay+ 2ac— 3ay + 2ay + 2ac—3ac+ ay. 

9. 964+ 2cd—38e— 38cd+9b+ 3cd—6e—2b—4c+4+8cd. 
10. 3a°y + 3ay — 324 bay —6a’y + 2z—3ay + 62-42. 

. 4+604+3c—4a4+38c4+8a—-6b4+d+2ce—384a+4+7a. 
my ty tw—3y+2w+ 2a’y+2—32°y —38y +2. 
bob? — 3 cly? + 2d? — Achy’ + 4a’d? — 3d? + 2c? — Bar. 
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14. Add 3ab+3-Vay +4, 4Vay—2ab+7, Tab+3+42V ay, 
2Vay +4—4ab, and 3ab—2Vay +7. 

15. Add 32°—4a?—a+7, 20°—2?+32—10, 2a?—-Te# © 
—2x4+4, 30?—20°+4+12—32, 110°+ 5e’?+ 6a—7. 

16. Add 3aa?+2a?+2a%y7+0%, 3aa?+ tary +3a*?— 26%, 
2ax? + 3a%y — a? — 20%, and J, aa’ + La’y4 3a’ — 20%. 

17. Add ac’?+ab?+14a’—a’b+2abe+ta’e, ab +b? + ab? 
+b? + 2abe +40’, and a’e— ac’ + be — be’? +c + abe. 

1s. Add 2(a—a)+42’, (a—a#)—32*, 62°—3(a—2z), 
7 (a—a)— 52, and #—(a—2). 

19. Add 7(a+6)’+0%*, 6b'c?— 5(a+b)*, 3(a+b)?—40°c?, 
60°? +8 (a+b), and 7(a+b)?— 8b'c. 

20. Add 6(ab+c)+7(a—2) +a2, San —8(ab+ Se bee 
3(a—2)—2(ab+c)—4aa, and 3(ab+c)+2ax—(a—2@). 

21. Add (a+c)’—3a(e+y), 5a(~+y)—5(a+e)’, T(a+¢)? 
—Ta(«+y), and a(@+y)—9(a+c)’, 

22. Add a(w+1)—4(y—2)+’, 3(y—2) —5a@’—2a(@+1), 
Tv@?+4a(e+1)—2(y—2), and 3a(a+1)+(y—2)+3a2 

23. Add Va—%+ 52%, T2?—3-Va—2, TVa—a@—62% and 
3a? — AV a — x. 


24. Add 5a—6(b+c) +7, 5(b+c)—6a—4, 8a—9(b+c) 
—9, and 8a—5(b+c)+2. 


25. Add 7(#+3)—4y!+4 ab, 8y!—2ab?—6(@+3), Sab? 
— 5y' +3 (%+3), and Ty! 2ab?+ (a+ 83). : 


7 


26. Add aw(a—1) + (?—2) +7’, 2(0°—2) —3y 43.9 
5y’—Gax(a—1) —6(6’—2), and 4ax(a—1)+(b?—2)— 


Ny 
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.27. Add 7Va+b6+ av a—3b+abe, TrVa—3b—5Va+b 
—3abe, 4Va+b+2abe—5 aVa—3b, and 6Va+b—5a~/a—3b 
— Tabe. 


28. Add 4aVb—c—3Vet+y, 8Vx—5aVvb—c—5y, by 
+7Va+3aVb—o, and abe o— TV a +29. 


29. What is the sum of 42°+ aa® — ba? + 223? 


PROCESS. 
+42° EXPLANATION. — The quantities 4, a, --b, and 2 may 
+ aa be regarded as the coefficients of 23, and the sum 
ae obtained by adding these quantities and prefixing it 
to «3. The sum of the coefficients is 6 + a — 0. 
+ 2a? .. the sum of the quantities is (6 + a — b) #8. 
(6+a—b) x 


30. What is the sum of 2ax— 3ba+4ca+4+ 3dx? 
31. What is the sum of 2aa’?+ 4ba?+ 3ca’?+ 42°? 
32. Add 2(a+b), 3a(a+b), 4(a+b), 2a(a+). 
33. Add 5(a+3), 2(a+3), 3a(a+3), 2b(a+3). 
34, /Add BaVat+y, 2Va+y, 2aVe+y, 3Ve4 y 
a 5(@+y),a(e+y), b(@+y), —4(04+y). 
36. aod b(a@—y), P(a—y), OF (a—y). 
37. Ada aVa—b, 4eVa—b, 3aVa—b, 2eVa—b. 


Reena Braet er hae 


38. Add 66(2?+y7"),a(¢7+y), —c@+y’), —5d(2’+y’), 
2c (x +4’). 

39. Add 5Va?—c’, 3aVa?—, 6Va?—c’, 2aV a? — Cc’. 
dT (@+y+1), 2b(@+y+1), —5(@+y+1), 
p+1). 

dd av/a—y, bWa—y, cVa—y, (atb+c)Va—y. 
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EQUATIONS AND PROBLEMS. 


41, Simplify the following and find the value of w: 


= 


. 8at+4e4+2ea—3e—20+4e=16. 


SOLUTION. 


38ea+4e74+2e—3e—2e7+4xe4=16 


Uniting terms, 82416 
Whence, x= 2 
5a+2e—304+4ea—624+72=18. Tt. 


2 
8. 5a2+6x2—9e—38e+4+2¢2+4x7= 20. 

4. 8e—2¢2+5¢4+7¢2+427—3824= 2642. 

5. de—404+2¢4+60—4e4 onlp +32 
6. a+4a+6e—3¢4+7e—9e=21A 7,4, 

7. 9en—2ea—3e4+Te—5a+4e= 3505/9 —4. be 
8. 8e—40+7"+4+3e2—62—4¢=37/—342. 

9. lle—3e4+T7Te#—424+ 6e2—302=23847-—2. , 
10. 10%7—4¢42e4+7%—6e4+2e7=385+6-+3. 


Solve the following problems: 


11. James solved twice as many problems as Henry, and 
Henry solved 3 times as many as Harvey. If they all solved 
70 problems, how many did each solve ? 


12. A had twice as much money as B, and B had twice as 
much as C. If they all had $140, how much had each ? 


13. William had twice as many marbles as Henry, and 
Henry had 3 times as many as Samuel. How many h 
if they all had 50 marbles ? ; 


14. A merchant owes B a certain sum of mone 
twice as much. Various persons owe him in all 10 tim 
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much as he owes B. After paying all his debts he will have 
$ 1400 left. How much does he owe B and G? 


15. After taking 5 times a number from 13 times a number 
and adding to the remainder 8 times the number, the result 
was 5 more than 155. What was the number? 


16. A circulating library contained 10 times as many books 
of reference and 3 times as many historical books as works of 
fiction. The works of reference exceeded the works of fiction 
and history by 12,000 volumes. How many volumes were 
there of each ? 

17. A merchant failed in business, owing A 10 times as 
much as B, C three times as much as B, and D twice the 
difference of his indebtedness to B and C. The entire debt 
to these persons ,was $36,000. How much did he owe each ? 


18. At a local election there were three candidates for an 
office who polled the following votes respectively: A received 
twice as many as B, and B 14 times as many as ©. The vote 
for all lacked 3 votes of being 1125. How large a vote did 
each receive ? 

19. A man earned daily for 5 days 3 times as much as he 
paid for his board, after which he was obliged to be idle 4 
days. Upon counting his money after paying for his board he 
found that he had 2 ten-dollar bills and 4 dollars. “How much 
did he pay for his board, and what were his wages ? 


, 20. Aman loaned the same sum of money to each of 4 men. 
. One man had the money for 2 years, another for 3. years, an- 
other for 4 years, and another for 5 years. If the entire inter- 
est money received was $420, how much did each man pay ? 


21. In a company of 77 persons it was found that there 
were twice as many women as men, and twice as many children 


as women. How many were there of each ? g t 
wf Ha 


22. A man gave to a hospital a sum of money | 
twice what he gave to a library, and to a school fo 
what he gave to the library. If he gave to all $70 
much did he give to each ? 


SUBTRACTION. 


—+o+——_ 


49. 1. What is the difference between 7 miles and 9 miles ? 
2. What is the difference between 9m and 3m? | 
3. What is the remainder when 8a is taken from 12a? 


4. What is left when 3a’) is taken from 1207)? . What is 
the sum of 12a) and —3a’b? 


5. What is left when 5pq? is taken from 13pq?? What is 
the sum of 13 pq? and — 5pq’?? 


6. Instead of subtracting a positive quantity. what may be 
done to secure the same result ? 


7. What is the remainder when 7 is subtracted from 13 ? 
When 7 — 3 is subtracted from 13 ? 


8. How does the result when 7 —3 is subtracted from 13 
compare with the result when 7 is subtracted from 13? 


9. What is the remainder when 8a is subtracted from 11a ? 
When 8a— 5a is subtracted from 11a? 


10. How does the result when 8a —5a is subtracted from 
11a compare with the result when 8a is subtracted from 11a? 


11. Instead of subtracting a negative quantity what may be 
done to secure the same result ? 


43. Subtraction is the process of finding the difference be- 
tween two quantities; or 

The process of finding a quantity which, added to one given 
quantity, will produce another. 


he Minuend is the quantity from which another is to 
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45. The Subtrahend is the quantity to be subtracted. 


46. The Difference, or Remainder, is the result obtained by 
subtracting. 


47, Principtes.—1. The difference between similar quanti- 
ties, only, can be expressed in one term. 

2. Subtracting a positive quantity is the same as adding a 
numerically equal negative quantity. 

3. SUbtracting a negative quantity is the same as adding a 
numerically equal positive quantity. 


48, To subtract when the terms are positive. 


1. From 9a subtract 3a. 


Expianation. — When 3 times any number is subtracted 
PROCESS. from 9 times that number, the remainder is 6 times the 


9a number; therefore, when 38@ is subtracted from 9a, the 
remainder is6q. Or, since subtracting a positive quantity 

3a is the same as adding a numerically equal negative quantity 
—_ (Prin. 2), 3a@ may be subtracted from 9a by changing the 
6a sign of 8a@ and adding the quantities. Therefore, to subtract 


8a from 9a, we find the sum of 9@ and — 8a, which is 6a. 


2. From 13a take 15a. 


Expianation. — After subtracting from 13@ as much as 


ager we can of 15a, there will be 2a yet to be subtracted, and the 
134 result will be —2qa. Or, since subtracting a positive quan- 
15a tity is the same as adding a numerically equal negative 

_ quantity (Prin. 2), 15a may be subtracted from 13 @ by 
a finding the sum of 18 @ and — 15a, whichis —2a. There- 


fore, when 15 a is taken from 18 a, the result is — 2 a. 


3. 4. 5. 6. 7. 8. 


From 15a@ i8ay 152a%y? . 19ayz Say'z— 10a7b*c 
Take—6a __ 8ay 17 ay? 22 xyz 15a°y"z 13 a°*b’c 


Subtract the following: 
9. 8u+2y from 12¢-+ 6y. 
.10. 9a+3b from 10a+4 20. 
11. Tay+22 from 5ay-+ 4z. 


30 
12. 
13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 


49, 
23. 


PROCESS. 
6a—2b 
oa@—45 

- + 
38a+2b 
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3e°y? +62 from 52y? + 32. 

Say'z-+B8ay from 6ay*z + 2ay. 

Ap’gs + 3pq’s from 5p*gs + 6p9q’s. 
5mne + 3mnxe from Tm'nx + 2mna. 
5a’y +2y? from 9a*y + Ty’. 

3ay?+4z from wy’?+z. 

5p’¢’ + 5pg from p*q’ + 4pq. 

eye + 4y? from 15 a°*y’2? + 27. - 
8 yz + yz from 3yz + 3y%z. 

3p’¢’?+4qs from 974? + 2qs. 

10 ayz? + 4ayz from wyz® + xyz. ~ 


> 
To subtract when some terms are negative, 


From 6a—26 subtract 3a — 40. 


bah aay 


“> 


EXPLANATION. — Since the subtrahend is composed of 
two terms, each term must be subtracted separately. 
Subtracting 3q@ from 6a@— 2b leaves 3a —25, or the re- 
sult may be obtained by adding —3a@ to 6a—2b. But 
since the subtrahend was 46 less than 3a, to obtain the 
true remainder, 4b must be added to 8q@—2b6, which 


gives 83a+2b. Therefore, the subtraction may be per- 
formed by changing the sign of each term of the subtrahend and adding 
the quantities. 


Rois. — Write similar terms in the same column. Change the 
sign of éach term of the subtrahend from + to —, or from — to 
+, or conceive it to be changed, and proceed as in Addition. 


From 
Take 


From 
’ Take 


24. 25. 26. 27. 


4a°a 3.a?y? 2a+ y 6y—2z 
—2a% —b5aryy —2a—Qy 38y+442 


29. 30. 


28. 
Tax —Aby 
3ax— 9by 


31. 


8a+2b—38¢ 4x4 3y—32 4ay+32+ 2 
2a—4b+4+-5¢ 2u—4y—5z 2ey—32+4a%—y 
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+6b+c subtract a+2b—c. 

D+ 2y —3z subtract 2a —3y +42. 

ee 207+ 3c subtract 3a?— 30?—2¢. 
—2c—4d@ subtract 4c? — 3a? + 2d%. 

—3y' +22 subtract 4y? — 3at + 22% 

Dp +4¢°+7° subtract 373-4 p? — 2. 
+2ay+2 subtract 2 aa® Zay +z. 

5yz+3az subtract 2ay —3yz—4az. 
°4+.10ey subtract 144°y?—8ay3— 4ay. 
-6y2* subtract 10 aty — 4a7y3+ 5 yz%. 
subtract 22? —3ay — 42”, 


3a°y* + day — 5a subtraet | yh —2ay+4ae—5. 


. From 425y?— 3ay —72 subtract 2a°y’+ 6ay’+ 224 9. 
. From Jar? —4bs'+ 8rs subtract 38ar?+ p+ 2bs* + 7. 
. From 154°—24 2*y?—16y* subtract 154°? +4z2—5y*+a°. 


From 3x"—4a"y™+4y" subtract 4a" + 2a"y™ — 4a”, 


. From 3a"—2a*y"—y""! subtract 3y"1+2ay"— 4a”, 


From 3\/xy + 22—-V¥? subtract 2V xy — 32 — 2 y?. 


. From 4(a-+b)?—3a+4e subtract a—2(a-+b)?— 
. From Vat 3N/2 +y subtract 6N/at+y—TVat+y. 
. From 5Va+0°—3Ve+ use 4Va L22/64d, 
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‘56. From ax+ by subtract ca— dy. 


Since a and c may be regard 
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cients of x, and b and —d the: of y, 
ax + by the difference between the qt ) 
cu — dy found by writing the differe 


—_———.-.._ —~ ..  eoefficients*as coefficients of & 
(a—c)e+(0+4)¥ since ¢ cannot be subtracted 

traction is indicated by (a — meince —d 
cannot be subtracted from 6, the subtraction is indi 
consequently the remainder may be written (a — ¢)x 


57. From on subtract cy — da. 
58. From ca+2ay—3dz subtract 3am 
59. From 2cd —3ab+ce* subtract 20 adil 
60. From a#+ by —z subtract « boxe 
61. From d5ay+2cz—6a § 


62. From aa’+2cy+ 


63. From 2px?+ 


Btract ra? + sey — py”. 
64. From cx —14@ subtract 9% —14aby + 1507. 
65. From 32+T7y * z subtract bea — ay + gz. 

66. From ax—ba-+ ay + by subtract — aw + cx — by + cy. 


67. From ax+ be—ca+ ay —by+ cy subtract ax+ ba —da ~ 
— ay — by + ey. 


68. From 4 b(@—y) +4 cda subtract 4 c(@—y) + aa. 

69. From 5V2 + 3Vy subtract 3V a+ 2avVy. 

70. From ax + b’a — a’y + by subtract b’a — ea — ay —c’y. 
71. From aVe+y+boVx—y+da subtract bVa+y 


—aVa—y—ca. » 
72, From nV2%y? — mV ay — n*/zy subtract m*/ay — n*/ay 
— t/a ~38Vay+y.~ 
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SIGNS OF AGGREGATION. 


50. The subtrahend is sometimes expressed with a sign of 
aggregation, and written after the minuend with the sign — 
between them. 


Thus, when 6 + c¢—d is subtracted from a + 0, the result is some- 
times indicated as follows: @ +b — (6+c¢-—d). 


1. What change must be made in the signs of the terms of 
the subtrahend when it is subtracted frothe minuend ? 


2. When a quantity in parenthesis is preceded by the sign 

—, what change must be made in the signs of the terms when 
the subtractionas performed or when the parenthesis or other 
similar sign is removed ? 

The term parenthesis is commonly used to include all signs 


of aggregation. 
See § 16, note. 


51. Princrpres.—1. A parenthesis, preceded by the minus 
sign, may be removed from an expression if the signs of all the 
terms in parenthesis are changed. 

2. A parenthesis, preceded by the minus sign, may be used to 
inclose an expression if the signs of all the terms to be inclosed 
in parenthesis are changed. 


When quantities are inclosed in a parenthesis preceded by the plus 
sign, the parenthesis may be removed without any change of signs, and 
. consequently, any number of terms may be inclosed in a parenthesis with 
the plus sign without any change of signs. 

The student should remember that in expressions like —(a? — y + 2) 
the sign of a2 is plus, and the expression is the same as if written 


—(+#—y + 2). 
Simplify the following: 


1. a--(a+5). 5. a—(a—b). 

2. w—(a%—y). é- 6. y—(—a@-—y). 

8. a+b—(-—a). | : 7. 4a—(2a+y). 

4. a—(—a—D). 8.°38"+2y—(2e%—2y). 
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9. 5a—3y—(—2a44y). 

10. T#+3z2—(e%+y+2). 

11. 2a—3y%—(a4+2%—3y%). 

12. 32y + 208y —(4ay — ay +22). 

13. 3a? 4+ 2y? —(—4a° — 27? —2). 

14. 3ab?—2ac? —(— 3ab?—6ac’). 

15. (a+b)+(a—b) —(2a—2D). 

16. (a+b—c—2#)—(b—c—a%+a)+("%—a). 
17. (8%—4c)+(e#—3c)—(4"u—Tc—4). 

18. (3a? — 2a’ —7)—(7+ 30? 40’ + A—3. 
19. (a?+ 2ab + 0’) —(a?—2ab + b?) —(—4ab). 
20. 1—(1—2)+(2+2)—(142—-2). 

21. {(a+6b)e+4}—(a—b)x+T. 


When the expression contains two or more parentheses, they may be 
removed in succession by beginning with the outside or the inside one. 


Thus, a+b—(c—a+[d+b]—c+2b—d) 
=a+b—c+a-—[d+b]+c—2b+d 
=a+b6b-—-c+a-—d—b+c-2b+4+d 
=2a-—20b. 


Simplify the following: 

22. 2a —(2b —d) —{a—b —(2c—2ad)}. 

23. 2a—[3b + (2b —c)—4c + {2a —(3b —c— 2)? ], 
ef. 2a —[2a—{2a—(2a—2a—a)}]. 

25, a —{5me? —[x —(3¢—3me’) + 3¢— (a? —2me? —c)]}. 
26. a—b—c—(d+2a+[8b—2c¢+d]—4a— 2b). 
27. w+ 2y —(a®+[2y +32? — 42°] —6y +327) 4 42% 
28. —(a’y + 2y —3) — (ay —[6y +7 —3a%y] +9). 
29. ab + be —(3ab+([3be + 2bd — 3ab] + 2bd) — 6c. 


Ea 
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30. = {S00 =[2ey\e 2) 42 — (oy L1Sar +62] 4.32)1. 
31. «—[—{—(—2)+a}— 22]. 

32. y'—(@ +2") —[y'—[-(- P+ #)}]. 

33. (a—b)—{—a—(b—a)+(a—b)}. 

34. 3a—(2a+1)+ fa—(8—4—a)}. 

35. —7T—[—{—a—(—a—a-—8S)}]. 

36. (2? +1)—[ax —{—(—2ae+7)—ax—#=7T} 422°]. 


TRANSPOSITION IN EQUATIONS. 
62. 1. If «—5=20, what is the value of x? 
2. If «+5=20, what is the value of a? 


3. In the equation «—5= 20, what is done with the 5 in 
obtaining the value of x? In the equation x=20+5, how 
does the sign of the 5 compare with its sign in the previous 
equation ? 

4. In the equation «+ 5=20, what is done with the 5 in 
obtaining the value of ~? In the equation x=20—5, how 
does the sign of the 5 compare with its sign in the previous 
equation ? 

5. In changing the 5’s from one side, or member, of the 
equation to the other, what change was made in the sign ? 

6. When a number, or quantity, is changed from one mem- 
ber of an equation to the other, what change must be made in 
its sign ? 

7. If 5is added to one member of the equation 24+3=5 
what must be done to the other member so as to preserv 
equality ? 

8. If 5 is subtracted from one member oi the equagid 
24+3=5, what must be done to the other member so as to 
preserve the equality ? 
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9. If one member of the equation 24+ 3=5 is multiplied 
by 5, what must be done to the other member to preserve the 
equality ? 

10. If one member of the equation 2+3=5 is divided by 
5, what must be done to the other member to preserve the 
equality ? 


11. If one member of the equation 7+9=16 is raised to 
the second power, or if the second root of one member is 
found, what must be done to the other member to preserve 
the equality ? 


12. What, then, may be done to the members of an equa- 
tion without destroying the equality ? 


53. The Members of an Equation are the parts 0 on each side of 
the sign of equality. 


54, The First Member of an equation - is the part on the left 
of the sign of equality. 


65. The Second Member of an equation is the part on the 
right of the sign of equality. 


56. Transposition is the process of moving a term from one 
member of an equation to the other. 


57, An Axiom is a truth that does not need demonstration. 


Axitoms.—1. Things that are equal to the same thing are 
equal to each other. 

2. If equals be added to equals, the sums will be equal. 

3. If equals be subtracted from equals, the remainders will 
~~ Bevequal. 
Sid, 4. If equals be multiplied by equals, the products will be equal. 
5. If equals be divided by equals, the quotients will be equal. 

6. Equal powers of equal quantities are equal. 

7. Equal roots of equal quantities are equal. 
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58. PRincipLe. ~ A term may be transposed from one mem- 
ber of an equation to the other if its sign is changed from + 
to —, or from — to +. f 


EQUATIONS AND PROBLEMS. 
59. 1. 24a—3=2+4+6. Find the value of z. 


PROCESS. EXPLaNatTion. — Since the known and unknown 
Fe ey 46 quantities are found in both members of the equa- 
tion, in order to find the value of x, the known 
+3= +83 terms must be collected in one member and the 
Ain © Unknown in‘theother: 
2% =a 9 Since — 3 is found in the first member, it may be 
x =x caused to disappear by adding 3 to both members 
ria (Axiom 2), which gives the equation 2x=%+9. 
«& =9 * Rater A S 
Since x is found in the second member, it may 
OR, be caused to disappear by subtracting « from both 
59 8=—446 members (Axiom 3), which gives, as a resulting 
equation, x = 9. 
2a—"%=6+38 Or, since a term may be moved from one member 
x=9 of an equation to the other, if its sign is changed 
(Prin.), — 3 may be transposed to the second mem- 
ber if it is changed to + 8, and « may be transposed to the first mem- 
ber if it is changed to —x. Therefore, the resulting equation will be 
2%—x=6+43. By uniting the terms the result is x = 9. 

The result may be verified by substituting the value of « for x in the 
original equation. If both members are then identical, the value of the 
unknown quantity is correct. Thus, if 9 be substituted for in the origi- 
nal equation, it becomes 18 -3=9 +6, or 15=15. Therefore, the value 
of x is 9. 


Rue. — Transpose ‘the terms so that the unknown quantities 
stand im the first member of the equation, and the known quan- 
tities in the second. 

Unite similar terms, and divide each member of the equation 
by the coefficient of the unknown quantity. 


VERIFICATION. — Substitute the value of the unknown quan- 
tity in the original equation. If both members are then identical 
in value, the value of the unknown quantity found is correct. 

1. The same term, with the same sign upon opposite sides of an 
equation, may be cancelled from both. 

2. The equality will not be destroyed if the signs of all the terms of 
an equation are changed at the same time. 


rae 
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»Transpose, and find the value of x in the following: 


p iley e+ 3= 7: 14. 22+ 2= 6442. 
3ceeve— 412. ~al5. 3a” — 4= 6-442. ; 
4. 2e—10=14. wwl6. 32+ /5=11 —2. 

5. 8a+ T=28. “417. 4a4+ 2=32+48. 

6... 8a 2 ahs 18. 4a/—11= 9 —w. 

% Te— d=26. 19.°4¢+ 3=32+410. 

8. 9e+ 6=24. 20 Ta— 5=194 42. 

9>. 82-13 = 27. 21. 9a— 3= 380— 2a. 

10. Ta+ 5=26. 22. 2%+35=52+42. 

11. 102— 5=85. 23. 3¢—15+4 24= 25 — 10. 
12. 122+ 6=30. 24. 44+13+ 38=107—32. 
13. 18@— 4=35. 25. 3a—6=2e+14—4. 


Solve the following problems: 

26. What number increased by 9 is equal to 34? 
27. What number diminished by 15 equals 31? 
28. What number increased by 9 equals 27 ? 

29. What number diminished by 10 equals 33 ? 


30. What number added to twice itself gives a sum equal 
to 45? 


31. What number added to three times itself gives a sum 
equal to 72? 


32. What number is there whose double exceeds the num- — 
ber by 10? 

33. What number is there such that, if 10: be added to it, 
twice the sum will be 44? 


34. Twice a certain number increased by 4 is equal to the 
number increased by 15. What is the number ? 
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35. Three times a certain number diminished by 5 is equal 
to the number plus 21. What is the number ? 


36. A man walked 71 miles in three days, walking 3 miles 
more the second day than the first, and 5 miles more the third 
day than the second. How far did he travel each day ? 


So.ution. — Let 2 = the number of miles he traveled the 1st day. 


Then, x + 3 = the number of miles he traveled the 2d day. 

And, x + 8 = the number of miles he traveled the 3d day. 

Therefore, x«+%+83+4%4+4+8=71 

Transposing, ete+tu=T1—3—-8 

Uniting similar terms, 3x2 = 60 

Whence, x = 20, the number of miles he traveled 
the Ist day. 

x + 3 = 23, the number of miles he traveled 

the 2d day. 


2+ 8 = 28, the number of miles he traveled 
™. the 3d day. 


37. Three boys had together 85 cents. James had 10 cents 
more than John, and Henry,had 5 cents more than James. 
How much had each ? 


38. A farmer remembered that he had 395 sheep distributed 
in three fields, so that there were 20 more in the second than 
in the first, and 25 more in the third than in the second, but 
he could not tell how many there were in each field. Find the 
number in each field. 


39. A drover being asked if he had 100 head of cattle, 
replied that if he had twice as many as he then had and 4 
more he would have 100. How many had he? 


40. A gentleman left his estate, amounting to $6900, to be 
divided among his four sons, so that each should have $150 
more than his next younger brother. How much was the 
share of each ? 


41. The expenses of a manufacturer for 4 years were , 9500. 
An examination showed an annual increase of 
were his yearly expenses ? 


MULTIPLICATION. 


—soe— 


60. 1. If a man walks 4 miles per hour, how far will he 
walk in 3 hours ? 


2. How many m’sare3times4m? 2times4m? 5 times 
6m ? 
3. Ifa boy can gather 3 quarts of chestnuts per hour, how 


many quarts can he gather in 4 hours? How many q’s are 4 
times 3q? 


4. A vessel sails 6 miles north per hour, indicated by +6. 
How far will she sail in 3 hours? What sign. should be 
placed before the product to indicate the direction sailed ? 


5. How many are 3 times +6? 3 times +6a? -2 times 
+5b? 3times +72? 4 times + 3a’? 


6. When a positive quantity is multiplied by a positive 
quantity, what is the sign of the product ? 


7. If a vessel sails 5 miles south per hour, indicated by _ 
— 5, how far will she sail in 4 hours? What sign should be~ 
placed before the product to indicate the direction sailed ? 


8. How ies —m’sare 4 times —5m? 3 times —6m? 
How many are 5 times —4b? 6 times —3a? 


9. When a negative quantity is multiplied by a posite 
quantity, what is the sign of the product ? 


10. How does the product of 4 x 5 compare with the product 
of 5x4? What effect has it upon a product to change the 
order of the factors when they are abstract numbers? What, 
then roduct of -4x+4+3? Of +38x—4? Of —5a 
xX + +TX=5e2 
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11. When a positive quantity is multiplied by a negative 
quantity, what is the sign of the product ? 

12. What is the product of —3 x 6? 

13. Since —3 x 6is — 18, if —3is multiplied by 6 — 2, how 
many times —3 must be subtracted from —18 to obtain the 
true result ? 


14. If the subtraction is indicated, what are the signs of 
the remainder when — 6 is subtracted from — 18? 


15. What is the product of —5 x4? 


16. Since —5 x 4 is — 20, if — 5is multiplied by 4 — 3, how 
many times must — 5 be subtracted from — 20? If the sub. 
traction is indicated, what are the signs of the remainder when 
— 15 is subtracted from — 20? 


17. Since, in the results just obtained, —3 multiplied by 
—2gives +6and —5 x —3 gives + 15, what may be inferred 
as to the sign of the product when a negative quantity is mul- 
tiplied by a negative quantity ? 

- 18. What is an exponent? What does it show? In the 
’ expression 5°, what does the 3 show? In the expression a’, 
what does the 5 show? 

19. When a’ is multiplied by a’, how many times is a used 
as a factor? How many times is a used as a factor when a? 
is multiplied by a’? 

20: How, then, may the number of times a quantity is used 
as a factor in multiplication, be determined from the exponents 
of the quantity in the expressions which are multiplied ? 


21. How is the exponent of a quantity in the product deter- 
mined ? 

22. Multiply 3a? by 2a. How is the coefficient in the 
product obtained from the coefficients in the factors ? 


61. Multiplication is the process of taking one quantity as 
many times as there are units in another. 
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62, The Multiplicand is the quantity to be taken or mul- 
tiplied. : 


63, The Multiplier is the quantity showing how many times 
the multiplicand is to be taken. 


64. The Product is the result obtained by multiplying. 


65. The multiplicand and multiplier are called the factors of 
the product. 


66. The Signs of Multiplication. (See Art. 13.) 


67, PrinctpLes.—1. Hither factor may be used as multiplier 
or multiplicand when both are abstract. 

2. The sign of the product of two terms is + when the terms 
have LIKE signs, and — when they have UNLIK® signs. 

3. The coefficient of a term in the product is equal to the 
product of the coefficients of its factors. 

4. The exponent of a quantity in the product is equal to the 
sum of its exponents in the factors. 


68. The principle relating to the signs of the terms of the 
product is illustrated as follows: 


+a multiplied by +b= + ab 
—a multiplied by +b= —ab 
+a multiphed by —b= —ab 
—a multiplied by —b= + ab 


69, To multiply when the multiplier is a monomial. 


1. What is the product of 3a’a multiplied by 2a®a*y ? 


PROCESS. Exprianation. — Since the multiplier is composed of the 
factors 2, a3, #?, and y, the multiplicand may be multiplied 
by each successively. 2 times 8a2x = 6a2x; a3 times 6a2x 

7] = 6a°x (Prin. 4); 2? times 6 a'x = 6a*s3 (Prin. 4); y times 

6 ax’ = 6 a°xsy, since literal quantities when multiplied may 

be written one after another without the sign of multiplica- 

tion. Or, 
The coefficient of the product is obtained by multiplying 3 by 2 

(Prin. 3). The literal quantities are multiplied by adding their expo- 

nents (Prin. 4). Hence, the product is 6 a>a3y, 


2 
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2. What is the product of 2a—6’ multiplied by —3b? 


PROCESS. EXpLanation. — Since 2@ multiplied by — 36 is the 
2a — G same as 2a times — 3b (Prin. 1), the product of 2a@ 
=n, multiplied by —36 is —6ab. But, since the entire 


ee multiplicand is 2a — b?, the product of b? multiplied by 
—6ab+3b —3b must be subtracted from —6ab. 6? multiplied 
by — 36 gives as a product — 36%, which subtracted 
from — 6ab gives the entire product — 6ab + 36°; or, 
Since 2a@ and — 380 have wnlike signs, the sign of their product is — 
(Prin. 2); and, since — 6? and — 3b have like signs, the sign of their 
product is + (Prin. 2). Hence, the product is — 6ab + 36%. 


Rue. — Multiply each term of the multiplicand by the multi- 
plier, as follows: 

To the product of the numerical coefficients, annex each literal 
factor with an exponent equal to the sum of the exponents of that 
letter in both factors. 

Write the sign + before each term of the product when its 
factors have like signs, and — when they have unlike signs. 


3. 4. 5. 6. 7. 8. 
Multiply —8 4 Ta — 32% 4a 3a? 
By eee 38k 
9. 10 11. 12 
Multiply 32° A aby Bary? = —Aaemy — 10 ay? 
By de 2a*y 2a*y4 3a’my? 


17. 
Multiply . — — Bay? — bard ay 
By s .— Qaby —S8arbay 


ee ai 22. Dey 
Multiply —3edy Satay —Aatme 6 aP2?2? 
By. ~- 42d —52y —d3aratz Saye —Aa’y? 
> 24. 25. 26. 27. 
Multiply 4 ara*y? 5aax’y (a+ y) 4(a+b) 


By —3y2 — 3ba’z 2 —3 
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28. 29. 30.8)" 
Multiply —5(y+2z)? (a — 6)? — 2(e+d)? 
By - s— 3(y +2) 4(a—b)? 3(c+d)?° 
31. ; 32. 33. ; 34. 
Multiply 2(¢+y4+2)*. 32” 4a". —5ax 
By —S(etytoh Ax" —5a™ Sara 
abe S. Spet 7 37 ar ieuaee oe 
Multiply — 2a" 3a" —dety" 3a" 
Bys 24 4aaw™ = —5a?an — 5amy” — 5a 
"Multiply : . ye tee | 
39. a? — 2y by 3y. 50. 5abe—3acd by —4abed. 
40. wy — 22 by 22. 51. 3a°’axy — Za%bc by vad 
a1, 4% 2ay by 3ay. ‘62. 3ay+ 72 by 2a°yz. 
42, —3a°— 2y’ by 2a%y. - 53. 4ab?— 3c? by 3bc*. 
43. 4a’y?+ 22 by — hao?e?. 54. 5a’x® — daa by Sata 
44. 3a°y? — 2yz by 3xyz. 55. 4aty+3y by 5ary?. 
45. 40° 4 2y +32 by ay. 56. 6a2x —9aa? by Bare. 3: 
_ 46. 3a°y+y—3a2 by Zaz. = 57. 2a*a? —3aa™ by 3a. | 
oS AT. 62*y? + 4y* by 3axy’. 58. Ta’be?+4da by. Sdy* 


a . 4ab—3ac by 3acd. 
49;%5.ac — bax by 


59. ta°at — Bax by Faia, a 


2a"b + 3ab? by Ta", | 


ies 


70. To multiply w 
1. Multiply x—2y by 


PROCESS, </ 
xe —2Qy. 
Qe +y 4 
2a times (a —2y) = 2a? — Aay + : 
y times (wa — 2y)= xy — 2y? ; 


(Qa +-y) times (x —2y) = 2a? — Bay — 29 
- 


Rowe: ‘— Multiply each term of the multiplicand by each term 
of the multiplier, and add the partial products. 
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; 2. 3. 
Multiply ab+2c 3a? — any 
By 2ab—3c  : ” 20? + 38any 
2070? + dabe | Gat — Qaaty 
Es —3abe—6¢ — + 9aa*y — 3 a7x*y? 
Product, 2070? + abe—6C A ee 
Multiply : 
4. ety by x«—y. : 14. 32%? —4¢ by 2a7y’? +327. 
5. 3a+c¢ by a+3ce.- b. Bats? + 2y by 2 xy? + z. 
6. 4a—2b by 8a—30. 16. 4ab?+ 3be\by 2ab+2be, 
Sh. 2yt- 32 by By —42. 17. 5a’y—Bas by 5ay°— 2am, 
; 8. 2aty by 2a+2y. 18. a? +2ab+0? by a+b. 
9. 8a—4y by 3a—4y. 19. a? +4044 by #42. 
10. a+ 2c by 3a=Te. 20. w@+ay—y by a—y. 
11. aw +by by ax + by. 21; Dar-ab—20b? by 3a—30. 


12. 2ac+3be by 2ac—3be. 22. ab+at+a® by a—1. 
18. 8bd— - 4b¢ by 2bd+ 3be.— 23. a + ay? + y4 by x? — y, 
ie 24. 2a —3y +42 by 8a+2y—5z. | 
Bites. 20?+ 5ab—3c by 3a®@—2ab+ 5c 
. 82° — day + 5y? by 7a —2ay—3y?. 

7 1—32+432? by 1-244 22%. 
28. a +an+ax by a®—ax+ a’. 
—2z by ey — 22. 31. x+y" by w+ y". 
b” by a — bm. “32. a™+y™ by ees 
33. amin tytn by gin t ymin, 
34. a™ "+6" by On Sameer 


: 5a 4tiplication of polynomials is sometimes indicated by placing 
venthesis. When the multiplication is performed, they are 


stpanded. 


—— 
; 3 
i 
- = 
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Expand : 
35. (e+y)(e+y). 40. (2% —Amy) (2x — 22). 
36. (2a—y)(2a—y). 41. (3a?—2bc)(38a?+2bc} ° 
37. (8a—4y)(3a+4y). 42. (a?+b)(a+0’). 
38. (4%4+6y)(4e—6y). 43. (a+b+c)(a—b—¢). 
39. (3ax+2y) (Sam + 22). 44. (a+6)(a+6)(a+ 5). 


Multiply : 


45. 
46. 
a7. 
48. 
49. 
50. 
51. 
52. 
53. 
54. 


55. 
56. 


BT. 
58. 
59. 
60. 
61. 
62. 
63. 
64. 


‘a—2b+3c¢ by a4+2b—38e. 


(a —b) (a+b) (a—b) (a+). 
(2? + 241) (a? — 2241). 
(a? — 2ab + 0’) (a + 2ab + 0’). 


(44a)(1—a)(1+a)(1+a). 


(2? — y?) (a — y?) (a —y’) (@ — 7). 
(a? + 8) (a? — 4) (a! — (a =D). 
(ab? = 0?) (ad? + B2) (abt = BY) (a — 0). 
(@+y—2) (ey +2) y—2t 2 (ty +2). 
(1—2)(1 +2) (1+ 27) (14 at) (14 24). 

(2% — 3) (2% + 8) (407 + 9). 

(Sy? — 3y*”) (By? + 3y). 

(m> = min + mon? — mn? + mn? + n°) (m? + n?) . 


e+ 32°—5x2+20 by 2 —4a—10. 
xe —2at4+2—¢+3e2 by 4—34+4227 
a—ab+e+a+b4+1 by a+0—1. 
ot! — 2a? — oe? 4+2e41 by #@—a+4+1. 
3m? — 2m%p + 8mp?— p® by m?— mp +p 
a? + b— %e by a—b—c. . 
m+ 2mn +n? +p? by m?—2mn + n? — p% ; 
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65. 7 —2Qrt—f by P+ IArt+e2. 

66. m?'— nv" by m—n. 

67. gete=ze_ apoyo Be42 Lb yrersse by gpptee yerse-2 
68. 27 1— ay’ +y7 by aa—y?. 

69. c?+ cPd’+d™ by c?—d?. 

70. @7+0+¢C+4+a by v7?—0?+cC— a. 

71. a™+ 6" by a”+ 0". 

72. e—2ey+y* by 2—y* 

73. a—ay+ay—ay+y'* by at+y. 


SQUATIONS AND PROBLEMS. 


7. 1. 5(a@+3) =2(e+3) +3. Find the value of 2. 


PROCESS. 
5(@— 3) =2(#+3)+3 
Multiplying, 5ea—15=2¢ +6 +3 
Transposing, 5ea—2e=15 +6 +3 
Uniting, 3% = 24 
x= 8 


EXPLANATION. —Since the multiplication is indicated in one term on 
- each side of the equation, in finding the value of x, the multiplication 
must be performed. 
The known quantities are then transposed to the second member and 
the unknown quantities to the first member, similar terms are united, and 
the value of x is found. 


: Find the-value of 2 and verify the result in the following: 
2. 3(20-45) = 21. 7. 5(@+6)=2(e%+3)+ 30. 
$244 88x H=19. | 8. 3(2e—4) =4(@—5) + 32. 
4. 3(4e+7)+5= 50. 9. 3(@+4+2)=4(%—2) +15. 
5. 5@+3(2—x)=40. 10. 3a@—2(@+1)=18—7. 


6. 62+3(4e+3)=41. 11. 5a—3(x%— 


oo 
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12. 4(@—5)—3(a+6)=0. 

13. (2+ 2)(«+3)=274+2x+ 18. 

14. 5(2¢@—2)=2743(2a+1). 

15. 10(a—5)= (+ 1)+ 5(@+1). 

16. 5(#+3)—2(24—7)=3("—7). 

17. 34+7(#%—2)—4(2%—7)=16 + (4—2). 
18. 62=15+3(a—3)—3(x—10). 

19. 19=2(4—a)+5(7 +2) — 48. 

20. 24+ 3(6%—5)-5=a—1. 

21. 3(a—7)=14+4 2(@—10)+4 2. 


Solve the following problems, and verify the results: 


22. There are two hapsbees whose sum is 40. One is twice 
the other increased by 5. What are they? 


Soxution. — Let « represent the first number. 
Then, 2(@-+ 5) will represent the second number, 


And, x+2(@% + 5)= 40 
x+2x+10=40 

3x2 = 40—10 
82 = 30 


«x = 10, the first number. 
2(10 + 5)= 30, the second number. 


23. What number is that to which, if 3 times the sum of 
. the number and 2 is added, the result will be 22? 


24. If B were 5 years younger, A’s age would be twice B’s. 
The sum of their ages is 20. How old is each? 


25. Two boys find that they have together 21 cents. - They 
discover that if Henry had 5 cents less, John’s money woul 
be just 3 times Henry’s. How much has each? 


26. Two,pedestrians travel toward each other at the rate o 
5 milegune hour until they meet. When they meet they dis- 
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cover that one has traveled 3 hours longer than the other, and 
that the entire distance traveled by both is 55 miles. How far 
does each travel ? 


27. Three men, A, B, and C, each had a sum of money. A 
had twice as much as B, and B twice as much as C. A and 
B each lost 10 dollars and C gained 5 dollars, when the dif- 
erence between what A and B had was equal to what C then 
had. How much had each ? 


28. \A-farmer plowed two fields containing segetBien«! 50 
acres. If the smaller field had contained 10 acres more, it 
would have been half the size of the larger. How many acres 
were there in each field ? 


29. A commenced business with twice as much capital as 
B. During the first year A gained $500 and B lost $300, when 
A had 3 times as much money as B. What was the original 
capital of each ? 


30. A man wishing to buy a quantity of butter found two 
firkins, one of which lacked 6 pounds of containing enough, 
and the other weighed 14 pounds more than he wanted. If 
three times the quantity in the first firkin was equal to twice 
the quantity in the second, how many pounds did he wish to 
purchase? How many pounds were there in each firkin ? 


31. Ten persons bought a bicycle, but four of them being 
unable to pay their share, the others had eagh to pay i 8 more. 
What was the cost of the bicycle ? 


, 82. Two men start at the same time from two towns 49 
miles apart and travel toward each other. One travels 4 miles 
per hour, but rests 2 hours; the other travels 5 miles per hour 
and rests 3 hours. How many miles has each traveled when 
they meet ? 

33. A man bought 13 dozen bananas for $3.50. For a part 
of them he paid 25 cents per dozen, and for the rest he paid 
30 cents per dozen. How many did he buy of each kind? 

34. A is three times as old as B, and 8 years ago he was 
seven times as old as B. How old is each now ? c 


50 


HIGH SCHOOL ALGEBRA. 


SPECIAL CASES IN MULTIPLICATION. 


72, The square of the sum of two quantities. 
(a+ b)(a+b)=@4+20b4+0? 
(e+y)(@+y)=e +2ayt+y’ 


obtained ? 


1. When a quantity is multiplied by itself, what power is 


2. How are the terms of the second power, or square, of the 


quantities, obtained from the quantities ? 


78. PrincipLtE. —The square of the sum of two quantities is 
equal to the square of the first quantity, plus twice the product of 


3. What signs have the terms ? 


the first and second, plus the square of the second. 


Since a? x a? =a‘; a x a?=a'; at x at=a'®; it is evident 
that the exponent of the second power or square of a quantity 


is equal to twice the exponent of the given quantity. 


EXAMPLES. 


Write out the products or powers of the following: 


11. 


oO Xe TP wD p 


(c+d)(c+4a). 
(m+n) (m+n). 
(r+8)(r+s). 

(% + 2) (a+ 2). 
(a+3)(a+3). 
(3a+2%)(3a+42). 
(26+ c)(2b+¢). 
(2y +1) (y+). 
(m+ 2n) (m+ 2n). 


(2c+2d)(2c+2d). 


(2% +4+3)(2%+3). 


writ Square 2x + 4y. 
16. Square 3a+20. 
14. Square a?+ 7, 

15. Square 4a+ 3y. 
16. Square 3p + 2q. 
17. Square 227+ 5? 
18. Square 2y°+ 34% 
19. Square .#” + y". 

20. Square x” + y%, 
21. Square #?-% + y?, 
22. Square g™t™+4 x, 
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23. Find the square of 31. 
SoLuTion. 31 = 3041. : 
312 = (80 + 1)? = 3074 2 x 80x 14+ 12= 961. 


Square: 

24. 22. 27. 52. 30. 91. 33. 202. 
25. -23. 28: 71. 31. 10t. 2s itSase 207, 
26. 41. 29. 82. $2. 103. 35. 303." 
36. Find the square of 44. 

SoLurTion. 44=444}3 


(444)2?=44+2x3x44+(4)?= 164444 = 203 


Observe that the middle term of the square of any number expressed. 
by an integer and the fraction 4 is equal to the integer. Hence the square 
of such a number will be the integer multiplied by itself for the first term 
+ the integer for the middle term + the square of } for the third term; 
the sum of the first two terms of the square will be the integer multiplied 
by the integer increased by 1; and the third term will be }. 


Thus, (742 =8 x 74+ 4 = 56} 


_ Find the square of: 


37. Bh. 40. «124. 43. 2.5. 46. 45. 49. 8.5. 
38. 81. 41. 103. 44, 3.5. 47. 7.5. 50. 85. 
39. 7h. 42. 91, 45.4.5. 48, 75. Bla Bb. 


74, The square of the difference of two quantities. 
(a — b)(a—b)=a?— 200+ 0° 
(a —y)(#@— y) = — 2ay + y? 
1. Howare the terms of the power obtemie from the terms 
of the quantity squared ? 
2. What signs connect the terms of the power ? 
3. How does ‘the square of (a—b) differ from the square 
(a+b)? 
5, PRINCIPLE. —The square of the difference of two quantities 


equal to the square of the first quantity, minus twice the product 
the first and second, plus the square of the second. 
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EXAMPLES. 


Write out the products of: 


1. (a—c)(a—c). 12. Square 2a+ 2d. 
2. (y—2z) (y—2). 13. Square 2r—3s. 

8. (r—s)(r—S). 14. Square 2s—q. 

4. (b—c)(b—c). 15. Square 3m—4n. 
5. (w—1)(a—1). 16. Square 2v —w. 

6. (a—2y)(w~—2y). 17. Square 2a? — 2y?. 
7. (w—2yz)(w@—2yz). 18. Square 2a — 3. 

8. (2%—82z)(2"—32). 19. Square 3aa— 22%. 
9. (2a—c)(2a—c). 20. Square 2—y". 
10. (8y— 22) (dy — 22). 21. Square a "— y™"™", 
1l. (8a@—4y)(8e—4y). 22. Square 2a?—3a”y". 

23. Find the square of 19. 

SoLurion. 19= 20-1 


192 = (20 — 1)? = 20? — 2 x 20 x 14 12 = 361 


Find the square of : 


24. 18 27. 88. 30. 59. - 33. 78. | 36. 997. 
25. 29. 298. 49. 81. 58 + $4. 99. » 97. 998> 
26. 39. 29. 48. $3.°°79: 35. 98. 38... 999. 


76. The product of the sum and difference of two quantities, 
(a+b) (a—b)=a@— 8? 
(@—y) (@ty)=ev—y 


1. How are the terms of the-product obtained from the 
quantities ? 


2. What sign connects the terms ? an? 


77. Princrpiy. — The product of the sum and the differe 
of two quantities is equal to the difference of their squares. 
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EXAMPLES. 
1. (¢+d)(e— 4a). 12. (24 +4) (2a —4). 
2... (7 £8) (r=s). 13. (22* + y) (2a? —y). 
3. (m+n)(m—n). | 14. (a+ y’) (a — y’). 
4. (c+a)(c—a). | 15. (x*— y*) (a+ y'). 
5. (x—1)(x+1). 16. (8v+2w)(3v —2w). 
Ga (2-aye+nx), | 17. (Say —3) (Say +3). 
7. (¢+2d)(c—2a). 18. (2a? + 3b?) (2a? — 30’). 
8. (2%+3) (2% —3). 19. (3ab’+ 5bc*)(3.ab’—5 be’). 
9. (3m+4n)(3m—A4n). 20. (42%y? + 5) (4a°y? — 5). 
10. (2a+5y)(2x4—5y). 21. (5a" + 4y") (5a™ — 4y"). 
11. (ab+cd)(ab—cd). 22. (Ta?y2? + 62") (Ta’yx*®— 62"). 


23. Find the product of (a+y+2)(«+y—2). 
SOLUTION. etyt+z2=(4+y)+2 
rty-—z=(44+y)-2 
By Prin. 77, [((a@+y)+2] [(at+y)-—2]J=(a+y)?-#2 
= x? 4+ Qay + y? — 2? 
24. Find the product of (x—y+z)(x+/y —2z). 


Suecestion. x—-y+2=2%—(y—2z) anda+y—z=x4+(y—2) 


Find the product of: 


25. (a+b+c)(a—b—c). 28. (a+ 2241) (a@—22+1). 
26. (a—b+c)(a—b—c). 29. (x—-y+4)(4—“x+4+y). 


27. (m+n+r)(m—n—T). 30. (2 ay ty’) (a&—ay+y’) 
31. (4a+3b—c)(4a—3b+4¢). 
_ 82. (2a4382—4)(24+4+ 3244). 
33.. (2m? + mn + 3n) (2m? — mn + 3n). 
is the product of 32 times 28? 
32 = 30 + 2; 28 = 30 — 2 
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Find the product of: 
35. 19x21. 39. 74x 66. 43. 34x26. 47. 99 x 101. 
36. 29x31. 40. 89x 91. 44. 88x42. 48. 98 x 102. 
37. 33:27. 41. 78x 82. | 45. 57x63. | 49% 96104 
38. 56x64. 42. 97x103. 46. 45x55. \ 50. 94 x 106. 


51. What is the square of 97 ? 


SoLuTION. (a+ b)\(a—b)=a? — b? (1) 
Transposing (1), (a+ b)\(a-—b)+ 0? = (2) 
Let a=97 andb=3 


Equation (2) becomes (97 + 3)(97 — 3)+ 9 = 97? 
~. 972= 100 x 94+ 9 = 9409 
52. What is the square of 38? 


Sotution. — Let @= 88 and })=2 
Equation (2) becomes (38 + 2)(88 — 2)+ 4 = 38? 
“, 082 = 40 x 864 4 = 1444 


Square by a similar process: 


BS. 19: 57. 59. 61. 94. 65. 103. 
54. 29. 58. 49. 62. 78. 66. 107. 
55. 31. 59. 98. 63. 79. 67. 112. 
56. 389. 60. 96. 64.. 68. 68. 997. 


Form a rule for squaring numbers like those given above, 
and then square each number without writing the results. 


78. The product of two binomials. 
(4-2) (7 +3)=27?+524+6 
(x+4+2)(%—3)=2?—a2-—6 
(x—2)(a@—3)=2—524+6 
1. How many terms are alike in each pair of fogs 


2. How is the first term of each prodnet obtag 
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3. How is the second term of the product in the first exam- 
ple obtained from the factors? In the second example? In 
the third example ? 


4. How is the third term of the product in each example 
obtained from the factors ? 


5. How are the signs determined which connect the terms? 


79, PrincrpLe. — The product of two binomial quantities hav- 
ing a common term is equal to the square of the common term, 
the algebraic sum of the other two multiplied by the common term, 
and the algebraic product of the unlike terms. 


EXAMPLES. 


Write out the products of the following: 


1. (+ 4)(x+ 3). 17. (3a—7)(3x” +5). 

2. («—5)(a+3). 18. (2y —3)(2y —4). 

3. (%+3)(%—4). 19. (4a+6)(4a+¢). 

4. (x—4)(x—6). 20. (5a+2b) (5a —2¢e). 
5. (a+c)(a+b). 21. (8axr+4)(3ax—7). 
6. (a+m)(a+n). 22. (2a’ + 2) (2a’x— 6). 
7. (2244) (2”—5). ; 23. (2ax°y? + 4) (2a*y? + 7). 
8. (8% — 5) (3a 4 2). 24. (3ac? + 3) (3ac’ — 5). 
9. (x — 3) (a? +7). 25. (Sc'd’ + x) (5c'd? — y). 
10. (2#2—a)(#+2a). 26. (Sam? + 4) (Sam? +7). 
11. (3%—5)(34—6). — 27. (Seda + 1) (Sede — 5). 
12. (2a+y)(2a +2). 28. (4c + ab) (4c — d). 
13. (5b —c)(56+4 3c). 29. (aw —9) (ax +5). 
° 14, (3a?+2)(3a?—3). 30. (2a~+4)(2ax—b). 
15. (4d+5)(4d42). 31. (3a" +m") (32"+n"). 


16. (Ty—3)(Ty —4). 32. (ad’a? — 10) (ada? — 3). 
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80. To square any polynomial. 
(a+b+c)P=a?+0?+ 0c? + 2ab + 2ac + 2be 

(atb—c+d)*=04+0?4+C°4+@0+2ab —2ac + 2ad — 2be 
7 +2bd —2cd 

1. Inthe square of the polynomials what terms are squares ? 

2. How are the other terms formed ? 

3. How are the signs of the terms determined ? 

81. PrincrpLte. — The square of a polynomial is equal to the 


square of each of the terms and twice the product obtained by 
multiplying each term by all the terms that follow it. 


Find the square of: 


l. e2+y—z. 15. e+y4+244. 

2. a—-y+2. 16. 3a+2y4+324+3. 
3. a—b—e, 17. 24%—3y —224+4+5, 
4. Piss we 18. 2a+5y+z2+w. 
5. «+y+3. 19. septy+224+5. 
6. 2a+y—-T7 20. 2a4+3y—5+4 22. 
7. 2u-—y—2@. 21. 38a—T+2y—52z. 
8. da+y—4. 22 4a —2y —2e 46. 
9. 2x+3y-—6. 23 26—3F—Ze 
10. «—6y —5. 24 4dan+3abd+6. 
11. 32 —2y 432. 25. 3a? —2by? 7. 
12. atbdb+c4d. 26. 2a+3y~ 2244. 
13%. \a: 0 0. OTe st dpe 4 ae 


14. e+ y—z—d. 28. a + y"— 28, 
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+ 


82. 1. What is the product of a? x a’? 

2. Since the product of a? x a? is a’, if a> is divided by a? 
what will be the quotient ? What will be the quotient if a’ is 
divided by a®? 

3. What is the product when 2’ is multiplied by at? 

4. What is the exponent of the quotient when xis divided 
bye ee Dy ee” by ar? Ea by 2? a by a? 

5. How is the exponent of a quantity in the quotient 
determined ? 

6. How many times is 5x contained in 10a? 6y in 18y?? 
8z in 402°? 

7. How is the coefficient of the quotient determined ? 

8. When +5 is multiplied by + 3, what is the product ? 

9. Since +15 is the product of +5 x +3, if +15 is divided 
by +3 what is the sign of the quotient ? 

10. What is the sign of the quotient when a positive 
quantity is divided by a positive quantity ? 

11. When +5 is multiplied by — 3, what is the product ? 

12. Since —15 is the product of +5x—3, if —15 is 
divided by +5 what is the sign of the quotient? What when 
it is divided by —3? 

13. What is the sign of the quotient when a negative 
quantity is divided by a positive quantity ? 

14. What isthe sign of the quotient when a negative 
quantity is divided by a negative quantity ? 

57 
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15. What is the product of —4 by —3? 

16. Since +12 is the product of —4x—3, if 412 is 
divided by —3 what is the sign of the quotient ? What when 
it is divided by —4? 

17. What is the sign of the quotient when a positive 
quantity is divided by a negative quantity ? 


83, Division is the process of finding how many times one 
quantity is contained in another. Or, 

The process of finding, from a product and one of its 
factors, the other factor. 

Division is therefore the inverse of multiplication. 


84. The Dividend is the quantity to be divided. 


85. The Divisor is the quantity by which we divide. It shows 
also into how many equal parts the dividend is to be divided. 


86. The Quotient is the result obtained by division. The 
part of the dividend remaining when the division is incomplete 
is called the Remainder, 


87. The Signs of Division. (See Art. 14.) 


88. PrincipLtes.—1. The sign of any term of the quotient is 
+ when the dividend and divisor have like signs, and — when 
they have unlike signs. . 
_ 2. The coefficient of the quotient is equal to the coefficient of 
the dividend divided by that of the divisor. 

3. The exponent of any quantity in the quotient is equal to its 
exponent in the dividend diminished by its exponent in the divisor. 


89. The principle relating to the signs in division may be 
illustrated as follows: 


+ax+b=-+ab (See ae 
mh OX b=—ab = pom = 
ate a ee ab++b=—a 
+ax—b=—ab | —ab+—b=+a4a 


—ax—b=+ab eee) enh eee. 
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90. To divide when the divisor is a monomial. 
1. Divide —15a°’y*z* by 3ay’z’. 


PROCESS. ExpLanation.—Since the dividend and divisor 
3ay’2’) — 15.a°y5z* have unlike signs, the sign of the quotient is —. 
— Bayz (Prin. 1.) 


Then — 15 divided by 3 is — 5; x? divided by x 
is x; y® divided by y? is y; and 2 divided by zg? is 2% (Prin. 8). There- 
fore, the quotient is — 5 ayz?. 


2. Divide 12a7a*y? by 5a*«’2’. 


PROUESS. Expianatron. — Since division may be 
12a%ey? 1248 indicated by writing the divisor under the 
—— ‘ dividend with a line between them, the 

5 ware 52 division may be expressed as in the mar- 


gin. And since the same factors are 
found in both dividend and divisor, they may be cancelled without chang- 
ing the quotient. Hence, the quotient is 2s yt 
BE 
3. Divide 9a’x’* —12a°a+ 6ax* by 3aa?. 
PROCESS. ExpianaTion. — Dividing 9 a?x3 by 
3 ax?)9 a2? — 12 a2a® + bax 3 ax’, the result is 8axz; dividing — 12 ax> 
dae 28 + Oa by 3ax?, the result is — 4@?23; divid- 
Sax — dara’ + ing 6 ax* by 3 ax, the result is a. 
Therefore, the quotient is 3ax — 4 a?x3 + 2 x. 


Ruut. — Divide each term of the dividend by the divisor, as 
follows : 

To the numerical coefficient of each term of the dividend divided 
by that of the divisor, annex each literal factor with an exponent 
equal to the exponent of that letter in the dividend minus its ex- 
ponent in the divisor. 

Write the sign + before each term of the quotient when the 
terms of both dividend and divisor have like signs, and — when 
they have unlike signs. 

1. An equal factor in both dividend and divisor may be omitted, since 


it forms no part-of the quotient. 
2. When the quotient is not integral it should be expressed as a frac- 


tion. 

4. B. 6. 7. Bi 
Divide 6.a —12a7e 15 a?y? — 20 cf  24are* 
By 3a Baa —S5ay — Bay — 8y%z 
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Find the quotient in the following: 


9. 
10. 
Mike 
12. 

13. 
14. 
15. 
16. 


Wes 


— 25 xy?2? + 5 ay2?. 
20 a°b’c + 10 abe. 

30 cd?f + 15 cd*. 

36 ax’y + 18 ay. 

— 18 a’yz + Iay. 

— 21 wwe? + T v2”. 
— 33 r°s2? + 11 rs. 
35 m?nx + 5 ma. 


20 a? y22? + 10 aF ye’. 


Divide: 


27. 
28. 
29. 
30. 
31. 


32. 


ax’y —2ay* by xy. 
Say? —32°y by wy. 
Aaby? + 2a°y® by 2a’. 
3a°b? —6ab® by 3ab. 
abc? — a*b*c by — abe. 


9x*y’z + 3ay2? by 3ayz. 


18. 
19. 
20. 
21. 
22 
23. 

Gs. 
25. 


26. 


— 14 a’a*y* + 7 any’. 
82 7r°s'q + 8 7’sq. 

— 18 v*a*y + v’ay. 
24.a"bo" + — abe". 
36 nay” + —4 nay”. 
25 wyz? + — 5 a*y"z. 

— 28 yz’ A y*2*x. 

— 30 n?x? + 6 m2’. 

28 a?y?2" +- 7 wyz. 


. &—3ab+ac by a. 

. ey —avy’?+a7y*? by wy. 

. @—2ey+y’" by a. 

. &—3a24 32" by z. 

- mn+2mn—3m? by mn. 


38. 


ed — 8cd? + 4d® by ed. 


89. a(6+.c)?+b(b+c)> by —(6+c). 
40. 9(a—c)—6(a—c)* by 
41. 6.a°a? — 15 ata? +3005? by — 3ase*, . 

42. 20a*y* —142y3 + 8a*y? by 2 ay? 

43. 28 ab*a’ + 36 a*btx! — 32 a5b'a® by 40° 

44. 18c'da? + 24.d?x? — 30 ctd®a* by Geta. 

45. xy? + cx?y? + dary* by ay’. 

46. a(b—c)?+b(b—c)*—c(b—c)? by (b—e). 


3(a—c). 


er 
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Y o 
47. 3(@+y)—9(@+y)?+6(e@+y)® by —(a@+y)% = 
48. w—ta>—1e’?—2u—1 by 2a. 
AQ. arth ip qamt? 4 gymt3 4 gmtt by ot 


50. ane = ynte a2 yrs me ynt4 by an, 


91. To divide when the divisor is a polynomial, 
1. Divide 2° + 3a°y + 3ay+y? by x+y. 


PROCESS. 


e+ 30° + 3ay+y| a +y 
a+ oy ine? 
2a’y + 3.ay? ~ 
22x°y +2 ay? 
ay? +P 
ay? + yf 


EXPLANATION. — For convenience, the divisor is written at the right of 
the dividend, and both dividend and divisor are arranged according to the 
descending powers of x. 

When the first term of the dividend is divided by the first term of the 
divisor, the result will be the first term of the quotient. « is contained in 
x3, «2 times ; therefore, «x? is the first term of the quotient. «? times the 
divisor equals 73 + «y. Subtracting, there is a remainder of 2«?y, to which 
the next term of the dividend is annexed for a new dividend. 

When the first term of the new dividend is divided by the first term of 
the divisor, the result will be the second term of the quotient. « is con- 
tained in 2a:2y, 2.ay times ; therefore, 2 ay is the second term of the quotient. 
2ay times the divisor equals 22y + 2xy2. Subtracting, there is a remain- 
der of wy?, to which the next term of the dividend is annexed for a new 
dividend. 

The third term of the quotient is found by dividing the first term of the 
new dividend by the first term of the divisor. « is contained in ay?, y? » 
times. y? times the divisor is xy? + y3. Subtracting, there is no remainder. 
Hence, the quotient is «? + 2ay + y?. 


Rute. — Write the divisor at the right of the dividend, arrang- 

e terms of each according to the ascending or descending 

s of one of the literal quantities. 

vide the first term of the dividend by the first term of the 

divisor, and write the result for the first term of the quotient. 

Multiply the divisor by this term of the quotient, subtract the \ 
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product from the dividend, and to the remainder annex as many 
terms of the dividend as are necessary to form a new dividend. 

Divide the new dividend as before, and continue to divide in 
this way until the first term of the divisor is not contained in the 
Jirst term of the new dividend. 

If there be a remainder after the last division, write it over the 
divisor in the form of a fraction, and annex it with its proper sign 
to the part of the quotient previously obtained. 


; 2. x —ara?t 2a’ —a*| a? + axr— a? 
po tsa — ary? vv’ —ax+ a? 
R ~— ae +2032 —at 
—ax? — a’e’?t atx 

we? + aa — at 
aa? + aia — at 


ber vice Le |v ee | 
ot — 98 w+ o+e+ 1 


e— 1 
oe — 2g 
e?—1 
vo 
_@—1 
%—1 
4. &—e la —a@ 
aieate | are 
ara — a8 
ara — aa? 
aa? — 93 
aa? — a 


5. 48 2 — 76.00? — 64 aa +105 a2 
48 23 — 72 aa? 
— 4aa? — 64a2x 
— 4ae’+ bare 
— 70a’ + 1050? 
— 70 a’ + 105 a? 


22130 ¥ 
242? —2axn— 35a 


DIVISION. 


x + 4at eS Bee 
a + 2aa? + 2a%a? | 2? —2ax+ 2a? 
— 2a0? — 20x? + 4a! 
— 20a? — 4072? —4a*x 
2a’? 4+ 4a°8a+ 4a! 
2 a?a? + 4a8a + 4a4 


Divide: 


%: 
8. 
9. 
10. 
11. 
12, 
13. 
14. 
15. 
16. 
1Y. 
18. 
19. 
20. 
an: 
a. 
23. 


24. 
. b—6b'—2a4 540° — 30% by 2a—B. 


a? —2ab+b? by a—b. 

e+4dea+4 by x42. 

9+ 6+ a” by 3+ a. 

a + ay + ay? + 4% by 2+ y. 
ataytay+yt by a+y. 

w+ 3ax'y + 3ay?+y° by w+y. 
P+3rs+3rs?+s* by r?+2rs+s% 

a+ dary + 6a%y? + day? + y* by x+y. 
f+4%d+6ced’?+4cd?+a* by ?+2cd+ a. 
at — 30° — 362°—T1a—21 by 2 —8xe%—3. 
w+ 52+ 5ax+2* by a’? +4axr+ x’ 

a +2b¢—b?—c by a—db+e. 
a—4ay+6e°y’—4ay+y* by a—2ay+y’. 
ab? — 2a? — ba? 4.0? by aa —b. 

20 a’b — 250° — 186° + 27ab? by 6b—5a. 
324 — 8a? + 38072) + Sy —3y'2 by x —y? 
4a*—9a?+6a—1 by 20?+3a—1. 

Qay +3by +10 ab +150 by y+50. 


. 250° — a? —8a—20 by 5a’?—4Aa. 
. t+ H—3ayz by «+y+z. 
. 184*— 4507 + 822’ — 672+ 40 by 3a°—4a+5, 


MY 


i 
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29. 16a* — 72072? + 81a* by 2a—3a. 

30. at+4a%e +162 by a?+2ar+ 40% 

31. at+are?+2 by a—az+2. 

32. at—y* by x—y. 

33. © +y by «+y. 

34. af +1 by «+1. 

35. at—8l1ly* by w—3y. 

36. 81at—160* by 3a+4 20. 

37. a —y" by x+y to three terms. 

38. at+2a°b?+ 9b! by a? —2ab+3b% 

39. 807+ 27y° by 24+ 3y. 

40. xt —a’a’?+2a’x—at by a —ax+a’. 

41. at—4a®w+ 607? —4aa®+a* by w@—2av+ 2%. 
42. wf+110?—12~%—52°+6 by 3—3a+2’. 
43. 8m?—27n® by 2m? —3n?. 

44. 62°? —4ay?— 4aty + y'+ at by ae—y. 
45. va +a%—a?+2e—at—1 by w4+e-1, 
46. a’ —b° by (a+ 0°) (a+b) + 0°? 

47. a’—b® by a®— 2a’b + 2ab?— B*. 


ZERO AND NEGATIVE EXPONENTS. 
92, 1. How many times is a? contained in a?? a’ in a®? 


2. When similar quantities have exponents, how may the 
division be performed ? 


3. What, then, will be the quotient when a? is divided by 
a’ by subtracting exponents? a® by a®? a™ by a™? 
4. Since a’+ a, a’ + a’, and a” +a” are each equal to a° and 


to 1, what is the value of a®, or any finite quantity with 0 for 
an exponent ? 


DIVISION. ie BB 


5. What will be the quotient when a? is divided: by a? by 
subtracting exponents? a> by a’? a® by a? 


6. What will be the quotient when a? is divided by a? with- 
out subtracting exponents? a’ by a®? 


7. Since a+ a = a~ and Ee a° + a9 = a and ey to what 
; a a) 
1s any quantity with a negative exponent equal ? 


93. The Reciprocal of a quantity is 1 divided by the quantity. 


Thus the reciprocal of a is x ofx+yis 
a 


+y 

94, Princrptes.—1. Any finite quantity having 0 for an 
exponent is equal to 1. 

2. Any quantity having a negative exponent is equal to the 
reciprocal of the quantity with an equal positive exponent. 


EQUATIONS AND PROBLEMS. 


95, 1. Find the value of x in the equation aw+4=a?—2z. 


SoxvTion. ae+4 =e—2% 
Transposing, ax+2e% =a?—4 
Then, (a+2)e=a?—4 
Dividing by (a + 2), Cae —2 


2. Find the value-of w in the equation b&—W’=4¢x 
—9b+ 20. 


SoxuTion. ba —b2 =4a—9b+20 
Transpcesing, ba —4e = b? —9b+4 20 
Then, (b—4)4= 02 —9b +20 
Dividing by (6 — 4), e=b —5 


Find the value of « in the following: 
38. cw —9=C+6c— 38-4. 5. 8a —12a—4a7?—2av4+9. 
4. aw+16=a?—4e. - 6. dwa+9v7=a@ —3am. 


ALGEBRA, — 5. 
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7. aa—a@=2ab+0?— 
8. aw—d5ab=20°4+ 30? — 
9. awa—CP=a+act+a%c—ce. 
10. 2ae—6a?=13ab+4+ 60? — 3bu. 
11. 2ax—10ab —15b = 1404 21 —3-. 
12. awt+tba=5e?+7ab+ 20? 4-5ac+ 2bce — cw, 
13. 2cw—42°+4+ a? =2c'd —2cd — dz. 
14. 0e+3b%+63 =b' + 2b? —2cx. 
15. 4m*—2mae —38ma=1—6m+4+ 9m —-2@. 
16. &4+32 9a =ax—27a+4 27. 
17. 2me+ 3mn? +7 mn? — 4m‘ = 3mne. 
| 18. Baa=15a3 —d5ab+5ab? + 2ba —6a% + 20? — 20% 


~19. A man being asked how much money he had, replied 
that if he had $25 more than 3 times what he then had, he 
would have $355. How much money had he? 


20. A gentleman divided $10,500 among four sons, giving 
to the second twice as much as to the first, to the third twice 
as much as to the second, and to the fourth one half as much 
as to the other three. How much did he give to each ? 


21. A man who met some beggars gave 3 cents to each and 
had 4 cents left, but found that he lacked 6 cents of having 
pnough to give them 5 cents each. How many beggars were 
there? How much money did he have ? 


22. A man has six sons, each 4 years older than the one 
next to him. The eldest is 3 times as old as the youngest. 
What is the age of each ? 


. 23. A vessel containing some water was filled by pouring — 
“into it 42 gallons, and there was then in the vessel 7 times as 
much as at first. How many gallons did the vessel contain 
at first ? ) 
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24. A man borrowed as much money as he had and spent 
a dollar; he then borrowed as much as he had left and 
spent a dollar; again he borrowed as much as he then had 
and spent a dollar; he then had eee left. How much 
had -he at first ? ~ 
25. Divide $3400among A, B, and C, giving A $100 more 
than B, and $200 less than C. What is the share of each ? 

_ 26. There are 360 sheep in two flocks. If 40 are taken 
from the second and added to the first flock, the first flock will 
then contain twice as many as the second. How many sheep 
are there in each flock ? 

_ 27. Two persons invest equal sums of money in trade. 

One gains $ 252, and the other loses $174. The one has now 
twice as much as the other. What did each invest ? 

28. Three persons have $152. The first has $20 less than 
the second, and the third as much as the first and second. 
How much has each ? 

29. Divide the number 37 into three parts, such that the 
second shall be 3 more than the first, and the third 5 less than 
the second. 

30. A manufacturer shipped a certain number of harvesters 
to Denver, 10 more than that number to Omaha, 5 more than 
3 times as many to St. Paul as to Omaha, and twice as many 
to Chicago as to St. Paul. How many did he ship to each 
place, if the whole number shipped was 1215 ? 


REVIEW EXERCISES. 


96. 1. Add Gas —140+3-V2, 52°+4ax+90', Tax +4Va 
+160, and Va + 3ax—42?. 

2. Add 3am +2x—3Vy—z, 2Vy + 82-— 20 + 3am, 
Ao? —324+2Vy+3a, and 2Vy—4am-+2z2—382%. 

3. From Va? —0?—2(%+y)—6 subtract 4(@+y)— 
3Ve—e. ; 
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4. From Va+2Vy—2z+6 subtract 3Vy—2Vae—y+ 
2z2—16. 


5. From a’? + 2ay — Ba +2 subtract 6%? + 3ay — 
cy’ + 428% 

6. From the sum of 2” + 32a°y"—3yz+az and 4a"— 3 yz 
+224 32°y" subtract 5a" —42+4+ 62°? —3az. 


“ % 


7. Multiply a*+ 20’y + ay? by 2 + 2ay — 7. 
8. Multiply «+ 2ay”+y" by 2+ 2a%y" + y" 
9. Multiply 32” +4 2a°ny"—y" by a —y + ary”, 
10. Multiply 3a"t?74 2y"*™ 42" by 32?—2Qy™-™ 4 zim, 


Expand: 

11. (w—1)(*%—2). - 22. (p+12)(p+11). 

12. (w—2)(@ +8). 23. (y—2)(y+9). 

13. (+3) (#—6). 24. (d+ 20) (d+ 15). 

14. (w—10)(#+9). 25. (18 — 42) (18 +42). 
15. (a—7)(a+4). 26. (10+1)(10—1). 

16. (w—3)(a—2). 27. (w+2y)(#+2y). 

17. (#—5)(#+6). 28. (a"— b") (a" +b”), 

18. (a—1)(a+2). 29. (3m —2m) (3m? + 2m), 
19. (y°—7)(y? +4). 80. (a+ 2) (a —2), 

20. (c+11)(c—4). 31. (a+6+c)(a+b—c). 
21. (m—1)(m+4). 32. (w—y) (a@+y) (a — 9). 


33. (1+2e)(1— ae 
34. (w+ y)(@+y) (@+y)(@+y) (+4). 
35. (a +2)(a+2)(a—2)(a—2), 

36. (3a —6) (3a —6)(3a46)(3a+46). 
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37. p?—q.- 41.1543. 45.2av+3ay. 49. at y?, 

38. w+y. 42.2a+5y. 46.407—3ay. 50.a+bd+¢. 
39. 20-45. 43.3072 47. 2a"4+0% Bl. a—b +e. 
40. 6044. 44.3a—20. 48. o"™+2y™, 52.a+b—c¢. 


Write out the product of: 
53. (2a+y)(2%—y). 58. (50? + 6c’) (50? — 6c’). 
54. (8a+7y)(8x—Ty). 59. (Say +32") (Say — 32x’). 
55. (4a? — 2”) (4a? 4 2y’). 60. (9am+8zxy) (Yam —8xy) 
56. (30% +267) (3a°b—20’). 61. (aa + y") (ax” — y”). 
57. (Ta?+ 2b) (7a? — 2b). 62. (av™”+ ay") (ax —ay”). 

63. (a +2) (a —«) (a? +22) (at +2"). 

64. (a? + y") (x? — 9?) (a + y') (e+ y’). 

65. (2%+3) (2% —3) (4a? 49) (162 — 81). > 

Divide : 

66. 4at— 5a? +64 by 2a?—3ab+ 0%. 

67. Sarytaer+y+5ay? by e+y?+4ay. 

68. m'—6m?+7m?—4m—12 by m?—2m+3. 

69. a + 2at+ 72+ 6a? — 462 —120 by 28+4a+4 5. 

70. 2 +a'—4a?—a’+~a by w—a—1. 

71. a&&—at+a'—a@?+2a—1 by o’+a—1. 

72. 2° —Saty + 10a°*y? — 10 a’y? + Say — x by a? + y’— 2ay. 

73. 62°—16a°y+ 14ay’—4y?— 20° + 4ay—2y’ by 3a—2y—1. 

74, 2 —G6ary + 21 ay? — 31 aty? + 23 a%y* + 3a°y’ — 8 ay® + by’ 
by a? —2ay + 2y’. ; 

75. -a2c — ab? + acd — ad? — abc + b* — bed + bd? — ac? +. ch? — 
e’'d+cd? by ac— b’+ cd — d’. 
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Remove parentheses and simplify by collecting like terms: 
16. (a?—2ax — a) —{a?—(2ax—2°+7)}. 

TIE e a ' 
18. 4a?—(a? oe [—-je -—@ =F — a’) }}. 

We TE ee {3 — fe arr: 

80. 14— ie MP 
81. a—[2b—(8ce+4 2b)—a]. 

82. a—{2a—[38b—(4c—2a)]}. 

83. 7x—[3a—(42—5a—22)]. 

$4. —[5a—(11b —3a)]—[5b —(3a —68)}. 

85. x«—{2e+3e—[4a—5x—(6x—7T2)]}. 

86. 8xe—f16y—[3xe—(12y—2)—8y]+ 2}. 

87. a—26+{3c—[Ba—(a+b+2a—b) ]}. 

88. 24—{2e—[2a—(2a—2%—2)]}. 

89. a—{2b—[38c—2a—(a+6+42a)]}. 

90. 20 — {Sy+ y= 8)— 42 +o (Sy eae 


Collect in parentheses the coefficients of x, y, and z in the 
following : 


91. ax — by + bz — ay — cw — cz. 

92. 2au—3be+4cy+38az—5a—y. 

93. cy+4ax—3dz+ 3az—5 ba + by. 

94. Ban— Che + 2ege ty. bore 

95. 4by-+ 2cz—3bx —4cy + az — 2cu— ay. 

96. ax— 2by + 3cz —4ba — 3cy + az —2cx — ay. 
97. 6ax + 5ay + 2by — bbz —5en + 6cy + 3cz. 

98. Sax — 2by —4cz— 2bu — 2a + 8cz — 2cu — Qey. 


REVIEW. 


Expand the following: 


99. 
100. 
101. 
102. 
103. 
104. 
105. 
106. 

07. 
108. 


(+9) 
(a — 2. 

(2%+1)% 

(30? +4492 

(5a" — 2¢*)?, 

(2ad + 3cd)*. 

(62°— 3y°)*. 

(3a’y"+ 2cx™)*, 
(22? + 8y*) (20° —3y’). 
(2a? + 6) (20° — b?). 
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. (6%+ 2a) (3e2—2a). 
110. 
- (Tbe +d’) (Tbe — ad’). 
- (2%+6)(24+1). 

- @a—5)(2a—8). 

. (a%+ 3b) (ax — 2b). 
» («+y+z2)*, 

» (@+2y—32z)%, 

. (w@—8y4+22)% 

118. 


(5a? + 3) (5a? —3). 


(m —n + p— 9)’. 


Find the value of x in the following equations : 


119. 
120. 
121. 
122, 
123. 


135. 


Tx — 36 —10x%+12=80— 33" + 46. 

6a —2(9 —4a)+3(5e—7)=10% —4—162, 

38a —6(%—5)+2e=2(%+5)+5(a%—4). 
#@—T(4e —11) +30 = 14(e — 5) —19(8 — 2) —31. 
17x —(8u—9)—[4—3x—(24—3)]=30. 


. (+12) (#—8)=(4+1)(@—6). 

. 4(a—3)—3(a@—2)+2(@—1)+2=0. 

. (e—1)(2e4+1)414= (22+ 3)\(@+ 3). 

. (+2) (a+1) (e+ 6)— 98 =o + 4(7a—1). 


» a(a@—a)—2ab=— b(a4—). 


. (?@+2)(+4+2)=(ab+%)?+ a. 


. att h=a?+ ba. 
. b4+30=Tbe+ 38cm. 


. ae +a) + b(b—2) = 2ab. 
. 2ax+12ab —4a? = 90? + 3da. 

: 32-9 —3c=120— 2an+4a* + 2a0. 
2an+92+3cd= 407+ 3cx+ 2ad. 


FACTORING. 


97, 1. What is the product of 4x 5a? What relation do, 
4 and 5a bear to their product ? 


2. What are the integral factors of 5? 2? 6? 4a? 


3. Since 5 and # cannot be separated into any integral 
factors except themselves and 1, what kind of quantities are 
they called ? 


4. Since 6 and 4a can be separated into other factors besides 


themselves and 1, what kind of quantities are they called ? 


5. Since’S and 2, the factors of 6, are prime numbers, what 
kind of factors are they called ? 


98. The Factors of a quantity are the quantities which multi- 
plied together will produce the quantity. 


Thus, a, b, and (% + y) are the factors of ab(a+y). 
Factors of a quantity are exact divisors of it. 


99. A Prime Quantity is a quantity that has no integral fac- 
tors except itself and 1. 


100. A Composite Quantity is a quantity that has integral 
factors besides itself and 1. 


101. A Prime Factor is a factor that is a prime quantity. 


102. Factoring is the process of separating a quantity into its 
factors, 
108, To separate a monomial into its factors. 


1. What are the prime factors of 24 a°y%z ? 
Soxurion, 24 ey8z = 2-2-2-3-K-K- yy yk 
72 


FACTORING. 73 


Ruz. — Separate the numerical coefficient into tts prime 
Factors. 

Separate the literal quantities into their prime factors by writ- 
ing each quantity as a factor as many times as there are units in 
its exponent. 

Find the prime factors of the following: 

Be Sab; 4. 15a°y’z. 6. 42 aay’. 8. 28.a7c%a. 

8. 100777. 5... 20 aa*y. 7. 36 xy2°, 9. 35.2727c°. 

104. To separate a polynomial into monomial and polynomial 
factors. 

1. What are the factors of 5a’bc + 10a%c — 20 abc ? 


EXxpLanation. — By examining the 


5a’c) 5 arbe +10a?c —20a7bc terms of the polynomial it is found 


that 5a?c is a factor of every term. 
b-- 2 — 4b Dividing by this common factor the 
5arc(b + 2 — 4b) other is found. Hence, the factors 


are 5a%c and (6+ 2—46). 


Rutz. — Divide the polynomial by the highest factor common 
to all the terms. The divisor and the quotient will be the factors 
sought. 


Find the factors of the following polynomials :- 


2. 5a’b4+ 6a’. 13. 40’?c? —12abc —9c% 

3. 8a?y? + 12072", 14. 3a7b + abe — abd. 

4. 6ayz+12a°y%. — 15. 5a®a? — 5a’? + 10 axe. 
5. 9aPy’z + 18 ay’. 16. 62°y?2 — 3xy’2? + ay. 

6. a’a’y?’z + aPaye’. Ly 12 a’ex +15 ac’w — 12 ace. 
7. ac+ Bc + cd’. 18. 6a'b? +- 21 a®b? — 24.0764. 
8. Aa’y + cay’? + 3ay’. 19. 20c’a? —15 cla + 5 ca". 

9. 4aba + 6a’a’ + 8 az. 20. 56a°y8 +112 aty8—216 0°” 


_ 
© 


3 a®y — 6 a’y? + 9 ay’. } 21.. 65a°y?— 8b aly® + 255 aty%. 
Pate — 2043800. 22. THary'+150a°y’—225ay/ 
Bacd — 2c*d? + bed. 23. 48 b%c’— 144.8% — 192 °°. 


fat) ies 
noe 
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105. To separate a trinomial which is a perfect square into two 
equal factors. 
(a+b)(a+b)=0°+2ab4+06° 
(a —b)(a—b)=a?—2ab+4+ 6? 


1. What is the protect of (a+b)(a+ bye What, then, 
are the factors of a?+ 2ab+ b?? 


2. What is the product of (a—b)(a—b)? What, then, 
are the factors of a? —2ab+b?? What term of the trinomial 
determines the sign which connects the binomial factors ? 


One of the two equal factors of a quantity is called its 
Square Root. 


Ruiz. — Arrange the terms of the trinomial according to the 
ascending or descending powers of one of the quantities. The 
square roots of the first and third terms connected by the sign of 
the second term will be one of the equal factors. 


Find the equal factors of the following trinomials : 


1. @ 2b S 13. 16a7b* — 8 ab%c? +- b’c*. 
2. w+ 2Q2ay+y% 14. 9m?+18mn + On, 
oy Of = 2be- 15. 9+ 6a@-+- a2. 

4. P4+2rs+s*. 16. 1—2a?+ a4 

5. 2 +2e-+1. 17. 16n?—8n-+1. 

6. a? ++ 424-4, 18. 16+16a+ 4a2, 

7 y—2y+1. 19. 36+ 1207+ a 

“8. 4y2—4y+1. 20. 49 — 14.4? + af 

9. 9a? +6xe+1. 21. 81a?—18aa + a’. 
10. 1647+ 1624 4. 22. 4a+-12a"b" + 9b”. 
11. 9y?—18y+49. 23. x2’? — 30a + 225. 

12. 26+ 1625+ 64. 24. 4u*— 64a? + 256. 


25. 49a? — 112 ay + 64y 
26. 19607’? + 112 ab’c’d + 16 B*c?a?, 


FACTORING. 1D 


Perfect squares containing terms in parenthesis may be fac- 
tored in a similar manner. 


27. Factor 2 + 2a(%—y)+(a—y)* 

SoOLuTION. w+ 2a(e—y)+(a@ry)? 
=[*+@—-y)][*#+@—%] 
=@+%2—-y)(e@+u-y) 
=@a—y)24"—y) 

28. Factor (a+ 6)?—2(a+6b)(b—c)+(b—c)* 

_So.ution. (a + b)*— 2(a+ b)(b—c)+(b —c)? 
=[@+ b)—@—e)][(a+ 6)-—@-—o)] 
=(¢@+6b—6+4+c¢)(a+6b—6+¢) 
=(a+¢)(a+¢) 

Find the equal factors of the following: 

29. wW+4a(a—y)+4(a—y)* 

30. 4+4(a—y)+(x—-y)? 

31. (a+b)?+6(a+5)+9. 

32. 16+ 8(a—b)+(a—b)* . 

33. 4a(a—y)+40°+(a—y)* 

34. 9a? —6a(a+y)+(e+y) 

35. 40?+9(@—y)’?+12a("—y). 

36. 12y(«@—y)+4(a—y)? +9y 

37. (a+2b)?—4(a+4 26) (b—c)+4(b—c)*, 

38. 4(a+0)?—4(a+ 0) (20—c)+(2b—¢)* 

39. (w@+y)?—2(a+ 4) (y¥—z) + (y—2)’. 

40. 9(e@+y)?—6(@+y) (By —z)+ By —2)*. 

41. (a+ 5b)? —10(a + 5b) (b —c) + 25(b —c)*. 

42. 4(a+3b)? — 24(a+ 3b) (b—c) + 36(6—c)’. 

43. 16(a +2)? —32(a+a)(x#—y)+16(a—y)’. 

44. 25(% +14)? —50(x +y) (y—2) + 25(y—2)*. 

Ly 

ed 


gq 
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106. To resolve a binomial which is the difference of two squares 
ito two binomial factors. 


(a+b) (a—b)=a—0? 
(+ 9) (@? —y’) = at — yf? 
1. What is the product of (a+6)(a—b)? What, then, 
are the factors of a?— b?? How do these two factors differ ? 


2. What is the product of (a+ y’)(a?—y’)? What, then, 
are the factors of at—y*? What is the difference between 
these two factors ? 


Ruts. — Find the square root of each term of the binomial, 
and make the sum of these square roots one factor, and their 
difference the other. 


Sometimes the factors of a quantity may themselves be factored. 
Thus, aot — yt = (a2 + y?) (a? — y?) 
H@M+y)a+ty@-—y) 


Resolve into their simplest factors : 


1. @—B* 13. 4a°—9y’. 25. 121a?— 360+ 

2. ?—d. 14. wy?—4y’e, 26. 169ct— 49d. 

3. m?—n?, 15. m*—nt. 27. 100 a’d* — 64. 

4. 4a°— 477, 16. a®—D 28. 64 — 25aty*, 

5. 9a®—y%, 17. m™—n™, 29. 49 — 36a%y4, 

6. v7 — 97, 18. 9a"™— 4b". 30. 16m" —n™. 

1: 16%°—16y. 19, a*® =e) 31, 289.2% — yr, 

8. 9c?—16 a. 20. 9a’b?—4c. 332. 256 at —36 28. 

9. 25a?—9b*. 21. ate*—9c'd' 33. 196a"—9, 
10. 9y?—1, 22. al? — yi 34, 225 a%y™ — 121 24, 
11. 25a'—16y. 23. Ad%! 25d". 35. 324a%y4e? 81. 
12. 36y°—4928, 24. 81b4—16. 36. 225a7y8 — 144. 


| 
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37. Factor 9a?—(2a+5)? 


Sotution. — One factor is 3a+(2a+ 56), and 3a—(2a+4 b) is the 
other, 
8a4+(@2¢+4+0)=5a+0 


and 8a—(2a+ b)=(a—b) 
“ 9a? —(2a+ b)?=(5a+4 d)(a—bd) 


38. Factor (a+ by)? —(8a—2y)?. 


SoLuTion.— One factor is (5¢%+8y)+(8%—2y), and (6%+8y)— 
(8% —2y) is the other factor. ; 


Ge+3y)+(8e—2y)=8a+y 
and (5%+3y)—(8%—2y)=2a”+4 By 
. (60+ 3y)? —Ba—2y)?=(8a + y)(Qu + 5y) 


Factor : 

39. ce?’ —(a+b)%, 48. (a+b)?—(a—b)2 

40. P—(c—y)*, 49. (a +y)?—(2%+8)% 

41. 4°?—(a#+y)* 50. («+y)?—(24—4)?. 

42. 92 —(e@—y)2 51. (20 +3)?—(3e—4)2 

43. 2? —(a +20) Ba. (2a +3y)2—(3a—4y)2 
44. &—(3a+5)% 53. (Sa+2y)?—(4a—3y)* 

45. b°—(2a+30)* 54. (Ta—3y)?—(2a+y)? 

46. 4c?—(2a+3b)*% — 5B. (8a+5y)?—(8a—2y)?% 

47. 9° —(2a— 3b)? 56. (94+4+3y)?—(2a—5y)* 


Polynomials may sometimes be expressed in the form of the 
difference of two perfect squares, and factored like the pre- 
ceding examples. 


57. Factor a? + 2ab+0?—c’. 
SoLuTion. @+2ab + 0? — e%@=(a+ b)?2— ¢? 
(a4 b)?— 2 =[(a +b) +e][(a-+ )—<] 
or (a+b+c)(a+b—C¢) 
+ 2ab +b? -—c?=(a+b+0¢)(a+b—C) 
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58. Factor 2cd+0?—c’?—2ab—a@?+a. 


Soxurion. 2cd + b?—c?~—2ab—@+ a? 
Arranging terms, —@—2ab+0?—-C@42cd—#@ 

a? — 2 ab + b? —(c? — 2¢d 4 d?) 
(ad)? -(¢— a)? 

=[(a—b) +(e @)][(@—b)-( -)] 
=(a—b+c—d)(a—b—c+a4) 


Factor : 
59. O°? +2be+7?— a. ; 64. 2? — b? — 2ay+y’. 
60. a? + 2av+a°—4y* 65. w+t4day —42?+ 4y%, 
61. 4a? —a? + 2ay—y’. 66. 2 —97? +6249. 
62. a? —6axr+ 92? — 4c’. 67. 40°+12ay —9°+9y* 
63. 4a? 4+ day +7?— 42, 68. 407+ 90?—16c? —12ab. 


69. 9a? — 25274 16y? + 24ay. 

10. 624+ 2bd +2—b? + 2ac— a 
71. 40?—2#’+4ay + a?+ 4ab—4y?. 
72. d@—a’?+4av—4ced +42 —4a% 

107. To factor a quadratic trinomial. 
(@+3)(@#+4)=e+4+72%+12 
(a—3)(@+4)=a°+ w—12 
(a+3)(@—4)=2?— w—12 
(a —3)(@—4)=2? —Tx+12 
(@ — 2) (@ +6) = 2+ 4a—12 

1. In what respects do the factors differ in the first four 

examples ? 

2. What terms in the products are alike in each instance ? 

3. How may the first term of each factor be found from 

the product ? 


4. How may the last terms of the factors be found from 
the last term of the product ? ; 


5. How is the coefficient of the second term of the product 
found from the last terms of the factors ? 


ee 
iv 
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108. A trinomial of the form of a? + ba + c, in which ¢ is 
the product of two quantities and } their algebraic sum, 6 and 
c being either positive or negative, is called a Quadratic Trinomial. 


1. Resolve a? — 9a — 36 into two factors. 


Exrianation. — The first term is evidently x. Since 36 is the product 
of the two other quantities, 6 and 6, or 4 and 9% or 3 and 12, or 36 and 1, 
or 18 and 2 are the other quantities. 

Since their sum is — 9, the quantities must be 8 and — 12, for the 
other sets of factors of 36 cannot be combined so as to produce this 
result. 

Therefore, (« + 3) and (# — 12) are the factors. 

Rue. — Arrange the terms of the trinomial according to the 
ascending or descending powers of one of the quantities. 

For the first term of each factor take the square root of the 
Jirst term of the trinomial, and for the second term such quanti- 
ties that their product will equal the third term of the trinomial, 
and their algebraic sum multiplied by the first term of the factor 
shall equal the second term of the trinomial. 


Separate into their simplest factors : 


2. @+3e+42. 16. wy? + Txyz +1027. 
3.07 -- T @ + 12. 17. 2’ +9a— 36. 

4. #—4e—21. 18. 2? —57a”-+ 56. 

5. @—Tx—18. 19. wv? —10a—39. 

6. e+ 6e+8, 20. x? —12a— 64. 

7 w+12¢+4 32. ; 21. 4a?—10”%+6. 

8. B?—8b+15. - 22. 92? — 274+ 18. 
9. +6—12. 23. 427+ 164004 120% 
10. 6=6,—12. 24. 9a? + 30ab + 240% 
£1; 2b 35. 25. 4e2+4a—3. 

12. ey — 56. gee A 4 10 1 
13. y+ 38y—40. 27. 9a? —15a—14. 
14. 6°+19bc 4+ 48. 28. 16c?—48¢ + 35. 
15. edt + 7 cd? + 12. 29. 9a? + 6 xy — 15 
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30. 1647+ 24y2-—72. 32. 25y?— 25 yz +62". 
31. 4e?—14ay+10y* 33. 49a°+ 14 a%y —15y*. 


109. To separate other trinomials into binomial factors. 
First, when the first term is not a perfect square. 


1. Factor 82?+a—T7. 


SoLuTION. 
Ga? +e—T=(Sa2+2—7)xs 


_ 6402+ 8%—56_ (8%+ 8)(8% —7) 
ig “ 8 


8 
= 8+ DC2—Di@+ 1)(8a — 7). 


ExpLanaTion. — Since the first term is not a perfect square, it may be 
made so by multiplying by 8, and the value of the quantity will not_be 
changed by multiplying by &. 

Multiplying by $ and factoring in accordance with Ait. 108 and sim- 
plifying the result, the factors are (x + 1)(8% — 7). 


Second, when the second term does not exactly contain the 
square root of the first. 


1. Factor 42?—72+4+3. 


SoLurTion. 


42 —Te48=(402— Te + 8) x4 
_ 1602 282+ 12_ (42-4) (40-3) 
4 4 
== DE2—5) <@- 1)(4”—8) 


ExpLanation. — Although the first term is a perfect square, its square 
root is not an integral factor of the second term, The second term may 
be made to contain the square root of the first term by multiplying by 4, 
and the value of the expression will not be changed by multiplying by 4. 
Multiplying by 4 and factoring in accordance with Art. 108 and sim- 
lifyingptbe factors.are (% —1)(4% — 8). aS 


ry 
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fa 
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Find the binomial factors‘of : 
Dee eter 
30° + 6+ 3. 
3a7—17x2+ 10. 

5a — 88a + 21. 

32° — ax — 2. 

an 4 Ta—6. 

327 + 112 — 20. 

27 + Ila + 12. 
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110, To factor by grouping terms. 


1. Factor zy + ay + ba + ab. 
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10. 42?4 ay 3y? 
11. 4a? — Bay +y 
12. 5a? — 29 xy + 364% 
13.2 Tek 123454. 
14. 102?+4 3ay —y*. 
15. 32°+ Tay — 6y’. 
16. 40°4+7a¢—15. 
17. 6a? —ay—2y’, 


SoLvurion. xy + ay+ bxu+ab=y(x#+a)+b(«%+ a) 
=(y + b)(@+ a) 


_ 2. Factor ax — bx — ay + by. 


SoLuTIon. ax — bx —ay + by = ax — bu —(ay — by) 
= «(a —b )—y(a— 6) 
= («—y)(a— b) 
Factor.the following: 
: a? + Ox + ex + be. 11. bu —ca + be — 27. 
. ax — by + bx — ay. . -12. day — cay + cdx’ — y*. 


— bc + ab=- ae. 


4 by — ba + 3ax —3ay. 

5 abe + acd + bd + ac’. 

a 2a+ be? +20 + ax 
10. « — gy +3y—3e. 


vA 


3 
4, 
5 
6. ay — by +- ab —7/’. 
7 
8 
9 
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13. abi? — ary +t bay — y?. 


14. 


| 


bd’a 


—b'dy + abcy — acdx. 


15. 3bc — 4ad + 6ac — 2bd. 


16, 15ae—20ay+9 ba—12by. 


17, 36ab— 18 ac—18b?+-9 be. 
18. 12au-—-9ay—8bxu + 6by. 


7 a+ Pew + ade 4 bd + acy + bey + ady + bay, 
- Bam - ae et ga ee 


Bs 
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‘111, To factor a trinomial of the form of a* + ab? + 0%. 

1. Factors + a’y’ + 9. 

Explanation. — 2! + xy? + y* lacks 2?y? of being a perfect square. 
If xy? is added to the expression and then subtracted from it, the value , 
of the expression will not be changed. The quantity added and then sub- 
tracted must be such as will render the trinomial a perfect square. Add- 
ing and subtracting «y2, the expression becomes 

at + o2y? + yt = ot + Qarry? + yt — wy? 
= (a2 + 92)? — xy? 
=[(@? + y+ ey] @? + y*) — xy] 
= (a? + y? +ay) (a + y? — ay) 
=( + ay + y?)@ — xy + 9) 
2. Factor at+a’?+1. 
SourTion. @+e+1l=at+2a%+1-@ 
= (a? +1)2-—@ 
[(@ + 1)+ a][(@ + 1)— a) 
(a2+1+a)(a2+1-—-—a) 
(@+a+1)(@-—a+t+1) 


Heese 


Factor the following: 


3. t+ 0+ ct 11. 64a* + 128 ab? + 8104 
4. of +a?+1. 12. 49a*+ 34a°y? + 25 y'4. 
5. 904+ QRS =A 2c. 13. 9ct+ 38e7d? + 49 d*. 

6. 904 30%! 4 dat, (14, 36a*— 160°? + 4904 
Te 25at — 9a*y? + 16y4. 15. 2504+ 310%? + 64c4. 

8. 16a*—17 ab? + 0. 16. 25b* — b’c? + 64 c+. 

9. 36at+ 23a°y? + 16y* 17. 8lat+ 20a°%y? 4 4y4, 

10. 494 — 11d%? + 25et. 18. Stat 464a%y? + dy! 


112. To factor the difference of the sanie powers of two quantities, 
(a? —B)+(a—b)=a4b ; 
(a? — 0°) +(a—b)=@ +ab+b 
(a! —d')+(a—b) =a +0 + ab? 4 BF 
1. How does the first term of the quotient compare with 
the first term of the dividend?’ What quantities es the 


second term of the quotient contain? The third te e 
fourth term ? 
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2. What is the sign of each term ? 

3. What are the exponents of a and b in each term when 
the difference of the same powers of two quantities is divided 
by the difference of the quantities ? 


118, Principie. — The difference of the same powers of two 
quantities is always divisible by the difference of the quantities. 


Write out the quotient of: Factor : 
1. @—y') + (w@—y). 6. (a? — 27). 
2. (a — x) + (@—y). 7. (a#° — 64). 
3. (a*—1)+(a—1). 8. (8a? — b°*). 
4. («—16) + (@—2). 9. (27a — 7). 
5. (a8 — y®) + (a —y?). 10. (343 — a’). ; 


114, The difference of the same powers of two quantities is 
always divisible by the difference of the quantities; it remains 
to find when it is divisible vy the sum of the quantities. 
(7? —y’)+(@+y)=a—y. 
(a — wy) + (a+y)=e—ayty. Rem. — 27% 
GY) + @ ty) =e aly + ay? —¥. 
(0? — a) = (e+ y) = 0 — ay + ay? — ory + y'. 
Rem. — 27’. 
1. What are the signs of the terms of the quotient when 
_ the difference of the same powers is divided by the sum of the 
quantities ? 
2. What is the law of the exponents in the quotient? 


3. What are the exponents of x and y when the difference 
of the same powers of two quantities is exactly divisible by 
the sum of the quantities ? 


115, Princrete. — The difference of the same powers of t 
quantities is divisible by the swum of the quamtities only when 
exponents are even. - 


or 


= 
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Write owt the quotient of: Factor: “ 
1. (@—y*) + (w+ y). 6. at — 81. 
2. (a — yy) + (w+ y). 7. wo — 64, 
3. (a&t—1)+(#+1). 8. 16a*— 160%. 
4. (wt —16) + (#+ 2). 9. a®a® — x 
5. (a®— 98) + (a? +9). 10. a%d’ — cd. 

116. To factor the sum of the same powers of two quantities. 

(+ y)+(@+y)=e—y. Rem. 2y°._ = 


@+y)+@ty)=P—ay ty. } 
(ot +7) + (ety) =e—a’y+ay—y. Rem. 27%.’ 
ety) + (ety) = ot — ay + aly? — ay? + yf. 


1». What are the signs of the terms of the quotient? © 
2. What is the law of the exponents ? 
3. What are the exponents of # and y when the sum of ae 


same powers of two quantities is exactly divisible by the sum 
of the quantities ? 


117. Princieitze. — The sum of the same powers of two quan- 
tities is divisible by the swum of the quantities only when the 
exponents are odd. 


Write out the kuotient of : Factor : 
1. (a? +7") + (@+y). T.-a? + pee™, 
2. (+ y*) + (@+y). 8. a + yf2'. 
3. (@+1)+(@+1)). 9. mn? + 758°. 
4. (ay? + a°b®) + (wy + ab). * 10. ah + cd”, 
ae iy B. (al + Po?) + (a? + yz). 11. aha + bMy". 
( - 6. (+1) + (a +1). 12. lyP + gy, 


118. To factor by the Factor Theorem. 
is 


What is the value of 2 times 0? 5 times 0? of 0 multi 
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8. If 5(¢—8) =0, what must be the value of the factor 
(w—3)? What value of « makes w—3 equal to 0? 


4. Since 5(@— 3) reduces to 0 when x—38 reduces to 0, and 
x—3 is reduced to 0 by.substituting 3 for 2, what value sub- 
stituted for # will reduce to 0 every polynomial of which «—8 
is a factor ? 


5. How, then, may it be ascertained whether « — 3 is a factor 
of a.given polynomial involving x? 

Is @—8 a factor of 22-9? of 2 —5a2+6? of a — 243? 

6. What valué of x will reduce the polynomial a?—8 to 0? 
What factor, then, has #*?— 8? 


-T, When is aw—1 a factor of a given polynomial 2 «—2? 
x—3? xe—4? w—(—2), or x+2? x—(any number), or x—a? 


119; ‘Factor Theorem.— A polynomial that reduces to 0 when a 
is substitutec for x has x«—a for a factor. : 
1. Factor x*+ 8 by the factor theorem. 


So.urion. — The last term of the divisor must be contained exactly in 
the last term of the dividend. Therefore to factor «3+ 8 by the factor 
theorem, only factors of 8 need be substituted for x. 

When x =— 2,73 +8=-—8+8=0. .. e—(—2), or %+2, is one factor. 

The other, found by division, is #7—-2%+ 4. 


“ 0+8= (@+2)(a%? 2444). 


2. Hatieg’ ot —6a?+82—8 by the factor theorem. 
Suceustion. — When a = 1, at —622+8x%—3=1-—-6+4+8-—38=0. 
x —1 is a factor whenever the sum of the coefficients is zero. 
Divide by x — 1 and factor the quotient by the factor theorem. 

_. Factor by the factor theorem : 

3. 2 —4., Te 2 —8, 11. 2° +32. 

. 8. +8. - 12. 2 —y/. 

13. m+n’. 

. p—6p+9. 
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15. #&—Te+6. 20. 2 —6e°+1127—6. 
16. 5e?—8¢-+3. 21. #+62?+112+6. 
17. T2’?—4a4—20. 22. a —67 « — 126. 
18. #&—o2t+a—1. 23. # —6a?—#+30. 
19. e@toerteti, \ 24. w—9e’?+1292—4. 
120. REVIEW IN FACTORING. 


Factor the following: 


A. v—2a—8. 21. (@—y)?—2. 

2. 9a?—b*. 22. wv +13 wy + 36 y*. 

8. (a+b)?—(a—bdy* 23. 0 ee 

4. y+2ym+m’. 24. 4a%?—12 acc + 9c. 

5. 0? -120—45. 25. ?+5c—14. 

6. at yt. 26. yt+6y+8. 

7. ##+2n—80. 27. 2 —1. 

8. m‘—n'4; 28. vy—y?+ a2 — yz. 

9. Ne +, bee. 29. 9e?+12a2+42 

10. g?—4qr+47°. $0; 4° =46% 

11. 9a?— 2400+ 16 c 31. e420" 4-1. 
12. ay, 32. 4am A aleym 4 ym 
13. a@&—Ta—80. 33: Ap See 

. oh: a? —9a+14. 34. 16a" — 81 y™. 

15. a4 — 7°, 35. m?>—m—90. 

16. aw—ay—bet+by. . 36, a 422-3. 

17. °02,— Peo ee 37. /ac— ad? + bc — bd®. 
18. p?—4p—5. 38. m?—3 ti — 2 


. a? — >, 


» 60—314a+435. 


= 
ce) 


eis FACTORING. a" 
41. 40)480+8y | 51.4807) 8. in 
42. dat $1. 52. 1002? — (1024 9) 
43. “a +B — 8 — 2ab. . 53. 6a?—3am—2an+ mn. 
44, 4ct— 25. 3 54. 424+ 40cd +1000. 
45. ch—-80°+ 16. 55. —derm Nef. ; 
46, ct—c’—12. . 56. 2a? +4a+ab+20. 
47. yr —3y+2. 57. 2? — 2a — 360. 
48. 2¢—1022—24. 58. 25" — 36a. 
49. p?+7p+10. 59. 12¢°+7c— 12. 
50. #—y 60. SP ai Weag  ah 


61. (a? — ay)? — 2(a? — ay) (ay — 1) + (ay —1)% 
62. (3a—4y)?+ (2a —3y)? — 2(3%—4y) (2% — 3y). 

63. (a+b+e+4d)?—(a—b--o—dy’ 

6 @4 Pp PA 2Qay + Yaa — 2y2) —(y +2)2 

| ay — 272 — xy” + wyzZ. 


. (V@—0’)?—m—2 
12. 3a? —6ab + 3b’ + Cac — 606 
73. (a? —1)?—2(0?—1) (y°—-1)4.(y"= 
74. (@+P+2 P4440? = 2ab)2.7 


“1. Duet day ba +2 by — 2bz. 


a0 
rand 


Fa. 
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121, 1. What quantity will exactly divide both 3 a? and 2 ax? 


2. Give all the exact divisors of 12 a’xy and 18aa*y. Which 
‘Is the highest of these common divisors ? 

3. What is the highest common divisor of 24a*b’c and 
48 a*be? ? 

4. What prime factors, or divisors, are common to 2447b’c 
and 48 a*bc?? 


5. How may the highest common divisor of 24a7b’c and 
48 a’bc* be obtained from their factors ? 


122, A Oommon Divisor of two or more quantities is an exact 
divisor of each of them. 


Thus, 6@ is a common divisor of 12 a, 24a%c, and 30a?y,. 
123, A divisor of a quantity is a factor of it. 


124. The Highest * Common Divisor of two org 
is the quantity of the highest degree that 
of each of them. 

Thus, 4 ay is the highest commo 


125. When quantities hg visor except 1, they 
are prime to each other 


Thus, 5%, 8 ys ag each other. 


ighest common divisor of two or more 
of all their common prime factors. 


ighest Common Divisor. 
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127. To find the highest common divisor of anaes that can be 
factored readily. 


1. Whatis the highest common divisor of 8 a’bc? and 12 ab’c?? 


“4 


_ PROCESS. 
8a’0’?F = 2x 2x 2x aa x bb x cee 
12 ab’??? =3x2x2xax bbx ce 
H.C.D.=2x2xax dbx cc=4ab*e? 


ExpLanation. — Since the highest common divisor is the product of al\ 
the common prime factors (Prin.), the quantities are separated into their 
prime factors. The only prime factors common to the given quantities 
are 2, 2, a, b, b, c, c; and their product, 4 ab2c?, is therefore the highest 
common divisor. 


2. What is the highest common divisor of #?—1 and 1—2°? 


PROCESS. 
a? —1=(«+1)(e—1) 
1 — a? =— (# —1) =— (w—1)(@? +2 +1) 
H.C.D.=«—1 
Norr. — Since —(%—1) is contained —(%-+ 1) times in the first poly- 
nomial and (x2-++«-+ 1) times in the second, it is evident that —(#—1) 
also may be regarded as the H.C.D. The result —(w#—1) would be 


written 1—~. 
The H. C. D. may have either sign. 
» & 


Rute. — If necessary, separate the quantities into their prime 
factors, and find the product of all the common factors. 
Find the highest common divisor of the following: 
3. 12 m?n®a? and 18 m?nx’. 
4. 16 r's’x? and 20 1°s’a*. 
5. 21 aty’2? and 14 x°y*2’ 
i 15 aFy’2? and 20 a®y2?. 
. 1laay, 8ax*y, and 9 axy. 
8. 15 a®x*y?, 9 aay’, and 8 aay’, 
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. 180%c?d?, 8b’c’d?, and 12 ab’c. 

. 10ca*y?, Sa’a*y’®, and 12 a7ay”. 

. 187s, 1077s, and 1orer. 

. 2ara*y’, 15a7a*y, and 10 a7xy". 
. 12 a%y'2", 18 aty®4, and 1527y*7*. 
. @&—O and a —2ab4+ 0%. 

. 2 — 20 and-2 ay? —4y?. 


162° —y? and 162? —8ay+y*. 


. &—2e—15 and w+ 9e-+ 18. 
. @4+9eH+20 and a?+2e¢—15. 
~ ¢4-¢— 30 and a 1297-2136: 
. @—xe2—12 and 2? —4a—21. 

. #+9e+14 and 2+ 2e—35. 
. ee — 30) and 2h Og=adis: 

. a(at—y*) and a+ 2aty + xy’. 
. 4a?—9e2? and 4a?—12ax+4+ 927, 
. b'— 270% and (b—3a)?. 
. 4ab?—4abe? and 12a°b? —12a%c*. 
. yz—z and y'z— yz. 
. 5a7—2a—8 and 5a?—11a+6. 
. 9y —4 and 9y?—15y —14. 


. @&—d*, a—ab, and a—2ab+ 0% 


- 8(a—y)*, 10(2?—y’)’, and 12(a* —» 

. @—B a—2 2 1» it 
a? — b*, aw ab-+0b*, and a’ tee 

. 2+2—6, 2472412, and 2—1e factos. 

. @ 45046, o&+7e+410, and 2 2+ 20, 


. 1—a’, 1+a', and @+5a+4+4. 
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128. To find the highest common divisor of quantities that cannot 
be factored readily by inspection, 


1. What are the exact divisors of axw?? What are these 
also of 2 times aa? or 2aa?? Ofc times az? or can? ? 


2. Ifa quantity is an exact divisor of some quantity, what 
will it also be of any number of times that quantity ? i 


_ 8. Since a is a divisor of 2ab and 3ab, what will it be also 
‘of their sum? What of their difference ? 


4. What is the H.C.D. of 2a? and 6a°? Of 2a? and b 
times 6a’, or 6a°D? Of 2a? and 5bc times 6a°, or 80a°bc? Of 
2@ and 4 of 6a%, or 2a?? Of 12 times 2a? or 24a? and 6a5? 


5. When, then, is the H.C. D. of two or more quanti- 
ties not affected by multiplying or dividing any one of them 
by other quantities ? 


129. Principtes.—1. A divisor of any quantity is a divisor 
of any number of times that quantity. 

2. A divisor of two or more quantities is a divisor of their 
sum and of the difference between any two of them. 

3. The highest common divisor of two or more quantities is 
not affected by multiplying or dividing any of them by quantities 
which do not contain factors of the others. 


180, 1. Find the H. CO: D. of 2a°—5a+2 and 42?+122?—a—3. 


PROCESS. 
Qe —Fa4+2)4e°+120°— x— 3(2e411 
4o®— 100? 4+ 4a 
220°— ba— 3 


220° — 55a + 22 
25) 50a — 25 
2a —1)20? —5a+2(x~- 2 
22°— 2& 


—4a+2 
*. 2a—1 is the H.C.D. —4a+2 
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ExrLanation. — It is evident that the highest common divisor cannot be 
higher than 2%2—5%+2. The highest common divisor will be 2%?—52+2 
if it is contained without a remainder in 423 + 124¢2-—x%— 8. By trial it 
is found that it is not an exact divisor of 423 + 122 — x — 8, inasmuch 
as there is a remainder of 50% — 25. Therefore, 2x22—5x-+ 2 is not the 
highest common divisor. 

Since 2a2—5xz-+2 contains the highest common divisor, (2x + 11) 
times (2 «2—5 %+2) will also contain the highest common divisor (Prin. 1); 
and since that product and 423 + 12”2—«—3 both contain the highest 
common divisor, their difference, or 50 — 25, will contain their highest 
common divisor (Prin. 2). Hence, the highest common divisor cannot 
be higher than 50a — 25. 

Since 25 is a factor of 50% — 25, but not of the quantities whose highest 
common divisor is sought, 50 « — 25 may be divided by 25 without chang- 
ing the highest common divisor (Prin. 3). Therefore, the highest common 
divisor cannot be higher than 2 « — 1. 

2a — 1 will be the highest common divisor if it is an exact divisor of 
2x2—5a-+2, since, if it is contained in 2%?—5 x-+ 2, it will be contained in 
any number of times 2“? — 5a + 2 (Prin. 1) and in the sum of @ + 11) 
times 24? — 5x + 2 and 50% — 25 (Prin. 2). By trial it is found to be an 
exact divisor of 242—5a+2. Therefore, 2 — 1 is the highest common 
divisor of the quantities. 


2. Find the H.C. D. of 3274 112+6 and 227+ 114 -+ 15. 
Souurron. 


2a?+11¢e+415)32?+11le+ 6 
ete 
62? + 22% +412(3 
627 -+ 83a + 45 
—11)—11le—33 
w+ SiR kt Lhe 
2e°+ 62 
be+15 
ba 4-15 


Sucexrstions. — Since the divisor is not contained in the dividend an 
entire or integral number of times, the terms of the quantity which con- 
tains the highest coefficient of x2 are multiplied by 2 so that the quotient 
may be integral or entire. The same result might have been obtained by 
multiplying the quantity 22? + 11+ 15 by 3 (Prin. 8). 

The remainder — 11% — 383 may be divided by — 11 since — 11 is not 
a factor of 227+ lla+ 16. 
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8. Find the H.C. D. of 2a*—122°+172°+62—9 and 
42°? —1827+ 19% —3. 


SoLurTion. 


423-18 27?+19x%—3)2 a4—12 23417224 6e-— 9 
2 
4 ot —24 0343442412 4—18(a 
4o4—18234+192?— 3a 
— 3)— 623415 %?+15%—18 
203— 5a?— 54+ 6)423—-1822419%— 382 
423-10 ”?—102+12 
— 82?429x0%—15 


203— 5a?— 5a+ 6 
4 
—8 272429 x—15)8 x3 —20 x? -204%+24(—x-1 
8x3 —29 v?4+15a 


9x?—35 4424 
8a?—294%+15 
w’— 62+ 9)—822+4+29x%—15(—8 
—84?-+48 %—72 
—19) —19%+57 
x—3)x?-62+9(¢—38 
23% 
—324+9 
—32+9 


“These. 6: Diis «— 3: 


Suecxrstions. — The highest quantity is multiplied by 2 so that the 
other quantity may be contained in it an entire or integral number of 
times. Then the first remainder is divided by — 3 because — 3 is not a 
‘factor of the preceding divisor and consequently not of the H. C. D. 
Another dividend is multiplied by 4, and another divisor divided by — 19. 


Rute. — Divide the higher quantity by the lower, and if there 
be a remainder, divide the lower quantity by it, then the preceding 
divisor by the.lust remainder, and so on until nothing remains. 
The last divisor will be the highest common divisor. 

If more than two quantities are given, find the highest common 
divisor of any two, then of this divisor and another, and so on. 
The last divisor will be the highest common divisor. 
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1, If any quantity contains a factor not found in the other, the factor 
may be omitted before beginning the process. 
2. A common factor of the quantities may be ‘removed before ‘begin- 
ning the division, but it must appear as a factor of the highest common | 


divisor. 


3. When necessary, the dividend or divisor may be multiplied or divided 
by any quantity not a factor of the other quantity. 

4. The signs of all the terms of either dividend or divisor, or both, may 
be changed without elms the highest common divisor. 


Find the H.C. D. of the following: 


} 
’ 


4. 20°—16x2%+14 and 2?—d5a—14 

5. 3807+14248 and 4274+19%+412. 

6. 62—232+15 and 2a?—122+18. 

7. 474 21¢%—18 and 227+152+4 18. 

8. 21¢?—26%+8 and 627?—2—2. 

9. 2 —6bay+ 8y’? and #—8ay+16y* 

10. a? —y* and a? —2ay+ y*. 

11. et—2e74+1 and #—42°4 60? —42+1., 

12. 20+ 607+62+2 and 6a°-+ 6a?—6a2—6. 

13. 30°+32?—15e+9 and 3at+ 3a°— 21 9°— 9a. 

14, 20a*+a?—1 and 25a*+4 5a%—a#—1. 

15. 2 —9, o —3ea—18, and w?+11a%+4 24. 

16. 2°—3e—28, 2 —1la+28, and a —152+4 56. 

17. #46249, 2&—a?—12e, and 2—4a— 21. 

18. at —d%, a’ + a’ — ab?— 0, and at — 2a°b? + ot 

19. a+ 5a°+ 62", +4 32°4 3e+42, and 3434+80°+4 544 2, 
20. a+ 3a’ + 3ab?+b%, 40°? +1200? + 8b4, and a?— 2% 
21. 


Qot4120°4100% +441 and 3at4+8a°4140248043, 
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| 
22. w+ 3aP4+ 9a? + 12%+ 20 and 2° + 6a? + 627+ 84 +4 24. 


23. da’e’+ ae+2a?4+12e+4e48 and a’x’?+3a%e+4a? 
+ 447 + 120+ 16, | 


24. 150° + 9a? — ox +3 and 40a? — 212?+10e—1. 

25. 16a2*— haat. Was Gan and 3az?— 15ax + 12a. 

26. 2aea— 2a°ba— 2ab’a+ 2b9x and 4o3+ 4a%— ‘hab? — 40°, 
) 27. 207149420 and 4a°—25a°4+202+25. 5 

28. 30°4+21¢—132 and 6a%y + 542°y — 138 2y — 66y, 

29. o — x — 3 +a? 4+3e%+4+1 and 47 —2— 3a? 4+ 24-2. 

30. a®— 5a?—99a+40 and a®— 6a? — 86a+4 35. 

31. 14at+ a? 4+ 8e°— 27 +2 and 6at+72847e+43e+1. 

32. 30° — a2? —2e%—16 and 2a°—22?—32—2. 


COMMON MULTIPLES. 
181. 1. What quantity exactly contains 2, 3, a, and b? 
“What relation does each of them bear to their product ? 


2. What is the lowest quantity that exactly contains 3a 
and 4ab? 


3. What factor of 3a is not found in 4ab? What is the 
‘product of 3 multiplied by 4ab? 

4. To what, then, is the lowest common multiple of several 
quantities equal ? 

132, A Multiple of a quantity is « quantity that will exactly 
. contain it. 


Thus, a%z is a multiple of a, a, and x. 
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133, A Common Multiple of two or more quantities is a quan- 
tity that will exactly contain each of them. 
Thus, 4 2c is a common multiple of 26 and c. 


134, The Lowest * Common Multiple of two or more quantities 
is the lowest quantity that will exactly contain each of them. 
Thus, 2 bc is the lowest common multiple of 26 and c. 


135, Princretz.— The lowest common multiple of two or 
-more quantities is the product of all their different prime factors, 
using each factor the greatest number of times tt occurs in any 
of the quantities. 


136. 1. What is the lowest common multiple of 3a*y’zv and 
B actyee”, 
PROCESS. 
Sxy2u=3xexyxexv 
bay? = 5b xa xy xe 


LOM=5x3x#xypxe2xvealbayev | 


EXxpLaNnATIon. — Since the lowest common multiple is a product made 
up of the prime factors of the quantities, the quantities are separated into 
their prime factors. Since each prime factor is used as a factor of the 
lowest common multiple the highest number of times it occurs as a 
factor in any of the quantities (Prin.), the factors of the lowest common 
multiple are seen to be 5, 3, x, y8, 22, v, and their product 15 xy3z2u is 
their L. C. M. 


2. What is the lowest common multiple of a7—a@—12 and-. 
w—4a— 21? 


PROCESS. 
o'— 9 ~ 12) (0 — 


a+3 
=a—8a?—5a+ 84 


EXPLANATION. — Since the product of any two quantities is their com- 
mon multiple, it follows that if their common factors are omitted from the 
product, the resuit will be the lowest common multiple. Since their com- 
mon factors or divisors will be the highest common divisor of the quan- 
tities, the product of the two quantities divided by their highest common 
divisor will be their lowest common multiple. 


* The abbreviations L. C. M. are used for Lowest Common Multiple. 
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Their highest common divisor is @+3; omitting this factor from 
dividend and divisor, the result is (@ — 4) (a? — 4a — 21), which is equal 
_ to a — 8a*— 5a + 84, their lowest common multiple. 


Rutz. — Find the product of all the different prime factors, 
using each factor the greatest number of times it occurs in any 
of the given quantities. 


The product of two quantities divided by their H.C. D. is their L.C.M. 


Find the L. C. M. of the following: 
3. 8a7b’c® and 10a’bc. y 
4. 10a7y’z, 20a%y’z, and 25 a°y5z*. 
5. 14a7b’c’, Tb’x’y, and 35abca. 
6. 12m?n7y?, 18 mny’, and 24m?ny. 2 
(..1grse, Jrse’and 36792". y, 
8. vw —y and #?—2ay+y’. 
9. a —y’ and w+ 2ay+y’. 
10. a?—y?, x? —2ay+y’, and 2?+4+2ay+y% 
11. 2’ —y’ and a—y’. 
. 12. a?(a—z) and y*(a’?— 2’). 
13,. @? —1, 27+1, and a*—1. 
14. 2a(a—y), 4ey(2’—y’), and 6ay*(#+y). 
15. 2? —a, 2 —1, and a+1. 
16. 2’? —1, #—~«w, and #—1. 
17. 44142), 4(1—-2), and 8(11—2%). 
18. 2 +52+6 and #’+62+8. 
19. a? —a—20 and a?+a—12. 
20. a —9a— 22 and 2’ —132+ 22. 
21. 2? —8a+15 and-2’?+2xu—5. 
22. w+ ay + ay’ + y° and af — ay + ay? — y*. 
~> ALGEBRA, — 7. i 
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23,4 p> — ay +ay?—y and 2+ ay — ay’? —y*. 


TY. 
25. 
26. 


27. 
— an. 


28. 
29. 
30. 
31. 
32. 
33. 
34. 
35. 


o@—20+4a—8 and a&+2a—4a—8. 

e+ y?, 0 — ay’, and w+ ay’ + ay + y°. 

—4, o&—x—6, and #&—3a?—4a+4 12. 

e—5, 2&—2ax+a’, 2 —10%+25, and 2+5a—52 


ot —16, a? +4244, and 2’—4. 
m—3m+2 and m?—4m-+4. 
p?—Tp+10 and p?—p— 20. 

Sem of — 4 and 83—4c+¢. 

1—p+p’, 1+p—p’, and 1—p* 
4ac—4c—4c and 2ab — 2bc — 2b. 
3a7—192+6 and 2?—10a-+ 24. 

m? —m —90, m? —13m + 30, and m?— 100. 


. P—2y—35, y —8y+7, and 9?+4y—5. 
- 2 —12 07+ 19¢—12 and 2a — 627-12 — <3. 


aes Set 
. a+ 2a? —2a?—2a+1 and at—1. 


42. 


. &€—5e+4, &—6c+8, and ?—8ce+16. 
. @+38a—4, a—6a+5, and a?—a— 20. 
41. 


a —(y+2)*, y—(@+2)’, and 2—(a#+y)* 
a’ —8a?+19a—12, a —9a?+ 26a— 24, and a?— bat 


#11la—6. 


43. 
44. 
45. 
46. 
47. 
48. 


42 —9, 6c!—Bco—G6; and 6c?+ 13¢-+6. 

1—2#74 2’, eee eee and 1+ a? +- a4, 

+ 32a°y + 3ey? + y? and a — ay? + ary — oP i 
(a+b)(a+c), (@+6)(b+c), and (a-+c)(b+c). 
a’+ab+b?, a—b’, and a—b. , 
4a°(a+ 2), 4a?(a —a); and 2a?(a? + 2?). 


FRACTIONS. 


187. 1. When anything is divided into two equal parts, 
what is one part called? How is it expressed ? 
ve 2] 
3. How may one fifth of a be expressed? Two thitds of b? 
Three sevenths of y? Hight elevenths of z? 


2. What does : represent ? 


a. 


138, A Fraction is one or more of the equal parts of a unit. 


139. Since a fraction is one or more of the equal parts of: 
anything, to express a fraction, two numbers, or quantities, 
are necessary, one to express the number of equal parts into 
which the unit has been divided; the other to express how 
many parts form the fraction. These numbers, or quantities, 
are written one above the other, with a horizontal line be- 
tween them. : 


\ 


140. The Denominator is the number, or quantity, which 
shows into how many equal parts the unit is divided. 
It is written below the line. 


Thus, in the fraction A b is the denominator. It shows that the unit 


has been divided into 6 equal parts. 


141, The Numerator is the number, or quantity, which shows 
how many parts form the fraction. 
It is written above the line. 


Thus, in the fraction , ais the numerator. It shows how many parts 
form the fraction. : 
99 
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149, The numerator and denominator are called the Terms 
of a Fraction. 


143, An indicated process in division may be written in the 
form of a fraction, the numerator being the dividend and the 
denominator the divisor. 


144, An Entire Quantity is a quantity, no part of which is in 
the form of a fraction. 


Thus, 2a, 3c, 2%+y, etc., are entire quantities. 


145, A Mixed Quantity is a quantity composed of an entire 
quantity and a fraction. 


Thus, 2a@+ se 2e+2y— ee are mixed quantities. 
x 


146. The Sign of a Fraction is the sign written before the 
dividing line. This sign belongs to the fraction as a whole, 
and not to either the numerator or denominator. 

a + 
22 


quantities «, y, and2zare +. The sign before the dividing line shows 
whether the fraction is to be added or subtracted. 


Thus, in — Y the sign of the fraction is —, while the signs of the 


- 


REDUCTION OF FRACTIONS. 


147, To reduce fractions to higher or lower terms. 


1. How many fourths are there in one half ? 


2. How many fourths are there in 32 =e as 


3. How many sixths are there in 2 How many ninths ? 


How are the terms of the fraction 2 obtained from bo 
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4. What, then, may be done to the terms of a fraction with- 
out changing the value of the fraction ? 
205 Ih 
6 


In 


5. How many thirds are there in sb 


4b, 
12° 


How are the terms of the equivalent fraction : obtained from 
these fractions ? 


6. What else may be done to the terms of a fraction besides 
multiplying them by the same quantity, that will not change 
the value of the fraction ? 


148, A fraction is expressed in its Lowest Terms when its 
numerator and denominator have no common divisor. 


149, PrincrpLe. — Multiplying or dividing both terms of a 
fraction by the same quantity does not change the value of the 
Sraction. 


EXAMPLES. 


1. Change = to a fraction whose denominator is 60% 


PROCESS. ExpLaNATIon. — Since the fraction is to be changed 
3 to an equivalent fraction expressed in higher terms, 
= the terms of the fraction must be multiplied by the 
20. same quantity, so that the value of the fraction may 


(66?=+2b=36 not be changed (Prin.). In order to produce the 
required denominator, the given denominator must be 
3X3d _ 96 multiplied by 836; consequently, the numerator must 


2bx3b 60° be multiplied by 30 also. 


Lay? = 
Zee ived to its lowest terms. 
educe Baty 


Exprianation. — Since the fraction is to be changed to 
PROCESS. an equivalent fraction expressed in its lowest terms, the 
15a'y? 3y terms of the fraction may be divided by any quantity 
Wary =~ 5g that will exactly divide them (Prin.), Dividing by the 
quantity 54y, the expression is reduced to its lowest 
terms, for the terms are then prime to each other ; or, 
The termis may be divided by their highest common divisor. 
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150. To express a fraction in higher terms. 

Rute. — Multiply the terms of the fraction by such a quantity 
as will change the given term to the required term. 

161. To express a fraction in its lowest terms. 


Ruiz. — Divide the terms of the fraction by any common 
divisor, and continue to divide thus until they have ne_7-™m0~ 
12 


divisor; or, Ke 
Divide the terms of the fraction by ys es 5e—6 
divisor. i c—15 


3. Change a to a fract* 


48 me — 0 : v § aie 
ne — n° 9a? + 3ay— 27? 
49 9a’b + 9ab? ; 58 —124+435. 
" 8a? +6ab4+ 30 " @—15a+56 
ito ) ae a+ bart Sata 
xv —Qey+y* pt e+) 
- ° ee 


rR 


152. To reduce an entire or mixed quantity to a fraction. 
1. How many fifths are'therein 3? In 4? In10? Ina? 


2. How many sevenths are there in 2? In4? In 6?? 
3. How many fourths are there in 2}? In 33? Ina+ z 


EXAMPLES. 


1. Reduce a 42 to a fractional form. 
c 


PROCESS. Exrianation, — Since 1 is equal to &, 
— ae c 
ae ; ae b_ ac 
¢c a is equal to sei consequently, a +-= 
' ; c 
0° ae" 26. Gob 
@ 4+ -=>—+-=> —— 42 oy td 
: Cc Cc Cc Cc Cc Cc 
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‘Rute. — Multiply the entire part by the denominator of the 


. fraction; to this product add the numerator when the sign of the 


Jraction is plus, and subtract it when it is minus, and write 


the result over the denominator. 


If the sign of the fraction is —, the signs of all the terms in the numer- 


ator must be changed when it is subtracted. 


Reduce the following to fractional forms: 


2. 25444. 13. 8¢-4 04%. 
5 an 
> es) 2Ze—d. 
ea) ee: 14. «44+ 5 
/ 4h ie = 62. 15. a— 2ac— 0. 
2 e a 
1 4yt3. oe 5 ES 

- ee 2 2 

6. 2042244, 17. da + os 

7 2a 4 Su—4 4 3 18. apop ene 
Ya,  2y+3. 19 ey 

af Hes 6 y log of 
Sek) aura 4 _ w= 2 a 
2. a 5 , 20. a+ 4 cue 

' 1K daw = Bae? 
10 gq— Su tT 21. a+a— ee 

; . 4a+b 2 aye he 
11 inn 7 22. a— ae 

: = 22 ; yy) y] 
12, 4a4S0= 8 28. m4n— ERE, 


— 


1538. To reduce a fraction to an-entire or a mixed quantity. 
1. How many units are there in $? In 25? In 31? 
2. How many units in 


f 


poe? i, 8¢=4> in ee 
—e 4 5 
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EXAMPLES. 
1. Reduce ate to a mixed quantity. 

PROCESS. ExpiANATION. — Since a fraction may be regarded : | 
ba +d q asan expression of unexecuted division, by perform- 
———.=%#-+- ing the division indicated, the traction is changed into 

b 6 the form of a mixed quantity. 


Reduce the following to entire or mixed quantities : 


g, OS, es ae ee 
a a+ x 
ba + cd a? + 68 
2 Se aE te mets 
b a—b 
4, 200+ 0 18, DW + ae+e, 
a+b aa 
5 one 19, 2a = 2 
a—2z aes 
6. Cae. 20. a + Lay +2y? +0. 
a+a e+y 
lo oti. 21. a 
= 
g. 2 tl. eg, wey ty 
e=1 ety 
eee, gg (En 
1-2 mm — ni? 
10. ne aN 24. ey — 2 
\ L—z 
ae os, 42+ 4o%y— Gy 
a—b 2a —y? 
ja. 2. a6, Ut 2a*—a—4a—6 
e+y : oe —2 ; 
aleie Jat +7, 2Q7. 5a A +5 
v—4 5av’+4a—1 
OO is og, ULU+ab+a 
va ee 
8 8 Mie - 
16. es a9, &— 30% + 30d? + 0° 


a — y? nag GP 2ab +R 
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154, To reduce dissimilar to similar fractions. 


1. Into what fractions having the same fractional unit may 
4, 4, and 3 be changed ? 


2. Into what fractions having the same fractional unit may 


cb 1 
— and — h ? 
oe an Ba be changed au 


ce: es : : 
3. E —, =, and — - 
SO pie 40g equivalent sracHone hav 


ing their lowest common denominator. 


155. Similar Fractions are those which have the same frac- 
tional unit. 


156. Dissimilar Fractions are those which have not the same 
fractional unit. 
Similar fractions have, therefore, a common denominator. 


157. When similar fractions are expressed in their lowest 
terms, they have their Lowest Common Denominator. 


158. PrincipLes. —1. A common denominator of two or more 
Sractions is a common multiple of their denominators. 

2. The lowest common ‘denominator of two or more fractions is 
the lowest common multiple of their denominators. 


2c 
3a7d 


lowest common denominator. 


to similar fractions having their 


1. Reduce ha and 
2ac 


PROCESS. ExpLanation. — Since the lowest 
d dx 3ad Bad? common denominator of several frac- 
DEM HOt ee tions is the lowest common multiple of 
Zac 2acxdad Gared their denominators (Prin. 2), the low- 
2c 2c x 2¢ 4¢° est common multiple of the denom- 
a Ae ELE a a ae inators 2ac and 3a%d must be found, 
ee edad aor which is 6@2cd. The fractions are then 
reduced to fractions having the denominator 6a%cd, by multiplying the 
numerator and denominator of each fraction by the quotient of 6 acd, 
divided by its denominator (Art. 149). 6a’cd + 2ac = 3ad, the multi- 
plier of the terms of the first fraction. 6 a%cd + 3 a’d = 2c, the multiplier 
of the terms of the second fraction. 
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” 


~Ruie.~ Find the lowest common multiple of the denominators 
of the fractions for a lowest common denominator. 

Divide this denominator by the denominator of each fraction, 
and multiply the terms of the fraction by the quotient. 


1. Any multiple of the lowest common denominator will be a common 
multiple of the denominators. 

2. All mixed quantities should be changed to the fractiona! form, and 
all fractions to their lowest terms before finding their lowest common 
denominator. 


Reduce the following to similar Mee os having their id. 
est common denominator : 


32 5a 3u—2y 4a—3y 
2, — and ——- 10. d 
4 6 5ac - 10 a’c 
3. Ta and 5a. 11. a) Aa Bee 
8 6 Zaey Aax’y Syxz 
4, Bay 5. and a 2a. 12. aes d ) 2 
4 4a 4ay 82°? 
20 4y d c 
5. — ad —- i3. — — 
3a oA 6a ; ae 3ac 
6. 2b and ze. 14. pliant: ea wy, 
3y 6y? 4 2¢ Za 
38.ac 2bd e+ 2) 22 e438 
1% ; ane 15. ’ = 
2a’y 3 2x2 ¢—1 Say Bad 
8. pmaty anid Seat 16, 24 Sete ae 
52x 10a a+b a—b a—bv? 
- ae) ost Ba+40. 7, tty, wy cae gh 
3a 4a e—Yy “sty e—y 
et 41 cS ae 
18. —— . 
PEt. ot eee ; 
19. ja eas and 1 


(a —b)(b—c) : (a—b)(a—c) 
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a+l1 a+3 =o ¢— 3 


Cae 2% +5 re a 
a+2- Qa+4 62+ 12 


See 0a. ae 
e—5 4a?—25 2a+5 


21. 


22. 


if 2m m+n. 


23. ) , ;? 
Nt Moe. nn 


e+3 ~ we+t1 7, 1. = 


24. = 
e+e —2 we —2—6 w—Ae+3 eee 4: 


CLEARING EQUATIONS OF FRACTIONS. 


159, 1. .Ten is one half of what number ? 

2. If one third of al ne is 12, what is the number ? 
3. If 4” equals 4, what is the vale of af 

4. If +”= 8, what is the value of x? 


5. If both members of an equation are multiplied by the 
same quantity, how is the equality of the members affected ? 


6. When a= 6, what is the resulting equation when each 
) 
member is multiplied by 3? By6? By9? By12? By 15? 


7. How may an equation containing fractions be changed 
into an equation without fractions ? 


160. Clearing an equatio 
other equation withoy 
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1. Find the value of a in the following «+ = 12. 


PROCESS. EXPLANATION. — Since the 

P equation contains a fraction, 

“+= =12 it may be cleared of fractions 
o 


by multiplying each member 
Clearing of fractions, 54+ 260 by the denominator of the 
Uniting terms, 6x2—60 fraction (Prin.). The denom- 


Therefore, x=10 : 


inator is 5; therefore each 

member is multiplied by 5, 
giving as a resulting equation 5a + «=60. Uniting similar terms, 6 x=60; 
therefore, x = 10. 


2. Given 7+ - ae ate= ae to find the value of a. 
PROCESS. 
ee ee eS 
x+ 3 oF 5 +6 ET 
Clearing of fractions, 30%+10%+ 6a+ 5a = 459 
Therefore, 51a = 459 
And, ae) 


EXxpLanation. — Since the equation may be cleared of fractions by 
multiplying by some multiple of the denominators (Prin.), this equation 
may be cleared of fractions by multiplying both members by 3, 5, 6, and 
10 successively, or by their product, or by any multiple of 3, 5, 6, and 10. 

Since the multiplier will be the smallest when we multiply by the lowest 
common multiple of the denominators, for convenience we multiply both 
members by 30, the lowest common multiple of 3, Ae 6, and 10. Uniting 
terms, and dividing, the result is x = 9. 


Rue. — Multiply both members of the equation by the least, 
or lowest, common multiple of the denominators. 


1. An equation may also be cleared of fractions by multiplying each 
member by all the denominators successively. 

2. If a fraction has the minus sign before it, the signs of all the terms 
of the numerator mugt be changed when the denominator is removed. 

3. i : inator removes the denominator. 


ult in the following: 


1a ie, 


12. 


Sa — 7 = 40 13 a+ 22 43299 
aw — 7 = 25 14 2a +5 — T= 50. 
a p= 2 15. 30 — 72 9218 
“2470 = 38 16 ae 
5t3ty= 6 17 (7 ee 
a ee 18, itetga 

19. PHO 422 2a O 43, 

20. Sete, et =0. 

21. Se 4 OR P8 29, 

22. fe aon + = 19. 

24. 2 eee ed 

28. (e421 ot : 

26 SE fafa at e+ 5h. 

on. 2et4 gat yet? 

oe oe — 4 62—5 , 3e—-1 


FRACTIONS. 
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29. 22—8 4 S843 50 — 17}. 


5—3e ,3—5a_ 3 5a 


4 ee ie 


30. 


31. +3, e+4 +5 _ 46 


2 3 4 
2e—1 , 6e%—4 Tx+12 
32. ES =- 7 == “1 
e+ i 32-1. oe 
33. 3 5 ey : 
g—3 ~“x—1- %e= 5 
4. = = 
eet rg 9 6 
- © g—2 
35. —-+3=-—— : 
a Oe eee 
oI a ee ees 
36. 9 aF r — 3 3 
sos) 4 es 13 
Sis ee oS es 
: 2 4 42 
38 +3 a—-2 1_ 38xe—5. 
Rit. 3° OM 12 
4a—2 30445 
39. Av = 5. 
He. yae 
40 3x—3 3-3 _ 15 27+4e 
ek 3 3 9 


41. A spent 4 of his money, and then received $2. He 
then spent } of what he had, and had $7 remaining, How 
much had he at first ? 


* In clearing this and the following equations of fractions, the signs should be changed, 
as indicated in Note 2, under the Rule. 


. 
Af 
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SovuTion. 
Let a = the money he had at first. 
Then = what he spent at first. 


“ + 2 = what he had after he received $2. 


per aE 2) = 2 + 1= what he spent the second time. 


2 
Therefore, £482 4 14+-7=24+2 
Clearing of fractions, 2%+3a0+8456=82+416 
Transposing, 2x2+38%—8x%=—48 
—3x=—48 
£=AG 


42. What number is there to which, if 1 of it be added, the 
sum will be 15? 

43. Find a number such that the sum of } of it and 4 of it 
is 15. 

44. One third of A’s age plus two fifths of A’s age equals 
22 years. How old is he? 

45. Three sons were left a legacy, of which the eldest 
received 2, the second 4, and the third the rest, which was 
$200. How much did each receive ? 


46. <A’s capital was $ of B’s. If A’s had been $ 500 less, it 
would have been but 4 of B’s. What was the capital of each? 


47. A horse and carriage cost $420. If the horse cost 3 as 
much as the carriage, what was the cost of each ? 

48. A had twice as much money as B, C 14 times as much 
as A, Dias much as A, and they all had $50. How much 
had each ? 

49. There is a number such that } of it is 3 greater than 4 
of it. What is the number ? 

50. A clerk spent 4 of his salary for board, 4 of the rest for 
other expenses, and saved annually $280. What was his 
salary ? 

ALGEBRA. — 8, 
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51. There is a number such that, if 4 of it is subtracted 
from-50, and the remainder multiplied by 4, the result will be 
70 less than the number. What is the number ? 


52. Divide 100 into two parts such that, if } of one part be 
subtracted from 4 of the other, the remainder will be 11. 


53. The second of two numbers is 1 greater than the first, 
and i of the first plus 4 of the first is equal to the sum of § of 
the second and 1 of the second. What are the numbers ? 


54. Five years ago A’s age was 24 times B’s. One yeat 
hence it will be 14 times B’s. How old is each now ? 


55. The difference between two numbers is 20, and + of one 
is equal to 4 of the other. What are the numbers ? 


56. When the sum of the fourth, fifth, and tenth parts of a 
certain number is taken from 33 the remainder is nothing. 
What is the number ? 


57. The difference between two numbers is 8, and the quo- 
tient arising from dividing the greater by the less is 3. What 
are the numbers ? 


ADDITION AND SUBTRACTION OF FRACTIONS. 


, 1 A ene) DP DG ie 
162. 1. Find the val Heo Se ee iG ee es 
in e value o arc 83 3 1% 
2. What kind of fractions can be added or subtracted with- 
out changing their form ? 


3. What must be done to dissimilar fractions before they 


can be added or subtracted? How are dissimilar fractions 
made similar ? 


163, PrinorpLes.—1. Only similar fractions can be united 
by addition or subtraction into one term. 


2. Dissimilar fractions must be reduced to similar fractions 
before they can be united by addition or subtraction into one term. 
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EXAMPLES. 


6b. 


2a 6b 
lla 


1. Subtract from 
(a) 


PROCESS. 
66 


6b 2a _ 420? 220? _420°— 22a? 
0G SG Tae 77 ob RT a 


Expranation. — Since the fractions are not similar, before subtracting 


they must be changed to similar fractions. The lowest common denomi- 


2 2 a2 
nator of the fractions is 77. ab. Therefore, NOE ake , AS 
lla T7ab 7b T7ab 
Subtracting the numerator of the subtrahend from the numerator of the 
2 
minuend, the remainder is At Ee 
77 ab 
; 2 9 i 
2; Krom 3 eee subtract a— 2 e 
ab 
SOLUTION. 
a? + oF 3 a? +62 a? —b 
Ve rab (« Haj ga es 


a? + 62+ a2 — b? 


=2 
a+ 35 
2 a? 2a 
=2 <= =2a+— 
a+ ae ues 
: ; ny 1 2 
3. Simplify ——— ——-— — ° 
Pee orei-e 2+1 
SoLuTIoN. 
ane 1 ED 2 a % J = 2 
e—1 1l—x% «e#4+1 2-1 4-1 «+1 
PEL eB BCD) 
~g2—1 gt—-1 9 g?—1 
_#+e+1—-27+42_ 3 
re 2 —1 et — 1 
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Rute ror AppitTion. — Reduce the given fractions to similar 
fractions. : 

Add their numerators, and write the sum over the common 
denominator. 

When there are entire or mixed quantities, add the entire and 
fractional parts separately, and then add their results. 


Rute For Sustraction. — Reduce the given fractions to 
similar fractions. Subtract the numerator of the subtrahend 
from the numerator of the minuend, and place the result over the 
common denominator. 

When there are entire or mixed quantities, subtract the entire 
and fractional parts separately, and unite the results. 


Add: Subtract : 
4. e and & ° 10. Zab from Sad. 
a+” a—zZ 3axy 2 xy 
5. Le i= Tt 3mn from 2mn_ 
1—«2 1+a 4y’ 4y 
te to a+b a—b 
6. d . : L 
ie ina 12 3 from 5 
ete 
Ss a Gna =: 13. from 2. 
1—¢ 14 3 a+b a—b 
8. we » and Res 14. from 5 
cy x+y x — e+ 1 
2 e+ e+1 a—1 
9 d 15. 
tha a+a? Paes as a | 
Simplify : 
¢ x x y? —2aey — x? 
oS Si ES ae Yo ey =e ee 
e—1l J—e@ 241 ue x? — wy yee 
Lie pea 8 ee 20. = te, ee 
a*—b 2(@—1) 2(@41) 2 
19; 7S eee qi, 1+! oe 
a+b b—a a+o l+oe+a? 1—a2+? 


22. 


23. 


24. 


25. 


_ 26. 


27. 


28. 


29. 


30. 
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(a+b)? Pia oy 
a—b a+b 


Ee epee ee 
ross) (s2-2— #2). 
oie Gear) 
ae} 
eee ite) 


2xe+5y 4 ay =3y? _ day—2y* 
xy xy? a’y? 


3ab—4  6a?—-1 50°47 
ab? ab ab® 


31. —— 


32. 
33. 
34. 
kane 


36. 


a a a a 


1 2 3 
fi 2 a—3 
b 


$2584 c= 8, 
ab ae 
3 6 
oa Sea ba 
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37. 


38. 


on 
pe 


52 


' Qe og 3a°—x—4 
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t—3s 4 5 
gal | epee 
a+ it 
@W+at+i d@—a+il 
fy? sm 4 2y 
a — y? a +? at — 74 
a—b-. 2 a — 3b" 
e+tab+e? b-—a a+ 


e4+2Qa%y , x—y 7 


Beers) C=) 


x+2 a eee | 


"2 —9e418 2 +a—12 


3m by 2m ‘ 
m—d5m—14 m?—38m—10 
1 _ 9% —13 — a? 
e+2 ¢e+5"+6 
ey eee 
ey eee 


ag a) 


oe y 
e+ o—1)- ie =a — J 
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53. Bee i a A 
e+4e—21 ow 4-22—15 2? +1224 35 


Sit itn. let eT _@+6 
* Qe — 6a? —4a+12 | 4a? +2e°—8e—4 


f 1 a SY nae ae ye 


55. ——-+ = = 
ery w—y (e@+y)? w@—y (e+y)? 


MULTIPLICATION OF FRACTIONS. 


Wee Hew aanch is 2 times 3? 3x2? 5x Ate 


2. Express 2 x ; in its lowest terms, 3 x * 4x a 


3. How may these products be obtained from the given 
fractions ? : 


4. In what two ways, then, may a fraction be multiplied by 
an integer ? 


5. How much is > of ©, or 542? sof 5 or 22 3? a 
rae ager ni i 
6, ee heal gots or 5 +3? 


7. In what two ways, then, may a fraction be divided by 
an integer ? a 


165, Prrycreres.—1. Multiplying the numerator, or dividing 
the denominator of a fraction by any quantity, multiplies the 
Sraction by that quantity. ‘ 

2. Dividing the numerator, or multiplying the denominator 
of a fraction by any quantity, divides the fraction by that 
quantity. 
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EXAMPLES. 


. What is the product of multiplied by * 


PROCESS. ExpLanation. — To multiply ' by ; is to find c times 
Wes Cae Oe 

SPN og eer enh dank a ac 

=parbor— = part of = 55 Prin. 2) and c times & —@ 

by. Oe ea boa‘ ) bd bd 


(Prin. 1). That is, the product of the Renee is the numerator of 
the product, and the product of the denominators is the denominator 
of the product. 


Rute. — Multiply the numerators together for the numerator 
of the product, and the denominators together for its denominator. 

1. Reduce all entire and mixed quantities to the fractional form before 
multiplying. 

2. Entire quantities may be expressed in the form of a fraction by 
writing 1-as a denominator. Thus, a may be written : 


3. Cancel equal factors from both numerator and denominator. 


2 
2. Find the product of 26 x a9 isk aa 
@W—2a—3 @-—-a av+a-séb~ 


Sonunéx, —7 = 24, a9, Ota 4 
@—2a—8 @-—a -d@+a-—6 % 
ee CS) get = —a(a+1 
@+D@—8)” a@-l “@+3)\@~2 * 
Cancelling equal factors from dividend and divisor, the result is —%. ~ 
Multiply : 
3ac Ag a . 
3.\%— za 2 Dy 
46° Bay 10°” 3(a+y) 
Sarg? Sax? 2a+3b 2a 
4. 3. . pape Ele 
dat 2ay’ : 22% by 4b 
474 2 2 
5. oO by oi 2a" py 
2ary" ~ ay ay a+ a 
6. e—% by & a) 10. pee by b 


at Sa w—y ey 


| 
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xe? — xy ate ad 

11. ——~ py —=—. 14. ee 

ate x—Yy oy? su x + ¥? 
19 CEUs Tat aS 15. 3a? 15% — 45° 

cy (a+ y)’ da —15 2a 

—y! er. 4 aa 124182 

13. b 16. —— 
aie ety 24+32 RS 


See ney the following : 


1% Ue 8ax x 


a— x * aa— a) 


( aty , a-y joy 
 G@—yy* ety ety 
V+tde  6e?—18% 
Te re 4a? +162 
a wt — 11a + 30, a — BE 
ig b—. —6a4+9 oe — 5a 
age a4 o—2 a — 180 442, 
Ee Te + 2a 
oe a+ 3a4+2  o—Te+12 
—5a2+6 Fd a 


. , xy xy 
BE 12 —— }X = ° 
oe € al 


Qe 2a 
44 Dye \ eZ 

a (4 a 5s) 
yi —2y +1 y—2 


y—A4 y+ 9y +10 
it 
26. (@—a4+D(at5t) 


or. a —6a—16 | wv —8x+ 15 


e4+4e—2° 2 4+90414 


28. Camtigt are 
( Nearioaee of pra i tem a, 3 


j 


a? e—2 a+ 9% — 36, 
oe — 3a a + 227 


29. 


4 


® 
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DIVISION OF FRACTIONS. 


166. 1. How many times is + contained in 1?.} in 1? 
: As 
gy in 1? 3, in1? 


2. How does the number of times a fraction is contained in 
1 compare with its denominator, if its numerator is 1? 


3. How many times is 1 contained in 1? 1 iin LY : 


4. How many times is : contained in 1? = in 1? in 1? 


EXAMPLES. 


1. What is the value of pe 2 ? 
Cc 


: Las : F 
PROCESS. Expianation, — The fraction 2 is contained in 


av aid ad 1, a times; and 2 is contained in if : part of d 


c ad cb be times, org times. 


And, since 2 is contained in 1, : times, it will be contained in g. 


c 
. or “a times. That is, the quotient of one fraction divided by 
¢ 


another is equal to the product of the dividend by the divisor inverted. 


times 


Rue. — Multiply the dividend by the divisor inverted. 


1. Change entire and mixed quantities to the fractional form. 


2. An entire quantity may be expressed as a fraction by writing 1 for 
its denominator. 


3. When possible, use cancellation. 


ee ee a +2%—3) 
Pipe: Las C—O 


SOLUTION. 


w—1 ~U@+2e—-3_ (@+I(@-1), @—5)@+5) 

w?—4a%—5 x? — 25 @—5)@+1) @+3)@-1 
ey Cancelling, the quotient is as 
a “+8 


Divide: ‘ 
4a®x 2 aa? B(w +y)? 
3. ue ———- _ oS 
6dy> Saty 14 ey by e+y. 
Cary 2ay? ab-+ ed 
4. b > igo cate wry 
3ad 3a7d ee Re ae by a - 
5 ype 10 coy ~ 8an+om 
5. ~——- 16. 24 2 
6 a7b*c “ Bab’? oy? by 2+ 9’. 
4ayz’,_ 6 aye? 4ax + Aby 
6. —— 5 iy (ig ete ee 
Bbed  16bed | ir eae a ee 
anyZ Baa’y he one Bes s2 ts ee 
t. —< by/——* eggs a a ed : 
cmn dmn an by 5(@+2). 
~ mny? mn?y? iL 1 
8.) — . i 2 ee asses ON EES Seas 
“abe! 7 abc? #oiva+o0 ©) e=46 
i bay 10 ay \ ie b 
ee ES oe 20. b ‘ 
Oh Say YE fig ev — be —6 vg 
Qax + a x bp + pay be -+-cay\ 
ro. ———_ b oie b : 
\ a? — a 4 a— x am 7 am 
2 2 ‘ 2 
a i 2 ie. 16 thy SOO Ng 8G. 
6 12 a 
ec a? — 0? Ea 
° a b - ° 23. a eT ST eae et b e 
— 1*g- wreee ia? ab + b? eres: 
a@+4n+4 ) 4 ~ +0? a—b 
a a+te Lae : a’? + 2ab-+ 0? Vaart 
2 
DE Gab 4-0" b a —ab +0". 
Amt b a—b 
w+ 6e+8 4 o —2e—8 
as ’—9 y je—3 
“97 Y= sa + 2 oa : 
at "Ta 10 Ag fr 
O86 ae? —da—12 e? — 3x —18: 
* @£3e—28 ~ w+ 6x—40 
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oni 
e—(x—y)? Z—Yy+e@ 
30. v= py aed ACE DF 
eI, cae 
g=174,_ a +1 G—i 
1 eS d thea-by ——————~ 
3 etd by at+1 = = PRESET, | 
do m —Tm—18 m —5m—14 an+a. 
“m2 11n +18 n?—8n—9 6n —12 


167. Complex Fractions are expressions which have a fraction 
in either the numerator or denominator, or in both. 
They are simply expressions of unexecuted division. 


1, Find the value of the expression 


PROCESS 
a 
ba ,¢_a,d_ad 
¢ Bad Oe a we 
d 


Rlaloe 


ExpLaNnation. — Complex fractions or 
fractional forms are simply expressions of 
division; and, therefore, the given frac- 
tional form is the same as though it were 


written ie = Performing the division ac- 


cording to the principles already given, the 


Find the value of the following: 


re 


2. of ®. 5. 


quotient is ad 
Cc 
4e—A4y 2d 
5ab 8 er 
5a—3y ; 3a 
Bay OT igs 
ety ev 
40% 9 a 
ay a—3y 
8 aa 2 3 
x 
0) 
4a? — 4g? a ae 
ache = + Be 
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ens a4 4 pds aa 
ies 15. —__*-*. 19, _¥ ety 
(SE ae aes 
SS ae a—5+——_ i 
@ Cc eg ack Pea 
142 (442) (a_b 
12. v 16. 4 ae = 1 20 ee ha 
pe ee eS ae see 
2 anes 
y ,2 b+a 
~ . 
ae 22 sey ee 3a—242 
13. i. 17. pee : y 21. 
i ae 14.21 3a—1 
x—38 a . 
y—% 1 
ee 1s gee = mame 
ae ty gee Be ee 
1 — Naas ee tobe 
1+ ay va i 
REVIEW OF FRACTIONS. 
168. Reduce to their lowest terms:’ © * ’ ; ‘ 
‘.! 
1 wo —62?+11%—6 : a! — a’ — Aa? e+ 
' P2242 ’ “Ge — 3a? —8a—1 
m+ mi +m—3 { @-7@+16a—-12 ~ 
* m+ 3m? +5m+3 =) Bl 3 Act. Ate —? ( 
a? — 2a? +42 —3 a + 3 Met 1 


= 


ere 182 — 9 
4 &—a—a—2 , 
ag 430-6 og-462 
see 
: —3@—10¢4 24 


Find the allie of the folle 
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3+2¢  2—30 16% — 2 
2—% 2+ v—4 
al 1 1 
13, ae a 
(@—y)(y—2) (y—x)(w@—z) (w%—2)(@—y) 


Sucaxrstion. — By dividing the terms of the second fraction by — 1 it 
Cet ree ree ee TS 
(@ — y)@ —2) (@—y)(@— 2) 


1 1 “ 
ia2b) (=e) 50 —-e)boe) gee Cees 


15. € Se (1 = oar 
e—y x+y 


16. (2-9 reeds fo ies eee 


12. 


becomes + 


14, 


a a 


17 (@+1+4)x(1—7 +3) 


18. Cs Same x 


at at gah 


25. 


27. 


28. 


29. 


30. 


31. 


32. 
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3 
epoy y+ ote 
RC panne 

ey 
ee Eee 3¢—1 
e—S8e+12 3a7—20xe412 
3 1 


Ba 8ae+4 2 +4+3a—10 


ey 

ye oY 
172 «(G45 

(amie a 


ary? \(yt at _ 2ay— 24°), 
eee NN Pt 


(a? — b°) (2a? — Zab) | 


b 

hax by + 

(a —b) Sane 

a—1 b+1 1 
a b Cc b b Oo Set 
uO eee. a tb ob. We 


4 a a ee 
Bt “(ep ay sis ay + Oy 
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34. 


35. 


43. 


44, 


45. 


46. 


at — ab + ab? — ab? +d! 


a—e% a—a\ 
~\e-@ = oe 
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a—b 


we an), e+) 
ates a+b 


ts 1a 1—@_ 2}. 
= fGpsek oe. 


Qay 2ey ety 


“Poy vy w—#¥ 
Fam 


(89) 4. #— 36, 
2 "6a 


a 


fae a deen SY, Bay + Say? 
ay “3 +/) Ce uCEe 
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10ax —3a?— 3a" © 
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Oy po es 
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a 
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i +b) 
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169, Review. —1. Definition of an Equation, 

Definition of Members of an Equation. / ' - 
Definition of First Member ; Second. Member. a 
Defixition of Clearing of Fractions,“ Rule, ~ 
Definition of Transposing, Rule. 
Definition of an Axiom... State Axioms. =}. 
Definition of a Statement-<f. a*Problem. 


oe Of a Solution of ¢ a Problem. / } : 


pease Bw 


Jon oae es 


‘ona in any Emon aTAOT 0 or under the radical sign’ is determined 
from the highest number of factors of unknown quantities con- 
tained in any term. 2 

Thus, <+b=c, 8ax+y=n, 4b'%x%+3a8x=a, are equations of the 
Jirst degree. 

e+ta=e, ba?4+8y=d, x+ay=7, ary+3y?=n, are equations of 


the second degree. ' 
B= a, ey=a, y*=a, x+2?+ =a, are equations of the third 


degree. : 
171. A Simple Equation is an equation of the first degree. 
172. A Quadratic Equation is an equation of the second degree. 


173, A Cubic Equation is an equation of the third degree. 


174. A Numerical Equation is an equatiof in which all the 
known quantities are expressed. by figures. 


175, A Literal Equation is an equation in which some or all 
wn quantities are expressed by letters. 
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EXAMPLES. 
Solve the following : 
ie ie, a dare ie 10. 0. Be 
2 a ad 
5. _8a+4_% , wld, 11. 30—5_ 49 2420 
3 9 6 = 
62—8 5 — 2a £ x 
Ss 2= — - 1 Ae aS a ane 
2 ) % 4 a—1l a+l1 
4 3-222 13, t2a0 +a _ dad, 
8 a ‘eta 1606 
5 SF at ie See 
4 2 4 2 
x pl 42° SO c@eneeo 
6. -—-7¢%= = 9) iB. ——]—b a 
aaa s Dey he Sa es 
i EE he Sa POE 10. ame a 
ib 5 a C  C=—@ 
8. ae—b, 4 _ eae, 17. 20-8 | @_ go, 2+82 
(er c 4 
Soa ue. 1 Sa+4_ ¢. 
9. ax— = Se 18. 10 = Se crack ee 
5 ; 3 2 3k. 
19. 44100+5—60(—3 ee OF; 
ees 
—2 2-4 ly 
20. == Be ec > 
SS eee 
x 
a1, © — be _ 2. 4 
SN Ot ie 
gates eal. 


2at + 20% — 9a? 4+ 12 


23. 
et o2—A4 


si Depts Ree ; 
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ate lois oy A: 27 +42 
24. — 4+ —___ _—. —"_ ~~] §— 47”, 
3 4 3 i 9 


9e+20 2 _ 4% —12 


25. 
36 A aed: 


SueeEsrion. — The equation may be expressed as follows : 


Me, 20 7 #4” —12- 


/ 36 364 52-4 SS 
Simplifying, 2 = 4 = re 
%, |g 4e=9 
+ 
a aed a OF 
= &—eja—a 2—b 
62+13 wet 103s 2a + 15, 


Se Tee 5 
See suggestion, Example 25. 


“G—-a “2+a__ 2ae : 

a—b a+b a@—B 

3(a@+3)_3(@+3)_1 
(en Z 2 


Suecxstion. — Combine similar terms before clearing of fractions. 
: 


29. 


30. «7+3+ 


Be va 31, > eae 


x—7T pele Dy 
2 4 


ICES at 


of 9. pe Se el 


. LF 
(¢ MED 42@-3 5-2 


teal? } 
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35. 21 —38e_ 2 22%) —¢—%+l, 


iS 4 
30. — 5 2a—A 
oa ae 22.3 = Sees 
& 36. & 9 3 
~) C io 4e+3,Te—29 8e+19 
eee <. O oe Wee eee ae 


See suggestion, Example 25. 


Qn+5 ,8e—7_ 36415 , 104 
8. ee) ee 
39. 6e+7 2-2 _ 2041 


15 Tx—6 5 


te, Ge+1 24-4 _2e—1 
fe. 15 | %e—-16 5 


6e+138 38245 2 


Ah "28 |. bo 
5 = Ve ate T 
42. =? As 
ES Bae ey, 
2a—10 3 — See Oo 
4g, 28S 28S eS eee 
eerie 7 BT SOs a 
205 O28 ¢ saet 
te 22 KE aOR as 
3 BPs 2 
a. = ) 2e—14 _ 2, pe 
3 2 poet 
Ps be sede 20" +13 
4 2 4 
eG eee 272 — 36 
a7 ‘ 
Sb NP EP a9 


+ 3 3 9 


49. 
50. 


51. 


52. 


53. 
54. 
55. 


56. 
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62+48 11—32 _ 
18 365 ae 


4¢+3 8"+19 Tx—29 
a eae 5a —12 


oan bea ec amo 


ab+e_W—-a@ _«—b ab—ax eT ‘ty 
b?. ab -~—i? 6? y ; 
ac ' 
(a+ #) (b+) —a(b+¢)= greens 
4e—8 ,382-—A5 22-16 
+ = =/0. 
B 8. ab 16 A 
24 Ge ig ae 
18 —4a- 3 -4-4¢ 12x , 58 
= Gea tee— e 
+3 es es a BAB 
ee ee a JA 
No Sat ie: ray 7: 
3 ee 80 / 


27ST ask GF ee EN OT 


3a+2, 62-3 3a 2m 101. 


_3é x+4 5) ee 
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\. 65 3ax—2b aw—a_ax_ 2 
; 36 2b b. 3 

§ ; Daeg . 

66. Be EO me ae d 


i) “eae eds 100 a—b 


j a—ab_ 50 «—b? (a. 1Lao. “eer 
67. = oo : 

3. 6, de 2 
yy : 


PROBLEMS. 


176, Directions ror Sotvine.— Represent one of the wn- 
know quantities by x, and from the conditions of the problem 
jind an expression for each of the other quontities given. 

Find from the problem twa eapressions that are equal, and 
express them as an equation. 

_ Sdlue the equation. _ 


~- 


68.. When the half of a certain number is added to the 
number, the sum is as much more than 60 as the number is 
less than 65. What is the number? ‘> \ 


69. The difference between two numbers is 8, and the 
quotient arising from dividing phe greater by the less is 3. 
What are the numbers ? 


16. /A man left one half of his ‘Sonyieks to his wife, one 
sixth to his children, a twelfth ‘to his brother, and the rest, 


which was $600, to charitable purposes. How much Sores. 
had he ? 


ic 70, such that the first, 
2 and a remainder 


*'71. Find two numbers whose su 
Klivided by the second, ga 


leaked away. 


_, 185 


Let x = the: 
Then, a= the pa: 
x 
2s the part of thé work which A can é 
a= the part of the work which B can d 
{af / Lg ( . 
Therefore, . Ek aS 1_1 i 
or Or oe ’ e 
And x = yt ; if . , 


74. A can doa ihe of work in 9 days, and B can do the 
same in 10 days. How long will it take both to do it? 


75. A can doa piece of work*in 5 days, B in 7 days, and C 
in 9 days. In how many days cansthey all together do it ? 


76. Two pipes empty into a cistern. One ean fill it in 8 \ 
hours, and the other in 9 hours. How soon will it be filled, , if ¢ 
both empty into it at the same time ? . 


77. A cistern can be filled by a pipe in 3 hours, and emptied ei 
by another pipe in 4 hours.. How much time will be required 
to fill the cistern if both are running ? a 


78. A fish was caught ‘whose tail weighed 9 pounds? His 
head weighed as much as ‘his tail and half his body, and his 
body weighed as much as his head and tail. How much did 


the fish weigh ? 
F799. OF a detachment of soldiers, 2 are on duty, 4 of them 


“sick, 3 4 of / ‘the remainder absent on leave, and the rest, 380, 
have dese rted. How many were there in the detachment ? 


/ 80. A person spends one fourth of his annual income for 
/his board, one third for clothes, one twelfth for other expenses, 
__and-saves $500. What is his income ? 


Fractions may be avoided in this and similar examples, by letting x, 
_ with a coefficient which is a multiple of the denominators, represent the 
number sought. Thus, in the above example, let 12x represent the annual 


income. 


men é 


hye is 
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= what he paid for clothes. 
a what he paid for his other expenses. , 
82+4x+2+ 500=12% 
4% = 500 
% == 126 
12 z = 1500, his income. 


81. A farm of 392 acres was divided among four heirs, so 
that A had four fifths as much as B,C as much as A and B, 
and D one half as much as A and C. What was the share of 
each ? 


82. A farmer wishes to mix 300 bushels of provender, con- 
taining rye, corn, and oats, so that the mixture may contain 
2 as much oats as corn, and 4 as much rye as oats. How 
many bushels of each should he use ? 


83. Into what two parts can the number 204 be divided, 
such that 2? of the greater being taken from the less, the 
remainder will be equal to $ of the less subtracted from the 
greater ? 


84. A man spent $14 more than # of his money, and had 
$6 more than } of it left. How much had he at first ? 


85. A merchant lost 4 of his capital during the first year. 
The second year he gained 3 as much as he had left at the end - 
of the first. The third year he gained 3 of what he had at 
the close of the second, making his capital $7000. What was 
his original capital ? 


86. An officer wished to arrange his men in a solid square. 
He found by his first arrangement that he had 39 men over. 
He then increased the number on a side by 1 man, and found 


he needed 50 men to complete the square. How many men 
had he? 


Let x = the number of men in each §1i 
Then, 2%? =the number of men in the 
Then, « + 1 = the number of men in each sidle 


e in the first arrangement, 
square, ; 
in the second arrangement. 


a. a 


1387 


re number of men in the second square. 
a 7 59 = the entire number of men. 
(a+ 1)? + 50 = the entire number of men. 
Therefore, (« -} 1)? — 50 = x? + 39 
g2 + 2% + 1-50 = 27 + 39 
(= 44 
22 +89 = 1975 


) 


87. A regiment of troops was drawn up in a solid square 
with a certain number.on a side, when it was found that there 
were 295 men left. Upon arranging them so that each side 
contained 5 men more, it was found that there were none left. 
How many men were there in the regiment ? 


88. A colonel, upon attempting to draw up his troops in | 
the form of a solid square, found that he had 31 men over. If | 
he had increased the side of the square by 1 man there would 
have been a deficiency of 24 men. How many men were there 
in the regiment ? 


89. A person in purchasing sugar found that if he bought 
sugar at 11 cents he would lack 30 cents of having money 
enough to pay for it; so he bought sugar at 101 cents, and 
had 15 cents left. How many pounds did he buy ? 


90. Into what two parts may the number 56 be divided, so 
that one may be to the other as 3 to 4? 


Since one number is to the other as 3 to 4, one is } of the other. There- 
fore, to avoid fractions, 


Let 4% = one part. 
Then, 3 = the other part. 
Therefore, 44+ 3x = 56 

Heian] 


4a” = 82, one part. 
3x” = 24, the other part. 
91. Find two numbers which are to each o 
and whose sum is 72. 


92. A’s age is to B’s as 3 to 8, and the su 
44 years. How old is each? 


138 


93. An estate of $15,000 was d™ 
that the elder’s share was to the youngers as 8 to’ 
was the share of each ? Py 


94. A sum of money was divided between ra and B, so that 
the share of A was to that of B as 5 to 3. The share of A also 
exceeded & of the whole sum by $50. What was the share of 
each ? { 


95. A and B started out together with equal sums of money. 
B paid A a debt of $20, but afterwards A made a purchase of 
B which cost him half of all he then had, when he found that 
he had just half as much as B. How much had each at first ? 


96. A lady distributed $252 among some poor people, 
giving to the men $12 each, the women $6 each, and the 
children $3 each. The number of women was 2 less than 
twice the number of men, and the number of children was 4 
less than 3 times the number of women. To how many persons 
did she give the money ? 


97. I bought a number of apples at the rate of 5 for 2 
cents. I sold half of them at 2 for a cent, and the remainder 
at 3 for a cent, gaining 1 cent. How many did I buy? 


98. A merchant engaged in business with a certain capital. 
His gain the first year lacked $ 1000 of being as much as his - 
original capital. His gain the second year lacked $1000 of 
being as much as he had at the end of the first year, and the 
ird year his gain lacked $1000 of being as much as he had 
the end of the second year. He found that at the end of 
vear his capital was 3 times his original capital. 
original capital ? 


began business with equal capital. The first 
} sum equal to 3 of his capital, and B lost 1 of 
nd year A lost $72 and B gained $36, when 
t B’s capital was 3 of A’s, What was the 


100. A cistern, which held 648 gallons of water, was filled 
in 18 minutes by two pipes, one of which conveyed 6 gallons 
more per minute than the other. How much did each, convey 
per minute ? 


101. A farmer had 90 sheep in four fields. If the number 
in the first be increased by 2, the number in the second 
diminished by 2, the number in the third multiplied by 2, and 
the number in the fourth divided by 2, the results will be 
equal. How many were there in each flock ? 


102. A gentleman who had $10,000, used a portion of it in 
building a house, and put the rest out at interest for one 
year: 4 of it at 6% and 2 of it at 5%. The income from both 
investments was $320. What was the cost of the house? 


103. Paving a square court with stone at 40 cents a square 
yard will cost as much as inclosing it with a fence at a dollar 
per yard. What is the length of a side_of the court ? 


104.-T'wo soldiers~start together for a fort. One, who 
travels 12 miles per day, after traveling 9 days, turns back as 
far as the other had .traveled during those 9 days. He then 
turns and pursues his way toward the fort, where both arrive 
together 18 days from the time they set out. At what rate 
did the other travel? 


105. A boy bought a certain number of apples at the rate 
of 4 for 5 cents,aud sold them at the rate of 3 for 4 cents. 
He gaine+ 60 cents. How many did he buy? 


: x 

106. A gentleman left $315 to be divided among four 

servants, as follows: B was to receive as much as A and } as 

much more; C was to receive as much as A and B and } as 

ore; D was to receive as much as the other,.three and 
What was the share of each ? 


sach other as 2 to 3; but if Fa 
bo i the other. What, 
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108. A woman sold eggs and apples. The eggs were worth 
5 cents a dozen more than the apples; and 8 dozen eggs were 
worth as much as 135 dozen apples. What was the price of 
each per dozen ? : 


109. Three men, A, B, and C, build 318 rods of wall. A 
builds 7 rods per day, B 6 rods, and C 5 rods. B works twice 
as many days as A, and C works } as many days as both A 
and B. How many days does each work ? 


110. A gentleman has two horses, and a carriage worth 
$150. The value of the poorer horse and carriage is twice 
the value of the better horse; and the value of the better 
horse and carriage is three times the value of the poorer horse. 
What is the value of each horse ? 


111. A man bought two pieces of cloth, the longer of which 
lacked 12 yards of being) 4 times as long as the shorter. The 
longer cost $5 per yard, and the shorter $4 per yard. ‘fwenty- 
three yards being cut off from the longer, and 5 from the 
shorter, and each remainder being sold for a dollar.a yard 
more than it cost, he received $142. How many yards of 
each were there ? 


112. When, after 2 o’clock, will the hour and minute hands 
of a clock be together ? 


Let «x = the number of minute-spaces that the minute 
hand travels before they come together. 
Then, on the number of minute-spaces that the hour 


hand travels. 


Then, since they were 10 minute-spaces apart at 2 o’clock, 


1ll«z = 120 


% = 1019, the num’ 


eVhen, after 5 o’clock 
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114. When, after 8 o’clock, will the hour and minute hands 
of a clock be together ? 


115. When, after 4 o’clock, will the hour and minute hands 
of a clock make a straight line ? 


116. When, after 5 o’clock, will the hour and minute hands 
of a clock make a straight line ? 


117. When, first, after 6 o’clock, will the hour and minute 
hands of a clock be 15 minute-spaces apart ? 


118. When, after half-past 8 o’clock, will the hour and 
minute hands of a clock be 15 minute-spaces apart ? 


119. A man has two horses worth together $460, and a 
carriage worth $210. When he drives the better horse the 
outfit is worth three times the other horse, increased by 7, of 
the value of the first horse. Find the value of each horse. 


120. A manufacturer hired two skilled mechanics and a 
common laborer. The first mechanic earns twice and the 
second three times as much per day as the laborer. The 
laborer worked ten days, the first mechanic seven days, and the 
second mechanic four days, and they all earned $72. Find 
the daily wages of each. 

121. A boy started from home on his bicycle at 7 a.m., going 
at the rate of 8 miles an hour. After riding a certain distance, 
the machine broke down, and he was compelled to return home 
afoot. When he reached home he found it was 6.30 p.m. 
How far did he go, if he walked back at the rate of 34 mi, an 
_ hour? Z 

122. The sum of two numbers is 80, and their difference is 

6. Find the numbers. 
2123. Said James to Isaac, “We had just the same amount 
of money when we left home, but you gave me $60, and I 
gave you $10, and now I have three times as auch as you.” 
How much had each at first ? 


~. 124. The sum cf three numbers is 230. The second is ¢ of 
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the remainder left after decreasing the first by 20, and the 
third is 50 less than twice the first. What are the numbers ? 


125. A carpenter received $3.50 a day for his labor, and | 
paid $1.00 a day for his board. At the end of 24 days he 
had saved $39. How many days did he work ? 


126. A certain lot is twice as long as it is wide. If its 
length were increased 1 rod, and its width decreased 1 rod, 
the area would be decreased 6 sq. rds. Find the dimensions 
of the lot. 


127. A i going from a certain place traveled at the rate 
of 5 miles an hour. After he had been gone 6 hours, a horse- 
man, going at the rate of 8 miles an hour, was sent after him. 
How far did the latter travel before overtaking the former ? 


128. A man has four times as many dollar pieces as he has 
dimes, and the worth of all is $28.70. How many pieces of 
each has he ? 


129. A young man spends one fifth of the money he has in 
bank each year, and adds to it an annuity of $4000. How 
much had he in bank at first, if at the beginning of the fourth 
year he has $13,600 to his credit ? 


130. A messenger going at the rate of 34 miles an hour 
was sent with secret messages from a king to his army 70 miles 
away. After he had been gone 6 hours, a second person going » 
at the rate of 5 miles an hour was sent to countermand the 
orders; 7 hours later a fleet horseman going at the rate of 10 
miles an hour was sent with new and special orders. When 
did the horseman overtake each of the footmen? 


131. A boy spent } of his money and } a cent more, then 
4 of the remainder and 4 a cent more, and finally 4 of what 
he had left and 4 a cent more, when he found he had two 
cents remaining. How much had he at first ? 


132. After paying out. fe and = of my money, I had 6 dol- 
m n : 
lars left. How much had I at first ? 
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179. Simultaneous Equations are those in which the same 
unknown quantities have the same values. 


_ 


Thus, } ee: } are simultaneous equiati <9 Wala %=7 and y=5. 
—y= ¢ 3 
ft Lf > 


oa 


é btained by 
combining other equations or performing some: , 
“ham, "4 1 ont “ 
.2y = 8, is an equation derived Re x has y= = ch and 2% c 
177, A proed by adding x+y=3 and #x+2y=4. 
General Problew, 
Such problems, Equations are such as cannot be derived 
by assigning different numericaithe same form. 
Thus, in problem 132, when m = 4, n =independent equations. 
_ 120; when m = 5, n = 8, and b = 54, the valu 
133. A horse and saddle are worth m dolla 8 the unknown 
is worth n times as much as the saddle. What is tn. 
of each when m = 200 andn=9? at f the 


34. A man gave two servants 6b dollars, giving A a times 
as much as B. How much did he give to each? How much 
id he give to each ifb = 75anda=4? 


135. ‘Divide the number 6 into two such parts that one 
shall be @ times the other. What will be the result when 
be 24 an G=T?- 

136. If A can doa piece of work in.n days and B in m 
days, in what time can both do it working together? What 
will be the result when n is 5 and m is 7? What, when n is 
10 and m is 8? 


137. A pleasure party of a persons hired a coach. If there 
had been 6 persons more, it would have cost each d dollars less 
than it did. How much did each one pay? What is the 
result when a is 8, b is 4, and d, $1? 


138. A certain number divided by 6b gives a result such 
that the sum of the dividend, divisor, and quotient is c. What 
is the number ? What isthe number when 0 is 16 and ¢ is 84? 


ene ; 
; f 


‘ 
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4. When 2+2y=6 and «+y=4, how may @ be elim 
inated ? 3 


5. When may a quantity be eliminated by subtraction-? 


e186. Princretp.— Quantities may be eliminated by addition 
or by subtraction when they have the same coefficients. 


é 


EXAMPLES. 


1. Find the value of # and y in the equations 27+ 3y=13 
and 3a2+2y=12. 


PROCESS. ExpiaNATion.— Since the quantities in the 
Vt. Sets i given equations have not the same coefiicients, 
3 + oe : “ the first equation must be multiplied by 8 and 
3x+2y=412 (2) the second by 2. Equations (3) and (4) are thus 
6%+9y=39 (38) produced in which the coefticients of « are alike. 
6a+4y=24 (4) Since the coefficients of x are alike, and they 
S| ee Th re have the same sign, « may be eliminated by sub- 
Mag (5) traction (Prin.). Subtracting (4) from (3), we 
y= 3 (6) obtain (5). Dividing equation (5) by the coef- 
Qe4+9 12 (7) ficient of Ys (6) is obtained. 
Oy << SEER Substituting the value of y in equation (1), the 
or (8) resulting equation is (7). Transposing and 
w= 2 (9) uniting, the value of x = 2. 


I 


Rute. —Jf necessary, multiply or divide the members of one 
or both equations so that one unknown quantity may have the 
same coefficient in each equation. . 

When the signs of the equal coefficients are the same, subtract 
the members of one equation from those of the other; when the 
signs are unlike, add the members. 


Find the values of the unknown quantities in the following. 


e: ees WAR ee be 
e+ y=d. 3e@+4+ 2y=8. 
a ae t . ‘ We ae 
2e—3y=—1. 4x+5y=18.) 
{ae Ve a ie ae 
Ba+ Sys il b. Lde+3y = 21, 


pat 


/ 
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ty 


q 


Be + Ope Ol. 4 . 
4a t+ 5y = 50. 
Tx—6y=11. 
© pet 40. 
8e@—4y=4. 
ae 39. 
KR oy = 13. 
12. 93 
Dan Eee ee: 
a 0 
oe LA, 
6 3 3 
13. 9 3 
ca i 
38.74 
5a, 2y 
—+-4=1 
Me ‘ 
14. 
Be 1 29% 
| 4 


4 
fo¥y 


XY 


5) ) : 
187. ae by Comparison, 


1. If, in the simultaneous equations «+ 2y=8 and «a— 


17. 


18. 


19. 
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4 
Bey 3 
5 2 T0 | 

(Aa, Qy 

| Bis me 

| 2% 3Y 5a 

| 3 si 4 12 
ou , Ty 
on 4+ +2 =10 

[ee2 
2a 22 

ala f slo 

ak Ses 
20, 3y_ 431 
yt = 18}. 
Da, SY 

See af OF oe TBE 
eas a} 
3a, by 

Pe 7 == 23 
aS 4 
Te 2y_ py 
12 gabe 


y= 5, 2y in the first and yin the second are transposed to the 
second member, what will be the resulting equations ? 

2. Since each of the second members of these derived equa- 
tions is equal to vw, how do they compare with each other ? 


8. If these second members are formed into an equation, 
how many unknown quantities will it contain ? 


4. How may an unknown quantity be eliminated from two 
simultaneous equations by comparison? 
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EXAMPLES. 


1. Find the value of # and of y in the equations e+2y=8— 


and 34+2y=12. 


PROCESS. 
e+2y= 8 (1) 
Ba+2y=12 (2) 
a= 8—2y (3) 
12 2y 
=e (4 
a 3 (4) 
ih BY 2g hg (5) 
12 —2y=24—6y (6) 
4y=12 (7) 
y= 3 (8) 
a= 2 (10) 


EXpLaNaTion. — Since, in elimination 
by comparison, the value of the same 
unknown quantity in each equation is 
to be found, and a new equation is to be 
formed from these values, 2 y in equation 
(1) is transposed, giving (3). Transposing 
2y in (2) and dividing by 3, equation (4) 
is obtained. Since these two values of « 
are equal, equation (5) is obtained (Ax. 
1). Clearing of fractions, we obtain (6). 
Transposing and uniting, (7) is obtained. 
Dividing by 4, we obtain (8). Substitut- 
ing this value of y in equation (1), we 
obtain (9). Uniting, we obtain (10). 


Rus. — Find an expression for the value of the same un- 
known quantity in each equation. 
Make an equation of these values and solve tt. 


Solve the following equations by comparison: 


~ ee an . 


e+ 2y=8. 
2%— y=3. 
{ e+ 3y=19. 
4e+2y= 26. 
Hemet Sy 
2e¢ —3y=— 14.) 
ten ogee 
(32+ 4y = 18. 
a e+ 2y=8. 


Be a 


e+ 6y = 138. 
eeeatieg 
4e+2y = 26. 

5 ages 

‘ ome 

4e—5y=—9. 

se Spee 
9x —4y=9, 

ms ee mee 

38a—2y= 15. 


188, Elimination by Substitution. 

1, In an equation containing two unknown quantities, if 
the value of one quantity is found, how may the value of the 
other be found ? 


2. Express the value of x in the first of the simultaneous 
equations x+y=5 and «+2y=7 by transposing y to the 
second member. 

3. When this value of w is substituted in the second 
equation, how many unknown quantities does the result- 
ing equation contain ? 

4. How may an unknown quantity be eliminated from 
simultaneous equations by substitution ? 


p+ 2y 


poe unknown 
by finding its 
equations and 
in another, we 
om (1) and obtain 
‘his value in (2), (4) 
mring of fractions, the 
ron is (5). Uniting terms, 
y). Dividing, y= 3. Substi- 
Ps value in () pas 


scpression for the value of one of the un- 
rus in one of the equations. 

stitute this value for the same unknown quantity in -the 
rer equation, and solve the equation. 


Solve the following by substitution : 


penepedee } 3 (Te@—d5y= 18.) 
2e—3y=—1.  U8a4+3y=21.5 
(3a—2y=1. a [Otte 
a+ 4y = 19. (3a+2y=39. J 
(22+ 5y= 29. t 
Oo —— 6 ae 
lib by es (2p —5y=— 21. 
(2a—y=27 


e+y=4.) ee 
4 
ae 


6a+5y=3 thee 
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ea ay a 
9*3 3 : 
12. 14. 
44 =5 2d = 9 
3 4 ae 
x 
ney, zt Ty = 251 
+-=8. 15 
= 44 7% = 299 
e—z=—38 77 ae: 


tei 29-9 4 8a —2y—6 
wy 
16. ee . 21. a8 He: 
Ne ON ee he cL nag Me Sa EGY ae 
hae BS 5 6 : J 
T5409, | x—2 10—x2 y—10 
7) Bi iPr 
1: 22 
837  \ oy 14 13 
—-—l=7. Ye | SOY 
ey aia i ms 
5a 
Perris e+1| 2-1 6, 
18. og 2y¥—1 y 7 
(EE Bb. tag" 
6a 10y — a—y= 
Ce tS Sm By ws 
we. -Y¥ 7 Te ae 
19. 24 
a ae oat y 
ey ae 
“ : 
A loka | tes | 
20. : 
25. Wei 93 
etry, y_20—y ag ici, Wi et 
a ae +35. | Be sale 16 
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742, 30. {ey 
26.24 0 ax+ cy =s. 
ba — ay =0 ® de lse 
= m'n 
ec eae . 
ie Gs es 
27. nT hae 
aa — by _ 
Got =o abx + cdy = 2. 
32. es5 
NO Ses pais oes 
ea x 1 ee 
ae oe " (mae—ny =e. 
iN} 
G10 x 
—p-=¢. oA hac 
x 
aa a 34. 
m,n 2 
—+—-=8. te oh es e 
wi i. ahah ate 


189, Fractional simultaneous equations in which the un- 
known quantities are found in the denominators may often be 
solved without clearing of fractions. 


Oe ke 
a : 
' ey 4 
1. Solve the equations \ 
Pel 49 
2Fh= = | (2) 
xe iy 4 
SoLvrion. 
Multiplying (1) by 5, 15 | 10 _ 35 (3) 
x y 4 
Multiplying (2) by 8, 15, 21 _ 67 (4) 
mat ACE 
Subtracting (3) from (4), ie 2 (5> 
y 
Dividing (5) by 11, ee ae 
y 4 2 
ee 
Substituting in (1), o=4 
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\ [sag- 
ee 8. 
lay 
ey 
| $+ 2=41, 
¥y 
3. 9 
|Eetom 
Lee) 
(ene 
e y (3 
4. 10. 
o, &j19 
ot = ae, 
ze y th J 
2S = al 
wv 
5. P : 11. 
-+-=b. 
2 Yy 
; Ea \ 
tye Pate G. 
y { 2 tia be 
6. 4 4y Va 
x y za oer i ‘ | 
| | f et ss Od 
U7 a. 0 
i \7 9 13. Ms 
Lee 2 10. eat ee 
as es : 
. So 
"VF _.» PROBLEMS. 


190. ‘1. If 7 Ib. of tea and 5 lb. of coffee cost $5.50, and 6 
lb. of tea and 3 lb. of coffee cost $4.20, what was the price per 
pound of each ? 
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SoLurion. 
Let x = the price of tea per Ib. 
Let y = the price of coffee per lb. 
72+ 5y = $5.50 (1) 
62+ 3y = $4.20 (2) 
w= $ 50 (3) 
y= $ AO d (4) 


2. There is a fraction such that if 1 be added to the numera- 
tor the value of the fraction will be 1; and if 3 be added to 
the denominator the value will be 4. What is the fraction ? 


SoLuTION. 
Let a = the numerator. 
y = the denominator. 
Then, % — the fraction. 
y 
x+1 
1 1) 
- ( 
Oe 
= 2 
a (2) 
n= 4 (8) 
y=5 (4) 
z_4 


3. There is a number expressed by two digits such that if 
it be divided by the sum of the digits which express it the 
quotient will be 4, and if 36 be added to it the sum will be 
expressed by the digits reversed. What is the number? 


SoLuTiIon, 
Let * = the digit in tens’ place. 
y = the digit-in units’ place. 
10a + y = the number. 
10y + « = the number when the digits are inverted. 


10x+y_4 vege 
uty ©) 
l0x+y+86=10y+24 (2) 
uk (3) 
y=8 “(4) 
10” + y = 48 (5) 
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4. The sum of two numbers is 24, and their difference is 
8. What are the numbers ? 


5. The sum of two numbers is 29, and their difference is 5. 
What are the numbers ? 


6. The sum of two numbers divided by 2 gives a quotient 
of 24, and their difference divided by 2 gives a quotient of 17. 
What are the numbers ? 


7. A man hired 6 men and 2 boys for one day for $28, 
and afterward, at the same rate, 3 men and 4 boys for $20. 
What was paid each per day ? 


8. There is a fraction such that if 3 be added to the numer- 
ator its value will be 4, and if 1 be subtracted from the denom- 
inator its value will be 4. What is the fraction ? 


9. A man has two horses, and a saddle worth $10. The 
value of the saddle and the first horse is double that of the 
second horse, but the value of the saddle and the second 
horse lacks $13 of being equal to the value of the first horse. 
What is the value of each horse ? 


10. Two purses contain together $300. If $30 is taken 
from the first and put into the second, there will be the same 
amount in each. How much money is there in each ? 


11. A and B have $570. If A’s money were three times, 
and B’s were five times as great as it really is, they would 
have $2350. How much has each ? 


12. There is a fraction such that if 4 be added to the 
numerator, its valuewill be 4, and if 7 be added to the denom- 
inator its value will be 1. What is the fraction ? 


13. There is a number of two digits, which is equal to 4 
times the sum of the digits, and if 18 be added to the number, 
the result will be expressed by the digits inverted. What is 


oe 
™ A person had two kinds of money, such that it took 10 
pieces of one kind to make a dollar, and two pieces of the 


nae \ } 
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other to makea dollar. He paid a man a dollar, giving him 6 
pieces. How many of each kind were used ? 


15. A party which had hired a coach, ai, that if there 
had been 3 more persons, they would each have had to pay $1 
less than they did; and if there had been 2 less they would 
each have had c pay $1 more. How many persons were 
there? How much did each pay ? 


16. A wine-merchant sold at one time 20 dozen bottles ot 
port wine and 30 dozen of sherry for £120. At another time' 
he sold 30 dozen bottles of port and 25 dozen of sherry for 
£140. What was the price per dozen bottles of each ? 


17. There is a number expressed by two figures. If to the 
sum of the digits 7 be added, the result will be 3 times the 
left-hand digit, and if 18 be subtracted from the number, 
the digits will be inverted. What is the number ? . 


18. A and B had together a capital of $9800. A invested 
+ of his capital and B 4 of his, whereupon each had the same 
sum left. How much had each before the investment ? 


19. A farmer purchased 100 acres of land for $2450. For 
a part of it he paid $20 an acre and for the rest $30 an acre. 
How many acres were there in each part ? 


20. The sum of the ages of a father and a son is 80 years. . 


If the age of the son is doubled, it will exceed the age of the! . 


father by 10 years. What is the age of each ? 


21. A said to B: “Give me 20 cents of your money and I 
shall have four times as much as you.” B said to A: “Give 
me 20 cents of your money and I shall have 14 times as much 
as you.” How much had each? 


22. A farmer bought 100 acres of land, part at $387 and 


part at $45 an acre, paying for the whole $4220. How ? 


much land was there in each part ? 


23. A boy expended 30 cents for apples and pears, buying 
the apples at 4 for a cent and the pears at 5 for a cent. He 


£6 
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then sold 4-of his apples-and + of his pears for 13 cents, which 
was what they cost him. How many of each did he buy ? 


24. A farmer sold 47 bushels of corn and 18 bushels of 
wheat to one man for $45.26, and 3-bushels of corn and 63 
bushels of wheat to another at the same price, for, $64.74. 
Find the cost of each per bushel. 


25. The sum of 4 of one number and 2 of another is 38; and, 
if 3 be added to the first, the sum will be equal to 3 of the 
on. between the second and 8. Find the numbers. 


26. Said one boy to another: “If you will give me 4 of your 
money and 50 cents, I shall have 4 times as much as you; 
but if I give you 50 cents, you will have $2.50 more than I.” 
How much had each ? 


27. One quarter of the number of sheep in one field equaled 
1 of the number in an adjoining field. Ten sheep jumped from 
the first into the second field, and there were then 4 times as 
many in the second as in the first. How many were there 
then in each ? 


28. Three years ag Pal bis 3 times as old as his sister 
Mabel, and 3 years hence 3 times his age will equal 5 times 
hers. Find their ages now. 


U 
29. The sum of two fractions whose numerators are 3, is 3 
times the smaller, and 3 times the smaller subtracted from 
twice the lagzer gives 8. What are the fractions ? 


30. If I loan my money at 6% for a given time, I shall 
receive $720 interest; but if I loan it for three years longer, 
I shall receive $1800. Find amount of money and the time. 


31. If a certain rectangle were 1 foot longer and 1 foot 
broader, it would contain 14 square feet more area. If it 
were 1 foot shorter and 4 foot wider, its total area would be 
unchanged. Find the dimensions of the rectangle. 

32. The number of marbles a boy has in one pocket is 9 
more than 2 of what he has°in the other. How many has he 
if there are 39 marbles in both ? \ 


( 


ae 


pi we + 
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33. A number consists of two figures. The number is 2. 
more than 8 times the sum of the digits, and if 54 be sub- 
tracted from the number, the digits will be inverted. Find , 
the number. 


34. A.and C can do a piece of work in 6 days; B and C can 
do it in 8 days. In what time can they all do it working 
together, if A can do 3 as much as B? 


35. A man invested $4400, part of it in railroad bonds 
bearing 3% interest, and the remainder in state bonds bearing 
21% interest. He received the same income from each. How 
much did he invest in each ? 

Sucecestion. — Since the rate of interest upon the railroad bonds was 
3%, the income was 73, of the investment. The income from the state 
bonds was ot or 535, of the investment. 


36. A gives B 100 yards start and overtakes him in 4 
minutes. He also gains 750 feet on B in running 9000 feet. 
Find the rate at which each runs. 


37. A railway train, after traveling an hour, is detained 30 
minutes. It then proceeds at $ of its former rate, and arrives 
10 minutes late. If the detention had occurred 12 miles 
further on the train would have arrived 4 minutes later than 
it did. At what rate did the train travel before the-deten- 
tion, and what was the whole distance traveled? _\, 


Po eer 


a THREE OR MORE UNKNOWN quarters. 


/191. 1. In the equations 2¢+3y+42=26 and 2+ 4y + 
52=18, how may z be eliminated ? 


| 2. If one of the quantities in the above equations is elimi- 
nated, how many quantities will be left ? 


3. How many independent equations are riecessary before 
thé values of two unknown quantities can be found ? 


4.\ How many independent equations containing the same 


two unknown quantities can be formed by combining ihe equar 
tions in (1)? 


or 


co 


/ 


Z f 
* 
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5. Since in order to find the values of two unknown, quan- 
tities we must have two independent equations, and since from — 
the two equations given in (1) only one derived equation can 
be formed containing the same unknown quantities, how many 
independent equations must be given so that the value of any 
of those unknown quantities may be found ? 


192, Since it is necessary to have two independent equations 
Ao find the values of two unknown quantities, and three inde- 


Ze pendent equations to find the values of three unknown quan- 


f 


tities, etc., a general law may be expressed as follows: 


198, Princrpte.— To solve equations containing unknown 
quantities, there must be as many independent equations as there 
are unknown quantities. ! 


EXAMPLES. 
e+2y+32=14 

1. Given ¢ 24+ y+2z=10 \, to find a, y, and z. 
342+4y—382=2 


SoLuTion. e+2y4+38z2=14 () 

Qe+ y+2z2=10 (2) 

8xe+4y—382= 2 (8) 

(1) x 2 Qn+4y+62=28 (4) 
(2) 24+ y+2z2=10 

(4)—(2) : 38y+4z2=18 (5) 

(1) x3 84+6y4+92= 42 (6) 
(8) 8%+4y—3z2= 2 

(6) — (8) 2y +122= 40 (7) 

(6) x 3 9y+122=54 (8) 

Ty=14 (9) 

y= 2 ; (10) 

44122 =40 @1) 

12 z = 36 (12) 

z= 8 (13) 

e+4+4+9=14 (14) 


Dice oA 


(15) 
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Find the value of each unknown quantity in the following: 


( w—2y+2z2=5. e+t2y+32= 34. > 
2g. .da+3y+6z2= 57. 10. 4 2a—3y+4+4z2=19. | 
a+ 2y4+22=21. Ba4+4y—52=—6. | 
Tw —4y+32= 35. et+y+z2=90. ) 
3. -4a—5y+22=6. 11.4 2a@—38y =—20.+ 
[eer =« } 24a+32 =145. j 
c+ y+ 2=6. a+y=35. 

4. isectroene} 12. Gh a 
3a+4y—32=2,— yt2=45. 

Bet Sie age es 2a 4+4y—32= 22. 

5. jaar ee 13. isi ornis 
gabe age ag Ga+Ty— 263. 
he yt 285 82 4y = Bee. 

Ba ei ES Oey: 14, J6x2+ yor 484. 
See bibecgoes se + 80 aSy be, 
mime os e+3y— z=10. 

% <yt+22= 244 22. ; 

2 4 294 3h 4.3 y. 15. |pentoa2eas | 
Sa+2y+ 2=13. | 
efyt2=12. 

8. iB len * {e-rsce | 
e—% aes 16, 4 *™—-y+z2=6. 

\iwty--2=4. J 
Uuptpy+ z= 2a.) 4 

oJ wh ebe= 3y \) [agg oon 

: utuoty=A4z. 1704 3e+ y—2z=6. 
uto=yt 36. | t+ 3y— z= 20. ma 


* The sum of the first members fapall? 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


SIMULTANEOUS squytions 


5e—3y+ 2=16. 
9e+2y--32=14. 
x—4y—5z=10. 


Yr %. 
yta=2u4 22. 
2t+a=3e+3y. 


e+y+22=2(b4+¢c). 
e+2+2y=2(a+c). 
yt+2+22%=2(a+0d). 


ax + by=r. 


by + cz=s. 
A eae 


| 
f e+ yt22+ w=18. 
e+2y+ 2+ wl’. 
1 e+ yt 24+2w=19. 
lQa4 yt z+ w=16. 
utv+e+y=14.) 
btoupote=ib. 
utvt+y+2=16. 
upetyt+2=17. 
(2) ileal 


| 


——<—<<<—<$A~A—____ 
is iS SIR. 
Pe aes ot 
Jet RIP Ce 
ll II 
N ae 
\ 


J 


* 
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hy =5. | 
a 
25. pour Wie ce 
| 
ee re 
ores) 
lat pn? 
| 
26. 2 4428 
a ¢ 
Gee 
a hee 
c+ry=a 
QT. .u+¥=d 
yt+e=e 
ey = 
y+2a11 
28. 42 +w=13 
wtu=1d 
(_wy 1 
ety § 
_y@ en 
Mae See 
1, 


we 
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Eee! ae ee 
oo ye [S+5+! a 
ame wee 2 

30 aa al 35. y Ree * b 
eA eS 038 pe ty 
ya J Gap 

Qy =a.4 

[3a+4y+. 2= 35. Rie 


bo 
x 
+ 
8 
I 
° 


$1.4 Qe — 94 22 = 17, 


Sa—Dt + Uu = YQ. pean 
{ 


i + >y = 18. 87. 4 3y+42+2=5. 
32+4¢+y= f 
e+y=a+b. } 
z+v=a—b, | 


© 


32. 


< | 
+ 
f : $ 


Solas 38. 


[ 
E 
yYt+2—#e=a. 
33. be 
\ 
| 


@ € haa b 
z+"%—y=c. ae ere 
ae vo, 12 82g 
z ee ne | 

34. es | 
UV—2 eae Ce 

eee, 

e—Yy+v=d a | 


PROBLEMS. | 


194. 1. Find three numbers such that their sum is 60; 
of the first plus 4 of the second, and + of\ the third \is 19; aad 
twice the first with three times the remainder, when ‘the third 
is subtracted from the second, is 50. 


2. Find three numbers such that the first 


oy 


7 
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3. A, B, and C together possess $1500. If B gives A 
$ 200 of his money, A will have $280 more than B; but if B 
should receive $180 from C, B and C would have equal 
amounts. How much has each ? 


4. Three persons purchased sugar, coffee, and tea at the 
same rates. A paid $4.20 for 7 pounds of sugar, 5 pounds of 
coffee, and 3 pounds of tea; B paid $3.40 for 9 pounds of 
sugar, 4 pounds of coffee, and 2 pounds of tea; O paid $3.25 
for 5 pounds of sugar, 2 pounds of coffee, and 3 pounds of tea. 
What was the price of each per pound ? 


5. Divide 125 into four such parts that, if the first be 
increased by 4, the second diminished by 4, the third multi- 
plied by 4, and the fourth divided by 4, the results will be 
equal. 


6. A and B can perform a piece of work in 8 days; A and 
C can do it in 9 days, and B and C in 10 days. In how many 
days can each do the same work alone? : 


7. A certain number is expressed by three digits whose 
sum is 10. The sum of the first and last digits is 2 of the 
second digit; and, if 198 be subtracted from the number, the 
digits will be inverted. What is the number ? 


‘Let es the first digit, or hundreds ; y, the second digit, or tens; z, the 
Bi ‘é units. Then, 100% + 10 y + 2 = the number. 


gs. A™farmer has 80 horses, cows, and sheep; 4 of the 
number of horses, 4 of the sheep, and 4 the cows equal 19. 
If the number of horses and cows be snbbradted from 4 the 
number of sheep, the remainder will be 10. How ae 


animals of each kind has he ? 


{ 
\ 
i 


9. A merchant found, on counting hig cash, that he had 84 
pieces of silver, in dollars, half- dollars, and quarters, worth 
$42. He also found that 4 of his half-dollars and 4 of his 
quarters were worth $6.50. How many, pieces of ae kind 


O 
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10. A, B, and C were discussing their ages. A said: “If 
you add to twice my age, once B’s, the sum will be 20 years 
more than C’s. If you take 4 of my age and twice B’s, the sum 
will be 20 years less than C’s. But the sum of my age and C’s 
is equal to 6 times as much as B’s.” What were their ages ? 


11. A jeweler has a fine gold watch, a plain gold one, and 
an open face one, and one gold chain. If he puts the cham on 
the fine watch, that watch and chain will be worth $40 more 
than both the other watches. If he puts the chain on the plain 
watch, that watch and chain will be worth $20 more than 
twice the value of the open face watch. If the chain is placed 
on the open face watch, the value of that watch and chain will 
be 4 of that of the fine watch and + of the plain watch. Find 
the value of each watch and of the chain, if they all cost $ 400. 


12. Bought 8-horses, a number of cows, and 100 sheep 
for $2500. The number of cows was equal numerically to 
4 times the price of a sheep, and a sheep and a horse cost $5 
less than } the cost of all the cows. Find the cost of a horse, 
and a sheep, and the number of cows, if a cow cost $ 40. 


13. Three boys, A, B, and C, had each a bag of nuts. Each 
boy gave to each of the others + of the number of nuts he had 
in his bag. They then counted their nuts, and A had 740, B 
580, and C 380. How many had each at first ? 


14. There are two fractions which have the same denom- 
inator. If 1 be subtracted from the numerator of the smaller, 
its value will be 4 of the larger fraction; but if 1 be subtracted 
from the numerator of the larger, its value will be twice that 
of the smaller. The difference between the foectgne is 2). 
What are-the fractions ? 


15. A man divided a sum of mosey amongst his for : 
so that the share of the eldest was + of the shaies of th : other 
three, the share of the second 4 of the shares of the other 
three, and the share of the al + of the shares of the 
other three. The eldest had $14 more than the ae 
What was the share of each ? 
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16. A farmer found that the number of his sheep was 26 
more than the number of his cows and horses together; that 
4 of the number of sheep was equal to the number of horses 
together with 4 of his cows; and that 4 of his cows, 4 of his 
horses, and 4 of his sheep amounted to 12. How many had he 
of each ? 


17. There are three purses such that if $20 be taken out of 
the first and put into the second, the second will contain 4 
times as much as remains in the first; if $60 be taken from 
the second and put into the third, the third will contain 13 
times as much as remains in the second; if $40 be taken from 
the third and put into the first, the third will contain 24 times 
as much as the first. How much is there in each purse ? 


18. Three men, A, B, and C, jointly purchased a quantity 
of lumber which cost $900. One half of what A paid added to 
4 of what B paid and + of what C paid, will make $279; and 
the sum that A paid increased by 2 of what B paid, and 
diminished by 4 of what C paid, will make $320. How much 
did each pay ? : 

19. Find three numbers such that 4 the first, 4 the second, 
and 4 the third, together make 115; 4 the first, + the second, 
and 4 the third, together make 86; and } the first; 4 the sec- 
ond, and 4 the third, together make 69. 


20. A gives to B and C as much as each of them has; B 
gives to A and C as much as each of them then has; and C 
gives to A and B as much as each of them then has, after 
which each has $8. How much had each at first { ? 


21. If B should give A $350 of his money, A would have 
twice as much as B would have left; if C should give B $700, 
C would have left + as much money as B would then have; if 
‘A should give C $210, C would then have 5 times as much as 
A would have remaining., How much money has each ? 
= <—__—— 


* For graphic representation of equations see p. 376 et seq. 


> 
al 


INVOLUTION. 


195, 1. How many times is a used as a factor in producing 
GPO Oe SON ane et 


2. How many times is a quantity used as a factor in pro- 
ducing the second power? The third power? The fourth 
power? The jifth power? The nth power? 


3. What sign has the second power of +a? The third 
power? ‘The fourth power? Any power? 


4. What sign has the second power of —a? The third 
power? The fourth power? The fifth power? The sixth 
power ? . 


5. Which powers of a negative quantity are positive ? 


Which are negative ? ao 


6. What is the third power of a?? How many times is a? 
used as a factor ? 


7. What is the fourth power of a®? Of at? Of a? 
8. What is the fifth power of a®? Of at? Of a’? 


9. How is the exponent of a power of a quantity deter- 
mined ? 


10. What is the mth power of a”? a 


196, Exponent (Art. 17). Power (Art. 18). Names of Powers 


(Art. 18). 


a 
-* 


197. Involution is the process of Shine: a pose of a 


quantity. 


™~ 
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~~ 198. Principtes.—1. All powers of ¢ a positive quantity are | 
positive. 
2. All even powers of a negative quantity are positive, andall 
odd powers are negative. 
3. The eaponent’ of a power of a quantity is equal to the expo- 
“nent of the quantity ‘multiplied by the exponent of the power to 
which the quantity is to be raised. 
. en Ps 


199. Involution of poromie 


or 
1. What is the third power of 6a’b? ee’, 
os an SoLurion. / f ; 
-—~ 4 (6 a°b)® = 6.0% x 6.0% x 6a = 216 abd8 
2. What is the fifth power of — 2a%?? 4, 
: ' SoLurion. 


(—2 a7b?)5= —2 ab? x —2 0b? x —2 wb? x —2. 073 x —2 ab? = —82 ql 


Rus. — Raise the numerical coefficient to the required power ; 
multiply the exponent of each literal quantity by the exponent of 
the power to which it is to be raised, andfpresix the proper sign 
to the result. - ( 

i 
A 


8. (Bary)? 5 (12, (Zatye')’. oe 1. (= 2ay')', 
4. (— 40009 fas. (—5a®be)’. 4 22. (2aay?)*. 


Find the values of the following: 


5. (—3ab)% | 14. (atb%?)* © 28. (artyar)®. 
6. (—3e@)?. 15. (—4a’b*c*)*. 24. (xy"2")?. 
Mc, a ceo?) 16. (2a°b’*)?. 25. (a2"w™)4. 
8. (2aPy2*)® PZ x42) '. 26. (atyPnee)?, 
9. (dabid’)'. 18. (32°y')3. 27. ( = attylen) 
10. (—a’b’c*)’. 19. (—4a%*y)?. 28. (— aiden). 
cat 
11. (- ee 20. (Qaty'z*)>. 29. (a®bicid—2)"—2, 


yi i. ) A. Ne 
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30. What is the third power of nee ? 


PROCESS. 


2 a*y > ayy Doy \ 2aty _ 8 x®y? 
3a) 30% 3a°~ 3a 27 a®d® 


Exp anation. — In raising a fraction to a power, both numerator and 
denominator must be raised to the required power. 


Raise to the required power: 


2a 2 azb” 6 ‘ara 8n 
31. cae 35. ES 39. = - 
Np 2n\ T 2nn-l]\ n 
36. ): 40. fee y 
anz* cays 
azbh2er n atb3¢? 4 
37. ( —s =) : 41. & ): 
en *y yt 


23 3,4\ 2n n vs, 
38. (ae) ane. ( yy 
- At (i 


sa. (8 ee) 
T ay 


Hig 
200. Involution of polynomials. a i | 
(a+ y)? = 2? + Qay + y? (Art. 73) 
(a — y)? =a? — 2ay + y? / aa 


(@+ty—zP=OP+ y+ 22+ 2ay —2rz—2yz (Art. 81) 


Raise to the required power : 


1. (2a+0)2 7. (20—y)% 18. (d- 5 Hoa)? 
2. (8a —2c)* 8. (32°+4+2y)* 14. (2a—3y+2z)?. 
3. (2a43b)% 9. (30° 34%)2 15. Get yt 20) 
4. (4a—20)% 10, (Ae HB y)*% 16, (a? -2y 4 328) 
B. (3a+4e)2 11. (Sa®—By%)2 4, (20 4+3y?—2)?, 


6. -(5a —4c)2. 12. (8a? + 6y?)2 is. (200 —~ By) 222)? 
be 7 ant 
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Quantities may be raised to higher powers by multiplication. 
The quantity must be used as many times as a factor as there 
are units in the index of the required power. 


Raise to the tequired power: 


19. (e+ y)* F 24. (2b -+c)* 29. (2a? — 3y")?, 
20. (a—d)'. \ I 25. (2a—b)% 30. (3a? + 2y?)% 
21. (a+ b)* \ 86. Bata CBL(4a? + 3y)4 
22. (@+y)* \ 27. (44—y)4 32. (5a? —2y")3 
23. (aX ae ae (Bait 2)? . (4x? —2y%)4 


oe Vath tron of dinlintals by the Binomial Theorem. 


ae 


Cs 6)? =a*+ Zab AN v. 
+0)? =a? + 30% + Sab? + 0. 

,* b)*=at+4a% + Gare? + 4ab? + bt 

(a + bye ai + 5a‘d + 10 afb? t 10 a7b? +- 5 abt + oO 

(a—b)?=a?—2ab+ 6% x : KS 

(a — 6)? = a? — 30764 3ab?— B* 

(a —b)*= at — 40° + 60°70? — 4ab Nb 

(a —b)P=a — 5a‘b + 10a°b? — 10.076? + 5.ab* — 

Examine carefully the above powers of (a+ 0) and (a—)).: 
a) How does the number of terms in any power of these 
binomials compare with the exponent of the power? 


2. In what terms of any power of these binomials is the 
Jirst letter of [pe binomial found ? 

3. In what. terms of any power of these binomials is the 
second letter of the binomial found ? 

4. What is the exponent of the first letter of the binomials 
in the first term of any power of the binomials? — In the sec- 
ond? In the third, etc. ? 
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5. What is the exponent of the second letter of the = 
binomials in the second term of any power of the binomials ? 
In the third term? In the fourth term, etc. ? 


6. What is the coefficient of the first and the last terms in 
any power of the binomials ? f 


7. How does the coefficient of the second term of the 
power compare with the exponent of the power to which the 
binomial is to be raised ? 


8. If the coefficient of the second term of the power is mul- 
tiplied by the exponent of the first quantity in that term, and 
the result divided by the number of the term, or by the expo- 
nent of the second quantity in that term increased by 1, what 
is the result? Of what term is it the coefficient ? 


9. If the same thing is done to the coefficient of each suc- 
ceeding term of the power, what coefficient is obtained ? 


10. What are the signs of the terms in all the powers of 
(a+b)? 


11. What terms are positive and what are negative in any 
power of (a —b)? 


202. Princrptes.—1. The number of terms in a positive inte- 
gral power of any binomial is one more than the exponent of the 
required power. 

2. The letter of the first term of the binomial is found in all 
the terms of the power except the last; the letter of the second 
term in all the terms of the power except the first; both letters 
are found in all-the terms of the power except the first and last. 

3. The exponent of the first term of the binomial in the first 
term of the power is the same as the index of the required 
power, and decreases by Lin each term at the right. The 
exponent of the second term of the binomial is I in the second 
term of the power, and increases by 1 in each term at the right. 

4. The coefficient of the first term of the power is 1. The coeffi- 
cient of the second term is the same as the index of the required 
power. 
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5. The coefficient of any term of the power, multiplied by the 
exponent of the first letter in that term, and the result divided by 
the number of the term, or by the exponent of the second letter 
increased by 1, will be the coefficient of the neat term. 

6. If both terms of the binomial are positive, all the she 8 of 
any*power of the binomial will be positive. 

7. If the second term of the binomial is negative, all the odd 
terms of any power counting from the left will be posi/ne, and 
all the even terms will be negative. 


The sum of the exponents in any term is always equal to/the exponent 
of the required power. 


/ 
EXAMPLES. / 


1. Find the fifth power of (a — y) by the binomial theorem. 


SoLuTiIon. 
Letters, ey) ty uy wy 6Cyl 
Letters and exponents, « «ay «xy? xy3 ayt y? 
Coefficients, 15, 10 10 5 1 
Signs, — - + - + - 


Combined, 2° — 5aty + 10 x3y? — 10 2?y3 + 5 xy? — 5 


Expand : | _ 

2. (w@+y)% 12. (1+a)* 22. (a—c)* 
3. (a—b)’*. 13. (1—a)*. 23. (w—y)’. 
4 (a4e)%. 14. (a+a)4 24. (a+ y)™. 
5. (a+”)* 15. (7+)? : 25. (w#+1)* 
6. (a —4)* 16. («—c)*. 26. (w#—1)*% 
7 (a+6)%. 17. («—y)*. 27. (1+a)’. 
8. w—y)* - 18. (a+b)* 28. (1—a)’. 
9. (b+¢)*. 19. (a—c)’. (w+ ac)* 
10. (w+ 1)”. 20. (a—x)*, 30. (#-+ bc)’ #5 
11. —1)8 21. (a+) | 81. 


_. * af 


Gh Viste te 
is 


172 HIGH SCHOOL ALGEBRA. ca N | 


fi 
ae Set cae is 
When the terms of the binomial have coetflicients, the bi- 
nomial may be expanded as follows: . 


VL /L® 
ity ; 4 


32. Find the third power of 2a’— 30. 


SoLuTion. “ 

Let 2a2=xand3b=y "i 
Then, 2a2?-—3b="2-y 

(a@—-y%=28-— 38e%y+ Bay — x8 
Restoring 2 a? for a, 8 a6 4 a 2 a? 
Restoring 3 6 for y, 3b 9 b? 27 b8 
Coefficients, 1 3 3 1 
Signs, - + _ 
Products, 8 a® — 36 atb + 54 a2b2 — 27 B? 
Expand the following: 
33. (a +2b)*. 37. (8a+2c)* 41. (4a?—c)* 
34. (3a—b)?, 38. (2a?—c)® = / 42. (8a? 44c%)?. 
$5.. (2a+36). 39. (2a+c)* 43. (32% Bet 


} 


36. (8a—38c)%. 40. (3a? +4+2y*)% \- 44. (5a? +46)4 
45. Expand (a+b—c)% Ya | 


Sotoutron. 
(a + b —c)®§ =[(a + 6) — ¢]8, a binomial form. 
[ta+ 6)—c}P=(@+ b)§—8(a+b)%e4+38a4+d)e-—8 
=a3+3 a°b+3 ab?+ b8—3(a2+2 ab+b2) c+3 ac?+3 be2—c8 
=05+3 a7b+3 ab?+b3—3 @e—6 abe—3\h%e+3 ac?+38 be? — 3 


—— 
—_ 


46. Expand (a+b+c—d)*. Ve 
Suacesrion.— (a +b +¢ —d)®=[(a + b) +(o-ay, a binomial form. 


Expand : W) 

47. (w—y+2)% BO. "(0b oles’ 

48. (e—y—z)% (Bl. (atb—ce+d)?. 
(atb—cy¥ (82. A+a—y—z) , 3 


“ - 
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203, The following method of expanding binomials whose 
terms have coefficients will be found of great value. 


1. Find the third power of 54+ 40. 


PROCESS. 


(5a + 4b)3 = 125 a8 + 300 ab + 240 ab? + 6468 
(5 a)? = 125 a8, the first term. 


126 x 4 x 3 = 300, the coefficient of the second term. 


\ 5 
ay eae = 240, the coefficient of the third term. 
1 ye 

ae = 64, the coefficient of the fourth term. 


Expranation. — The first term is the cube of 5@ or 125 a8. 

Since the second term of the power contains-the second power of the 
first term of the binomial multiplied by the second term of the binomial, 
the coefficient of the second term of the power has as two of its factors 
the second power of 5, the coefficient of the first term of the binomial, and 
4, the coefficient of the second term. To save computations, the second 
power of the coefficient of the first term of the binomial is obtained by 
dividing the coefficient of the third power of that quantity by the coeffi- 
cient of the quantity. Therefore, +25 x 4 are two of the factors of the 
coefficient of the second term of the power. 

When the coefficients of the terms of a binomial are each 1, the coeffi- 
cient of each succeeding term of the power isfobtained from the preceding 
term by multiplying the coefficient of that term by the exponent of the 
first quantity in that term and then dividing the product by the exponent 
of the second quantity increased by 1. Consequently, to obtain the entire 


coefficient of the second term of the power, the expression met must 


be multiplied by 3, the exponent of the first quantity, and divided by! 
1, the exponent of the second quantity increased by 1. (The exponent 
of the second quantity in the first term is 0.) Indicating the operations, 
the second coefficient is equal to ee or 300. 

The coefficients of the succeeding terms are found in the same manner, 
and the method of finding the coefficients may Deessied be expressed _ 
by the following general rule : 


Rute. -s The first term, 
term of the binomial cog 
The coefficient ¢ 
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term by dividing the coefficient of the preceding term by the coeffi- 
cient of the first term of the binomial_and then multiplying the 
quotient by the coefficient of the second term of the binomial and 
by the exponent of the first quantity in that term, and dividing the 
product by the exponent of the second quantity increased by I. 


1. Since the number of terms in a power of a binomial is one more 
than the exponent of the power to which it is to be raised, the exponent 
of the first quantity in any term of a power is equal to the number of 
terms that term is from the last. 

2. For the same reason the exponent of the second quantity in any 
term is equal to the number of terms that term is from the first. 

3. The laws of letters, signs, and exponents are the same as have been 
learned heretofore. 


2. Find the fourth power of 2a + 30. 


SoLurTion. 
(2 a)4 = 1644, the first term. 
16x3x4_ P 
—————= 96, the coefficient of the second term, and the second term 
is 96 a3b. 
9 3 F : 
RES = 216, the coefficient of the third term, and the third term 
* is 216 @b2. 
BNR = 216, the coefficient of the fourth term, and the fourth term 
—_ is 216 ab’. 
216 : : 
eX = 81, the coefficient of the fifth term, and the fifth term 


is 81 bt. 
“.(2a@+36)*= 16 a + 96 a3d + 216 a2b? + 216 ab? + 81 4. 


Expand the following: 


3. (2a+3c)% 8. (4a+382)* 13. (2e@+5)*, 
4. (2a—4b)%, 9. (3a—52)5 14, (ase 
2a 


5. (3a 10. (Ta—4c)*. 


(1—32)* 
+40)! 
(a? + 205, 


EVOLUTION. 


+o 


(204 1. What are the two aaa factors of 16% 21/36 21 “49° 2? 
1% 121? 


2. What is one of the two equal factors of a’, or what is 
the second root of a®.2 407?) 1607?) 25at?) 36a*? . 


- ‘8. What is one of the three equal factors of a’, or what is 
the third root of a®? 8a? 27a°? 8a°? 64a%? 


4. What sign has the second power of +2? The third 
ower? The fourth power? The fifth power? Any power? 


5. What sign has the second power of —2? The third 


‘power? The fourth power? The fifth power? The sixth 
' power ? 


6. What powers of a positive quantity are positive? 


\ What powers of a negative quantity are positive? What 
‘powers of a negative quantity are negative ? 
sks. 


7. Since a power which has the negative sign is the prod, 
uct of an odd number of equal negative factors, what is the 
sign of an odd root of a negative quantity ? 


.. 8. What is the sign of an odd root of a positive quantity? 


9. Since a power having the plus sign may be the product 
of an even number of either positive or negative factors, what 
is the sign of an even root of a positive quantity ? 


10. What quantity used twice as a factor will give a prod- 
uct with the negative sign? What quantity used four times 
as\a factor? What quantity used six times as a factor ? 


\ 116 
. ' \ 


\ 
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11. What may be said, then, regarding the sign of an even 
root of a negative quantity ? 


205. Evolution is the process of finding a root of a quantity. 


206. An Imaginary Quantity is an indicated even root of a 
negative quantity; as V— 4, V—a. 
All other quantities are called Real Quantities; as V 25, ~/3; 
54 
a®, 4. 


207. Principtes.—1. An odd root of a quantity has the 
same sign as the quantity itself. 

2. An even root of a positive quantity is either positive or 
negative. 


208, Evolution of any monomial. 
1. What is the square root of 25a%y° ? 


PROCESS. EXPLANATION. — Since, in squaring a monomial, 
we square the coefficient and multiply the expo- 
V 25 a8y® = + 5aty® nents of the letters by 2, to extract the square 
root we must extract the square root of the co- 

efficient and divide the exponents of the letters by 2. 
Since the even root of a positive quantity is either positive or negative 
(Prin. 2), the sign of the root is either plus or minus. Hence, the square 

root of the quantity is + 5 axty3. 


Rutz. — Extract the required root of the numerical coefficient ; 
divide the exponent of each letter by the index of the root sought, 
and prefix the proper sign to the result. 

The root of a fraction is found by taking the root of the numerator 
and of the denominator. 

If the root of a number is not readily discovered, it may be separated 
into its prime factors, and the factors grouped into as many equal sets 


as are required by the root sought. The product of one set of the factors 
will be the root. 


Thus, to find the fourth root of 1296, the number is separated into its 
prime factors, 2, 2, 2, 2, 3, 3, 38, 38, and 2 x 3, or 6 is its. fourth root. 


Find the values of the following: 
2. V16 abet. 4. V4atcta?. 
3. V—8arde’, 5. WV 27 abyss, 


EVOLUTION. E77 


6. ~/16atdie. Rees Sae 


* 
1. V—Sabie. ae 
8. Nh a? 104.2 , 3 125 ay? 
ae 216a%y? 
9. Varainy™, 
eae eee 
10. Vb arype, 289 ye 
11. Valve? se) Alan tas 
~ 343 343 ays 
12. V16 xyz, : 
20. /abye. 


13. Vatay2. 
a1. Vay, 


22 Zi my Sa sl eh 


15. 4 pe es : 
25 y4 \ 28. WV — 32. ay®. 


14, Varmaginy®. 


209. To extract the square root of a polynomial. 


1. Since a?+ 2ab +8? is the square of (a+), what is the 
square root of a?+ 2ab+ 0?? 


2. How may the first term of the square root be found from 
@+2ab+0?? 


3. How may the second term of the square root be found 
from 2a), the second term of the power ? 


4. What are the factors of 2ab + b?? 


5. Since Zab + 0? is equal to b(2a +6), what are the factors 
of the last two terms of the square of a binomial ? 


6. By what quantity, then, must the last two terms of 
a’? +2ab+ 0? be divided so that the quotient may be the 
second term of the square root ? 

ALGEBRA. — 12 . 


[> 
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EXAMPLES. 


1. Find the square root of a?+2ab+ 6%. 


PROCESS. 
a+2ab+0?|a+d 
a? 

Trial divisor, 2a _ Zab + 6? 

Complete divisor, 2a+6 | 2ab+ 0° 


ExpLanation. — The quantities are arranged according to the descend- 
ing powers of a. 

Since-the first term of the quantity is @, its square root a is the first term 
of the root sought. Subtracting a? from the quantity, there is a remainder 
of 2 ab + b?. 

Since the first term of the remainder is 2 ab, if it is divided by 2a, the 
quotient } will be the second term of the root. 2a, or twice the root found 
is called the trial divisor. The complete divisor, or the divisor which 
multiplied by } will produce the remainder 2 ab + b?, is, therefore, 2a + 0b. 
It is formed by adding to the trial divisor the second term of the root. 
Multiplying by 6 and subtracting, there is no remainder, 

Therefore @ + b is the square root of the quantity. 


Since, in squaring a+6+0¢, a+6 may be represented by 2, 
and the square of the quantity by x2°-+-2ac+c’, it is obvious 
that the square root of a quantity, whose root consists of 
more than two terms, may be extracted in the same way as in 
example 1, by considering the terms already found as one term. 


2. Find the square root of «+ 4a° — 6a? — 20a + 25. 


PROCESS. 
e+4o®— 6a? —20a+4 25 | a? 4+ 2e—5 
at 
Qat4+2e | 4e— bat 
4oS+ 42? 
Qa°+4e—5 | —10a®—20e 425 


— 1007 — 20%+4 25 


ExpLanation. — By proceeding as in the previous exampie, the first 
two terms of the root are found to be 2? +22. 


- 
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To find the next term of the root, we consider x? + 2 as one quantity, 
which we multiply by 2 for the trial divisor. Dividing the first term of 
the remainder by the-first term of the divisor, the third term of the root 
is obtained, which is —5, Annexing this, as before, to the trial divisor 
already found, the entire divisor is 22+ 4a%—65. This multiplied by — 5, 
and the product subtracted from —102? — 20% -+ 25, leaves no remainder. 

Hence, the square root of the quantity is 22+ 2a -—5, 


Rutz. — Arrange the terms of the polynomial with reference 
to the consecutive powers of some letter. 

Extract the square root of the first term, write the result as 
the first term of the root, and subtract its square from the given 
polynomial. 

Divide the first term of the resin dr by twice the root already 
found, as a trial divisor, and the quotient will be the next term 
of the root. Write this result in the root, and annea it to the 
trial divisor, to form a complete divisor. 

Multiply the complete divisor by this term of the root, and 
subtract the product from the Jirst remainder. 

: Continue in this manner until all the terms of the root are 
i Sound. 


Find-the square root of 


3. of PA 4. 6. a? +ab +107 
64, P4+2ba +27. 7. 9a? —120ab4 407 
be 437-4 1, 8. a? +2004 0 —2ac—Zbe+ eo. 


9. 4a! — 124° + 130? —60 +1 
10. eee Tat ha + 4 
~1a. a2 —40° + 100+ — 120° 4+ 92%. 
‘J. -16 a4 — 24 a%a +- 49 a7a? — 30 aa? + 25 art. 
13. Ee i 
“14. 402? — 122° + at — 242 4 36. 
3 Aa + Bat +1205 —5a®— 100942041.) 
490! — 28° — 179 + Gap hee 
9 + 6ac +e? 1 — 2¢— 6a. 


180 HIGH SCHOOL ALGEBRA. 


18. 4m? + 9a? —12me+8m—12044. 
19. a? +0?—12ac+12bc — 2 ab + 367. 
20. a” — 2a™b? + b'+ 2a%c™ — 2 bc + co. 


a, 2a. = 
DH be eh: + 


3 \ 


— 2 +— <i Vv : ane 
LY) 
Oe toner $ 5-2, O+t \ 


26. Find four terms of the square root of 1 +2. 


t 
SOLUTION. 


14+e|1+4e—i07+ 7, xt 
1 


\ 
ms 
aS 2+ia| «x 
~ xv + 12? 
Y 24+0—fa*| —ia? 
— ly? — 193 + 1 gH 
2+a—je+7.0*| +40 — dak 


= the square root of the following to three terms: 


GR 1iss 30. a+b. 3a¢ 4a? = 1. 
28. 1—2a. 31. 4434. 34,1 — 2y2——__ 
29.- a? — 20. 


2.) 40? +2. 35. ep ces 
fee . 


f 


SQUARE R OF N UMBERS: : 


fat 10? = 100 100? = 10000 
9? = 81 99° = 9801 999? = 998001 


210. 1. How many figures are required to caps the 
square of any number of units? 


1381 


2. How does the number of figures required to express the 
second power of any number of tens compare with the number 
of figures expressing the tens 2 How does the number of 
figures expressing the second power of hundreds compare with 
the number of figures expressing hundreds ? 


3. If the second power of a number is expressed by 3 
figures, how many orders of units are theré\in the number? 
If by 4, how many? By 5? By7? 

4. How, therefore, may the number of figures in the Square 
root of any number be found ? 


211, Principres.—1. The square of a number is expressed 
by twice as many figures as is the number itself, or by one less 
than twice as many. / 

2. The orders of units in the square root of a number corre- 
spond to the number off periods of two figures each into which the 
number can be separated, beginning at units. 


212, If the tens of a number are represented by ¢ and the 
. units by u, the square of a number consisting of tens and units 
~ will be the square of (t+ w) or ?+ 2tu+w’. 
Thus, 85 = 8 tens plus 5, or 8045, and 352=302+42(80 x 5) +5=1226. 


EXAMPLES. 


1. ‘What is the square. root of 1225? 


FIRST PROCESS. E ExpLanation. — According to Prin, 
2, Art. 211, the orders of units in the 
12:25 80 4/5 square root of a number may be de- 
f- = 900 termined by separating the number 
into periods of two figures each, be- 
ginning at units. Separating 1225 
thus, there are found to be two orders 
of units in the root,—that is, it is 
composed of tens and units. Since 
square of tens is hundreds, and 
the hundreds of the power are less than 16 or 42, and more than 9 or 3, the 
tens’ figure of the root must be 8, 3 tens, or 30 squared, is 900, and 900 
subtracted from 1225 leaves 325, which is equal to 2 times the tens x the 
units + the units? 


2t+u=65 
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Since two times the tens multiplied by the units is much greater than 
the square of the units, 825 is nearly 2 times the tens multiplied by the 
units. Therefore, if 325 is divided by 2 times the tens, or 60, the quotient 
will be approximately the units of the root. Dividing by 60, the trial — 
divisor, the units are found to be 5. And since the complete divisor is 
found by adding the units to twice.the tens, the complete divisor is 
60 + 5, or 65. This multiplied by 5 gives as a product 325, which, sub- 
tracted from 325, leaves no remainder. Therefore, the square root of 1225 
is 35. 


SECOND PROCESS. 


12-25 | 35 
pane Expianation. — In practice it is usual 


C= 9 to place the figures of the same order in 
2t =60 | 325 a column, and to disregard the ciphers 
u ae 5 on the right of the products. 


2t+u=65 | 325 
Since any number may be regarded as composed of tens and 
units, the processes given above have a general application. 
Thus, 325 = 82 tens + 5 units; 4685 = 468 tens + 5 units. 
2. Find the square root of 137641. 


Soxurion. 
13:76:41 | 371 
9 
Trial divisor =2 x380= 60 476 
Complete divisor = 60 + 7= 67 469 
Trial divisor = 2 x 870 = 740 741 


Complete divisor = 740 + 1 = 741 741 


Rute. — Separate the number into periods of two Heures each, 
beginning at units. | 

Find the greatest square in the left-hand period, and write its 
root for the first figure of the required root. 

Square this root, subtract the result from the left-hand period, 
and annex to the remainder the neat period for a new dividend. 

Double the root already fourgh with a cipher annexed, for a 
trial divisor, and by it divide the dividend. The quotient, or 
quotient diminished, will be the second figure of the root. Add 
to the trial divisor the fiqure last found, multiply this complete 


ee 
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divisor by the figure of the root found, subtract the product from 
the dividend, and to the remainder annew the neat period for the 
next dividend. 

Proceed in this manner until all the periods have been used 
thus. The result will be the square root sought. 

1. When the number is not a perfect square, annex periods of decimal 
ciphers and continue the process. 

2. Decimals are pointed off into periods of two figures each, by begin- 
ning with tenths and passing to the right. 

3. The square root of a common fraction may be found by extracting 


the square root of both numerator and denominator separately, or by 
reducing it to a decimal and then extracting its root. 


Extract.the square root of the following: 
[Ts 


‘2 2809. - T0756. (41. 938961. 
~ 3969 13. 118336. 22. 5875776. 
8. 4356, 14. 674041. 28, 12574116. 
(6, 9216. (15. 784996. 24, 30858025. 
7. 2209. 16, 776161. 25, 1.338649. 
8. 1681. 17. 107584. 26, .000729.” 
(8. 65536. \1s. 234.09. Gi, 1034.2656. 
10. 54289.- 19. 17.3056. 28. | 29635.6225. 
Nan. 42849. 20. 576.4801. 29. .00720801. 
\ Find the square root to four! decimal places : +} Pee 
hee 340, 72 cca | 42, 4. 
gi, 11. 36.63. 4 39. 3. 43. &. 
32. 18. 86. .0T. 40. 8. 4a) 4. oe 
33. 15. 37. .007. 19, 


218, To extract the cu 
1. What is the cube 


2. Since a?+3a7b+ 
is the cube root of a® + 


is the cube of (a 
b? 0? ? 
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3. How may the first term of the root be found from a®+ 
3a°b + 3ab? + b?? 

4. How may the second term of the root be found from the 
second term of the power, 3a’)? 

5. What are the factors of 3a7b + 3ab? + 6°? 

6. Since 3a’ + 3ab?+ B° is equal to b(8a? + 3ab + 0’), 
what are the factors of the last three terms of the cube of a 
binomial ? 

7. By what quantity, then, must the last three terms of 
a? + 30% + 3ab?+ bd? be divided so that the quotient may be 
the second term of the cube root ? 


EXAMPLES. 
1. Find the cube root of a?+ 3a7b + 3ab?+ 6% 


PROCESS. 
a + 307 +3a0?+ 0% | a+b 
a® 

Trial divisor, 3a? oad + sab? +b? 


Complete divisor, 8a7+ 8ab +6? | 3a7b 4+ 3ab?+ B 


Expianarion. — Since, if the quantity is a cube, one of the terms is a 
cube, the first term of the root is the cube root of a3, which is a. Sub- 
tracting @ from the entire quantity, there is left 3a2b + 3ab2 + 63. 

Since the second term of the root can be obtained from the first term 
of the remainder, by dividing it by three times the square of the root 
already found, the second term of the root of the quantity will be found 
by dividing 8a%b by 3a, the trial divisor, which gives b for the second 
term of the root. And since the last three terms of the cube of a bino- 
mial consist of the product of the second term of the root with 3 times 
the square of the first, 3 times the product of the first and second, 
and the square of the second, 3a? + 3ab + b2, is the entire quantity, or 
complete divisor, which is to be multiplied by b. 

Multiplying by db, and Subinaerng, there is no remainder. Therefore, 

(e+ 8 


be expressed by a, its 
ence, it is obvious that 
; consists of more than 
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ee 2. Find the cube root of a*—3a°+5a°—32—1. 


PROCESS. 


O97 ae oor ul: | “®—a#—1 


: a divisor, 3a — 3a + 52° 
v Complete divisor, 3a*\— <a 30 + 3a — 2 

Trial divisor, OO OG a ee —3e+62? —38e—1 
Complete divisor, 3a*—62°+3a+1)| —3at+623—3a—-—1 


Expianation. — The first two terms are found in the same manner as 
-in the previous example. In finding the next term, x? — x is considered 
as one quantity, which we square and multiply by 3 for a trial divisor. 
Dividing the remainder by this trial divisor, the next term of the root is 
found to be — 1. Adding to this trial divisor 3 times (a? — x), multiplied 
by — 1 and the square of — 1, we obtain the complete divisor. This, 
multiplied by — 1, and subtracted from —382*+623 —3a—1, leaves 
no remainder. Hence, the cube root of the quantity is «2? —x—1. 

Ruiz. — Arrange the polynomial with reference to the consecu- 
tive powers of some letter. 

Extract the cube root of the first term, write the result as the 
jirst term of the root, and subtract its cube from the given 
polynomial. 

Diwide the first term of the remainder by 3 times the square of 
the root already found, as a trial divisor, and the quotient will be 
the neat term of the root. 

Add to this trial divisor 8 times the product of the first and 
second terms of the root, and the square of the second term. The 
result will be the complete divisor. 

Multiply the complete divisor by the last term of the root found, 
and subtract this product from the dividend. Continue in this 
manner until all the terms of the root are found. 

Fach succeeding term of. the root may be obtained by dividing the first 
term of each successive remainder by 3 times the square of. the first term 
of the root. 


Find the cube root of: 4 
3. 24+6a°y +12ay'?+8y*% 5. — 360° + 54a” — 27. 
A. 27 Gee vo 9a -ba. 6. Ox? + 1082? + 144.0 + 64. 
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d 


a? 


. &—120?+ 48a — 64. 
9. 
2 
T. 8m°+ 36m’ + 66m! + 63m? + 83m? + 9m-+1. 


12. 1—3a+ 6a? —7a+ 6at—3a5 + a®. 
pai a Seas 


8a? +12a74+ 6a+1. 


. 2798 — 54° + 6304 — 449° + 219? — 6a +1. 


oes 


13.) m? — 3m? +5 —— ——. 

m m 
14. — 3a°y—7? + 823 + 6a'z — 12 ayz + 6y’2+ 12 42— 12 y2? 

+ 3xy?. 
15. 8a? — 840%) + 294 at? — 3430. 
16. y°—6y' + 21y' — 444° + 634? — 54y 4+ 27. 
17. 1—9a+ 39a? — 990° + 1564 — 1440 + 644° 
18. 66ct+1—63e—9c+ 8c —36¢ + 33e. 
19. ab + 3at+6ar+74+ 24344 
al a 

20. 


0 —12a°y + 60 aty? — 192 ay° + 240 a7y* — 160 a%y? + 647. 


214. To extract any root of a polynomial. 


To find a formula for obtaining the complete divisor in 
extracting the fourth, jifth, sixth, or any required root of a 
polynomial, raise (a+ 0) to the required power, and separate 
all the terms after the first into two factors, one of which shall 
be the first power of the second term of the root. The other 
factor will be the formula for the complete divisor. Thus, 


(a+ b)§ = a + 5atd + 10 a3b? + 10 a2b8 + 5 ad? + 55. 


Trial divisor, 5 at. 

Complete divisor, (5a* + 10 a3b + 10 a2b? + 5 ab8 + b4), i 
(a+h)' =al+7a%d + 21 ab? + 85 atb? + 35 a8bt + 21 a2d5 + 7 abs + B7. 

Trial divisor, 7 a‘. 


Complete divisor, 


(7 a® + 21 a5d + 35 ath? + 35 3b? + 21 a@2b4 + 7 ahd + bS). 


ee ee eee he ee 
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Since the fourth power is the square of the second power, 
the siwth power the cube of the second power, etc., any root 
whose index is composed of the factors 2 or 3, or 2and 3, may 
be found by extracting successively the roots corresponding 
to the factors of the index. 

Thus, the fourth root may be obtained by extracting the square root of 
the square root; the sixth root, by extracting the cube root of the square 


root’ and the eighth root, by extracting the square root of the square root 
of the square root. 


é =~ 
1. Find the fourth root of 1— 8a + 24 a? — 3203 +16 a's) 
2. Find the fifth root of 2° + 5a*+10a3 + 10.4? ba+. 
3. Find the sixth root of w° + 6a? +15 at + 20a? +1507? + 


6a +1. Ses 


4. Find the fourth root of d!+8a%424.0°b?-+32 ab®+16b! 
_ 5. Find the fifth root of #°—5a*y + 10a%y?—10a?y? + iy — 16) 
a: 7 4 ; *@ 
“eFind the fifth root of, ak— 22% 4 Lae Want baa! 
ios y y Br ae 
a 
a 
7. Find the sixth root of c§+ 15ctz? + 152+ 6cz> + 6c 
+ 20 e823 + 2°, 


iY 
CUBE ROOT OF NUMBERS. 


ee 


nef 10’ = 1000 100% = 1000000 
33 = 27 36° = 46656 361? = 47045881 
= 729 99° = 970299 999? = 997002999 


215, 1. How many figures are required to express the cube 
of any number of units? 


2. How does the number of figures required to express the 
cube of any number of tens compare with the number of figures 
expressing the tens? How does the number of figures ex- 
pressing the cube of any number of hundreds compare with 
the number of figures expressing hundreds ? 
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3. If, then, the cube of a number is expressed by 4 figures, 
how many orders of units are there in the root? If by 5 fig- 
ures, how many? If by 6 figures, howmany? If by 8 figures, 
how many ? 

4. How may the number of figures in the cube root of a 
number be found ? 


216. PrincipLes.—1. The cube of a number is expressed by 
three times as many figures as the number itself, or by one or 
two less than.three times as many. 

2. The orders of units in the cube root of a number correspond 
to the number of periods of three figures each into which the num- 
ber can be separated, beginning at units. 


217. If the tens of a number are represented by ¢ and the 
units by uw, the cube of a number consisting of tens and units 
will be the cube of (¢+ wv) or 24 3@u + Stu? 4+ wv’. 

Thus, 35=38 tens + 5 units, or 30+ 5, and 353 = 308 + 3(30? x 5) 
+ 8(30 + 52) + 58 = 42875, 

EXAMPLES. 

1. What is the cube root of 13824 ? 


FIRST PROCESS. 


13-824 )20 +4 


oe) 8000 
Trial divisor, 3t? = 1200 | 5824 

3tu= 240 

“uo= ~16 
Complete divisor, = 1456 | 5824 


Exrianation.— According to Prin. 2, Art. 216, the orders of units ~ 
may be determined by separating the number into periods of three figures 
each, beginning at units. Separating 138824 thus, there are found to be 
two orders of units in the root; that is, it is composed of tens and units, 

Since the cube of tens is thousands, and the thousands of the power 
are less than 27 or 38, and more than 8 or 2%, the tens figure of the root 
must be 2. 2 tens, or 20 cubed, is 8000, and 8000 subtracted from 13824 
leaves 5824, which is equal to three times the tens? x the units + 3 times 
the tens x the units? + the units 3. 

Since three times the tens? is much greater than three times the tens x 
the units, 6824 is a little more than three times the tens? x the units 
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If, then, 5824 is divided by 3 times the tens?, or 1200, the trial divisor, the 
quotient 4 will be the units of the root, provided proper allowance has 
been made for the additions necessary to obtain the complete divisor. 

Since the complete divisor is found by adding to 3 times the tens?2, 
3 times the tens x the units and the units? (Art. 217), the complete 
divisor will be 1200 + 240 + 16, or 1456. This multiplied by 4 gives as a 
product; 5824, which, subtracted from 5824, leaves no remainder. There- 
fore, the cube root of 13824 is 24. 


SECOND PROCESS. 


13:824 | 24 
C= 8 Expianation. —In practice it is usual 
3t? = 1200 | 5824 to place figures of the same order in a 
3tu— 240 column, and to disregard the ciphers on 
“at =r 16 the right of the products. 
1456 | 5824 


Since any number may be regarded as composed of tens and 
units, the processes given have a general application. 
Thus, 468 = 46 tens + 8 units ; 3829 — 382 tens + 9 units. 
2. What is the cube root of 48228544 ? 
SoLuTion. 


;: 48228544 | 364 


Trial divisor = 3(30)? = 2700  [ 21228 
~8(80 x 6). = 6407 |. 


6? = 86 
Complete divisor  =3276 |19656 =) 


Trial divisor = 3(360)?= 388800 | 1572544 
3(3860 x 4)= 4820 


42— 1645 
Complete divisor = 393136 1572544 


Ruiz. — Separate the number into periods of three figures 
each, beginning at units. 

Find the greatest cube in the left-hand period, and write its 
root for the first figure of the required root. Cube the root, 
subtract the result from the left-hand period, and annex to the 
wemainder the neat period for a dividend. — 

Take 8 times the square of the root already found with a 
cipher annexed, for a trial divisor, and by it divide the dividend 
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The quotient, or quotient diminished, will be the second figure of 
the root. 

To this trial divisor add 3 times the product of the first part 
of the root with a cipher annexed, multiplied by the second part, 
and add also the square of the second part. Their sum will be 
the complete divisor. 

Multiply the complete divisor by the second part of the root, and 
subtract the product from the dividend. Continue thus until ail 
the figures of the root have been found. 


1. When there is a remainder after subtracting the last product, annex 
decima] ciphers and continue the process. 

2. Decimals are pointed off into periods of three figures each, by begin- 
ning at tenths and passing to the right. 

8. The cube root of a common fraction may be found by extracting 
the cube root of both numerator and denominator separately, or by 
reducing it to a decimal and then extracting its root. 

4. A rule for the extraction of any root may be formed from the 
general formulas, as is shown on page 188. 


Extract the cube root of the following: 


3. 74088. 8. 704969. 13. 5545233. 
4./ 262144. 9. 185193. 14. 2000376. 
5. 166375. 10. 250047. 15. 153990656) 
6. 34965783. 11. .015625. 16. wy. 288. 
7. 130323843. 12. 12.812904. 1'7- 000064. 
Extract the cube root to three decimal places :' RR 
18. 3. 20. 6.4. 22. 8) 24. 38. 
otal 21. .00465. os. veo 


218. To extract any root of numbers. 


By following the method for finding the sib and complete 
divisors exemplified in Art. 214, any root of a number may be 
found. 


re 


Roots of numbers‘higher than the cube are, however, rarely extracted, 
and when it is necessary to obtain them, they are usually found by the 
aid of Logarithms, as will be shown hereafter. Z\ 


Bie 


f 
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219, Thus far the exponents used have beew positive in- 
tegers. It is, however, found desirable to use fractional and 
negative exponents, even though they seem to be meaningless 
or inconsistent with the definition which has beén given of 
the term exponent. By definition, an exponent shows how 
many times a quantity is used as a factor, but the exponent in 


the expression a* cannot indicate any such fact, nor can the 
exponent in the expression a~*. be 

But since the laws governing exponents that are positive 
integers have been already established, to avoid complexity 
and confusion, fractional and negative exponents must con- 
form to the same fundamental laws, so that the laws may be 
universal in their application. Consequently it is necessary 
to interpret or explain the meaning of fractional and negative 
exponents. 


220. From the definition of an exponent the following laws 
for positive integral exponents have been established : 
Tee = a Sina") " = Gn". 


Deg se, 4, Vam™= a” 


221, The meaning of fractional exponents. 

1. What is the cube root of 2°? How is it obtained? 
Express the root by indicating the division of the exponent. 

2. In the expression a, what does 6 express? What does 
3 express ? 

3. What is the fourth root of #8? Express the root by 
indicating the division of the exponent. : 

4 

4. In the expression at, what does 8 express? What does 
4 express ? 
5. What does the numerator of a fractional exponent indi- 
cate 2 What, the denominator ? 


a 
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222, Princrete. — When the terms of the fractional exponent 
are positive integers, the numerator indicates a power, and the 
denominator a root. 


223, The truth of the principle may be shown as follows: 
Since the laws of exponents already established must apply to 
fractional as well as integral exponents, 


3 3 12 
i axaxax@cat =a 


1 1 1 n 
2. a” x a” x a® to n factors = a” = a, n being a positive integer. 
m m m nm 


3. a™ x a™ x a” ton factors =a* = a”, m and x being positive integers. 


1 
é 3 eae 5 P 
That is, @? or Va? is one of the four equal factors of a3; a" or Va is 


m 
one of the n equal factors of a; a or Va™ is one of the n equal factors 
of a. : 


Therefore, since the laws for positive integral exponents are to apply 
to positive fractional exponents, the numerator indicates a power of a 
- quantity, and the denominator its root. 


EXAMPLES. 


Express with radical signs: 


1. add'. 3. (8a). 5. Saty’. 7. 4a°b. 
5 133 2 hee 
2. 3a. 4. 2a'b5. 6. ax”. 8. adic". 


Express the following with fractional exponents: 
9. Vab. ll. (Va) 18. Vorb? as. Ve. 
10. Va. / 12. wa. 14. Vary, us. 3° aay’, 


Find the values of the following : 


m7, 166/19. (— 2. p21. Bet. 23. (.%)3, 
_ o5t oh ‘on# ; 5 
18. 25% (20. 278. _ \ 2a. gf. 24. (age)? 
The process is ened by extracting the root first. : 
ai 
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224. The meaning of any finite quantity having the exponent 0. 

It has been shown in Art. 92, that any finite quantity hav- 
ing 0 for an exponent is equal to 1. The truth of the principle 
may be shown as follows: 

By the laws of exponents already established, 

a” a" = a” 
also a” +a" =1 


*s a&=1 


225. The meaning of negative exponents. 

It was shown in Art. 92, that any quantity with a negative 
exponent is equal to its reciprocal with an equal positive 
exponent. The truth of the principle may be shown as follows: 

Assuming the laws relating to exponents to be of general 
application, 


Oo xa" = a= 1 
0 

th lad BNE | 

Dividing by a”, ar = 

aq" a” 


226. Principe. — Any factor may be transferred from one 
term of a fraction to the other, if the sign of its exponent is 
changed. 

EXAMPLES. 


Write the following with positive exponents : 


1; Sa. COE a a Toe 10. 2ab-"e. 
2.. 40-% 5. 6a-%y. 8. dary" il. Tarver 
Seg be. 61 ary*. 9.967 as. Wee Carre. 


Transfer the literal factors from the denominator to the 
numerator: 


~ 2 
a3. 22. 15. 2%. tu ae { 19. ae 
y? y~* Ya y anise 
2 B mp2 
qr Oe 16g 7 ye. 22. 20. eee. 


ALGEBRA. — 13. 
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297. Since the meanings of fractional and negative expo 
nents were obtained upon the theory that the principles and 
laws already established, relating to exponents, were of gen- 
eral application, it follows that a” x a*=a™™, whether m and 
n are integral or fractional, positive or negative. 


a” x a” = qn 
a? x aa*§ = a? = a= 


= 3 ahs: wat 
a?xa@i=a*t=a", ete. 


EXAMPLES. 


Find the product of the following: 


1. 2a° x 3a¥. 10. 4aa x aba. 

2. De om 11. 22x 4073. 

3. 3a? x 2a? 12. 5ad x 2d. 

4, 407? x 20% 13. 2a) x 3b-V a2. 
5. Bet x 2c8. 14. 0? x ave. 

6. Ta x a4 15. 36% x Babve. 
7. 3b x ab-. 16. ab? x eVB. 

8. 2a x a7*Be 17. aidbie? x alte, 


9. 3a x aa’, 18. abytz x a bya, 


19. Multiply at — atys + yi by as y?. 


of = wlyhe 

a +y 
+atyt—alytty 

£ +y 
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20. Multiply a’0’—2+4 ad? by a?4+24 4-02 


wb — 2 + ab? 
ab + 24 ap? 
a‘b-* — 2a?b? + ab® 


+ 2a —44 2a-%? 
+ ad" +2a~b? + a-‘*b 
a‘o-* +2 ao — 4 + abt 
Sa ee, —4 + a-b! 


\ 


\ 


ee — 24 ts 
21. Multiply a? +3 by a? + 8. 
22. Multiply a? +y3 by a +y3. 
23. Multiply ao aby? + ye by at yi. 
24. Multiply 2a? +24 328 by aw 42. 
25. Multiply a? + ay? + y# by at — ee %y 
26. Multiply at + ato? + bi by at —oy] 
27. Multiply #+2+1 by «—2+1.~ 


28. Multiply ay —3 + «-*y? by ay? +3 + ay 


29. Multiply a’y~?—ay+a~°y’ by w+ ay—y. p> 


30. Multiply a — y-8 4g ty? by a+ y/ 
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288, Since the law relating to exponents in division is of 
general application, a”-+-a"=a"~", whether m and n are posi- 


tive or negative, integral or fractional. 


a"=sar=an™ 
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Find the quotients of: 


1. 102 =a 


EXAMPLES. 

5. ai avs, 9. be BS, 
ok m2: =2 

6...¢° + 3. 10. b%c73-+ det, 
=e 1 a 

Ye via a 11. atet ata’, 
3 2 3 3 

8. zie, 12. 2 Yin aly’, 


|s 

| 

PS g 
eo|to | 
oa 

al Oo 
S.. es 
et 
|G 
ao 

col 

+ 

o 

Soleo 


Eel 
a3b3i—b 
ait} — aio! 
1,2 
aid’ —b 
1.3 
abs — b 


14. Divide Qaby1— 20 +18 andy by ayn by 2x3 By. 


Qa3y3— 20 + 18 aby 


Divide: 
15. 


16. 
itr 
18. 


19. 


aly Qat— 3y? 


3] 


—4ety}— 14418 aby 
— 6—12a7 ty? 4 18a7fy 


a+2atytty by ab + yt. 

1 i. 
e—y by w— yy, 
ai 4 2aidi+ pi by at +3. 
a+S3ate+ 3atel4+a by abtat. 
ay by w+ atyt+ yi. 
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20. way aly? 4 3 by ant yo} 
21. a8 — 3 y-ty-2 4. 3an-ty-t y 7-6 by ey ea 
i a7°t? + a71b + ab- — ab? by a? + B. 
oe by ra ee a 
229, Since the law relating {to / ‘exponents in t vohinon 
is of general application, (a”)"=a™ whether m and n be 
positive or negative, integral or fractional. 


According to the general law (a™)-"= a7. 
It can be shown to be true in the following manner: 


1. To show that (OP )o Pee 
m\—n __ ys aoe dy — y-mn 
(a ) ee (a™)” qm =a 
2.. To show that (q”) are 
: are Bes aegis by 2 ee 


care faye VOR at 


The other instances may be shown by similar processes. 


J } EXAMPLES. 
Find the values of : 
P 2 / a2 = 2 -} 
1. (a4) > /f.5. (ab). 9. (o78)%, 13. (28)73, 
2 (a3)t 6. (a) 10. (9°83, 14. (arty?) 
3. (ct)-8. 7. (es) 1a. (8a-*)-h, 16. (1602) 
Pe i, a" 3 9 at \-3 
2). | sty, aa. (86x46. eo) i, 
nen 
230. MISCELLANEOUS oho PLES. 
Expand: 
(a} + 04), a Gt ty at _—y. 
2. (et — yf)? 5. (a? +y?)*(@—y). 


3. (c8 + 28)?2, 6. (ai +21)? (a? — 23), 
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Multiply : 
7. a? + aos + be by Gh oF: 
8. cl—Qot +4 by eit 
9. 4a8 + 20%) +305d5 +9 by 2a' —d. 
10. 2? — ay? + y” by a? + y?. 
Divide: 
ll. Qe+eP+ter +1 by 3ch +1. 
12. ab? +2+ a0? by ab+a7"d. 
13. 2" —y™" by a — y". 
14. attatat+1 by ai +203 +1. 


Extract the square root of :\ 


\ 


BS. Po 409410 — 10h + oy 
16. 4a+12a?d? + 4ade + 9b) +6584 C2 
We a? +4a3 —10073 + 4a3 — 2003 +4 25. 
18. 2+ 2et4+3at 42a? +1. 
19. 4a? — 20a%y' + 37 atyt — 30aty? 4 9y?. 
Extract the cube root of: —— 
20. +12" + 4803 + 64, 
21) ol Rofo p OB aT. 
22. poe thaty! + Gay + 8yt. 
23. 844 L120? 30a — 834 4502 + 270? — 97a 
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281, 1. In what two ways may the root of a quantity be 
indicated ? 


2. What is indicated by V2?? By (3a)?? By 5b*? 


3. In the expression 5-/2’, what shows how many times 
-/ is taken ? 


4. What is that called which shows how many times a 
quantity is taken ? 


5. To what quantity without the radical sign is V9.2? 
exactly equal? V360?? V49m?? W27a5? 


6. To what quantity without the radical sign is V7 a exactly 
equal? V8"? Wi2ai? 1502? 102"? 


7. What is the square root of 9? Of4? Of9x4? What 
is the square root of a7? Of 6’? Of a? xb’? What is the 
cube root of 8? Of 27? Of8 x27? 


8. How does the product of the roots of two quantities 
compare with the root of the product of the quantities ? 


9. How, then, does the root of a quantity compare with the 


product of the roots of its factors ? 


932, A Radical Quantity, or Radical, is an indicated root of a 
quantity. . 

The root may be indicated by the radical sign or by a 
fractional exponent. 


Thus, V7 2x2, 25 a2, v4 bey x3, (6 a), and (4 a)? are radical quantities. 
199 
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233. The Coefficient of a radical is the quantity prefixed to 
the radical part to show how many times it is taken. 


Thus, a is the coefficient of avy, and be of bea. 

234, The Degree of a radical is indicated by the index of the 
radical or the denominator of the fractional exponent. 

Thus, Vx, wee? (7+ y) z are radicals of the second degree. 

Vy, Vat, (¢+ a)?, are radicals of the third degree. 

235, Similar Radicals are those which have the same quantity 
under the radical sign, with the same index, or which have the 
same fractional exponent. 

Thus, 5V2y, a Va2y, 5 b(a2y)?, are similar radicals. 

236. A Rational Quantity is a quantity without a radical sign, 
or an indicated root which can be extracted exactly. 

3 i : ae 

Thus, V4922, V27y3, (a? +2 ab + b?)?, are rational quantities. 

237. A Surd, or Irrational Quantity, is an indicated root which 
cannot be extracted exactly. 

Thus, V3a, V7a2, (a2 + b2)2, are irrational quantities. 

A surd of the second degree is called a Quadratic Surd. 

238. PrincipLE.— The root of any quantity is equal to the 
product of the same roots of its factors, 

/ 
REDUCTION OF RADICALS. 
239, To reduce a radical to its simplest form. 


When a radical is integral, is in its lowest degree, and con- 
tains no rational factor, it is in its simplest form. 


1. Reduce 16 a’x to its simplest form. 


PROCESS. 
V16 aa =V16 a? x Vae=4avV2 


Expranation, —The radical V16 @« is not in its simplest form, for it 
contains a rational factor V16 a2, or 4a. 
Therefore, we separate 16 ax into two factors, one of which, V16 a 
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is its highest rational factor and the other, Vx, the remaining surd 
factor. 

We simplify the rational factor by extracting the square root, and write 
it as a coefficient of the surd factor. - 


Norr. — Although 16 a? has two square roots, +4a and — 4a, by 
common agreement only the positive square root, 4a, is regarded in the 
discussion of radicals. This is called the principal root. 


2. Reduce 1/432 to its simplest form. 


SoLuTiIon. 
V 4382 =V/216 x Y= 6V/2 


Rue. — Separate the radical into two factors, one of which is 
its highest rational factor. 

Extract the required root of the rational factor, multiply the 
result by the coefficient of the given radical, and re the product 
as the coefficient of the surd. 


Reduce the following to their simplest form: 


3. V45. 1 ViSs 88. Ve ae 
75 14. 360%. 24. Va + ay? 
15. V5 ay4. 25. Vaa?— ae 
Ve. V1000%. | 26 V2 + by. 


17. V432a%xy.\ 27. V30° + bin. 
48. /Slay. \ 28. Vax — Daly. 
or gee 29. VW4aa—8. 
20.( 5V18 ay, | 30. V9a?+18y. 
i \\31. VIG + Bhat, 
22. Mae C 2. VO—ay 
. @tyvVe— 2 00?y + wy’. 
34. ava’ +20 + ab}. 37. (at wy + ay), 
35. (a+b) Vai — ad*. 38. 4a(x +2ay + ay’)? 


202 
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240, A Fractional Radical: Quantity is.in its simplest form, 
when only a surd in its simplest form without a denominator 


is left under the radical. 


39. Reduce Ve to its simplest form. 


PROCESS. 


15.a*b 


sa Ba? x 5b 
cee. 


25b? 


et 0A, eae 
ASOD eee 
NE 2h 5b 


/15b 


ExpLaNnation. — Since the denominator is to be removed, it must be 


made a perfect square. 
the fraction by 50. 


This can be done by multiplying the terms of 
Then factoring, as in previous examples, and ex- 


tracting the root of the rational part, the result is a V15 6, which is the 
5b 


simplest form of the original expression. 


Reduce the following to their simplest form : 


40. a: 43. 43). 
o 9 


a. (ot 


/ 
241, To reduce a quantity to the form of a radical/- 


46. 4 aay, a9. -/2&. 
6ab 5a 


48. Ve: 51. 
x 


1. What is the root of V4a?? 
the radical sign of the second degree is 2a equal ? 


2. What is the value of 


/ 27 ab ? 


——- 50. 


55. («? — 


i - 
a +b 
56. Baz) 

vy 


57. 5 nie = nae 
ay? j 


| 


/ 
} 
| 


To what quantity under 


To what quantity under 


the radical sign cf the third degree is 3a equal ? 
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EXAMPLES. 
1. Reduce 6a’xy to the form of the cube root. 
PROCESS. 


6 aay = V (6 @ay)? =V216 aay? 


ExpLaANation. — Since any quantity is equal to the cube root of its 
cube, 6 ay is equal to the cube root of (6 aay)’, or V216 aary?. 


Rus. — Raise the quantity to the power corresponding to the 
index of the given root, and place the result under the appropri- 
ate radical sign. 


The coefficient of a radical quantity may be placed under the radical 
sign by raising the coefficient to the power indicated by the index of the 
radical, and multiplying the quantity under the radical by the result. 


Reduce to the form of the square root: 
2. dan’. 4. 4a’my. 6. d3aey*. 8. a+b. 
8. 2ay. 5. 5a’y. 7. Sax, 9. Sa’x-* 
Reduce to the form of the cube root: 
10. 2a. 12. 2btc. 14. 3a2b?. 16s, Tega 
11. 3aa%. 13. day. 15. aa, 17. (a4b)% 


Express entirely under the radical : 


18. 2ava?+y?’. a 

‘Bin. 22. (w—y) “ 
19. (wa+y)V2¢. oY, 
20. Sava? — b* 


23. (a? — y?)4/——e —_. 
21. (a—b)Va+b. ‘i Nay 


242. To reduce radicals to equivalent radicals of the same degree. 


1. To what fraction in lower terms is ? equal? By what 
equivalent expression having an exponent in lower terms 
4 
can a® be expressed ? at? at? at? 
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2. Express at by an equivalent expression, with an exponent 
in higher terms. Express, in like manner, a? and yp. 

3. By what equivalent expressions with a common denomi- 
nator, may a? and a? be expressed ? 


EXAMPLES, 


1. Reduce Vay and Vay to equivalent radicals of the 
same degree. 
PROCESS. 


Vay = (ay)? = (ay)? =Vay 
Vaty = (ay) = (vy)! = Vay 
ExpLanatTion. — Expressing the quantities with their fractional ex- 


ponents, they are (xy)? and @y)?. These expressed as radicals of the 


same degree, are (xy)® and (x2y) Raising each quantity to the power 
indicated by the numerator of its exponent, and placing the result under 
the radical sign, with an index equal to the denominator of the exponent, 
we have as a result, Va¥y3 and Vaty?. 


Rue. — [f necessary, express the given radicals with fractional 
exponents. Reduce the fractional exponents to equivalent expo- 
nents having a common denominator. 

Raise each quantity to the power indicated by the numerator 
of its exponent, and jindicate the root which is expressed by the 
common denominator. 


Reduce the following to radicals of the same degree: 


2. 10 and V3. 8. Vaa, Voy, and Vaz. 
8. Va'e and Vary. 9. Vara, Yay, and Voy. 
4. Vaiy and Vary. 10. V%, VG, and V2. 

5. Vary and V xyz. bee age 

6. Vay! and aay’, xs V5 Ve and Vat. 

7. Vax and Voy. 12. Va+b(andYa pb 


rs 
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ADDITION AND SUBTRACTION OF RADICALS. 


243, PrincipLe. —Only similar radicals can be combined into 
one term by addition or subtraction. 


1. Find the sum of 27, 2/48, and 3/108. 


Exrianation. — Since the radical quantities are 
_ not similar, they must be reduced to similar radi- 
V27 = 3V3 cals before adding. Expressing the radicals in their 
2/48 = 8/3 simplest form, V27=3V3, 2V48=8V3, and 
3-/108 =18.\/3 3V108=18V3. Therefore, since they all have the 
—_.——= same radical factor with the same index, they are 
Sum = 29-V3 similar, and their sum is the sum of the coefficients 
prefixed to the common radical factor. 


PROCESS. 


Find the sum of: 


( 2. ~V18, 128, and 32. (f 6. 162, 1/384, and +/750. 
Savi, VIB, and VB. {C1 3VF¥ and TVR 
(4. ¥33, 108, and ~/256.| 8. V2, VBA, and V294. 
( 5. _3v200, 4/50, andy vE\ 9. V3, V4, and hV3. 
-#vi, iv? “tk v4 
. 8V2420%y? and Lay Vie. 
. V108, 243, and 300. 

V98 ay, V128 ay, and V162a%y*. 
. 40, 135, and 320. 


Simplify : 
15. V244+~V54—V96. 19. V8a%y+ V8b'y— V50 cy. 


16. V124+3V75 —2V27. 20. W128 +686 —V54. 
17. 5V72 + 3V18 — V50. 21. V192a —V75a+V12a. 
18. V45a!+5-—V/2008— 800%. 96) 4V8+7V14 — SV II. 
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23. te 2 a 26. V(etyy%et (a — y)*2. 
a 


S ab? pee ay a7. V5 +720 — 2V'4. ; ’ 
Cre 
de Nata NV pe Qe ao 
oy 
25. 48 +7768 —\/243. 8 Nzayt y 


29. ayia! +\/xbye —V/ a yNe®. 7) 
30. +256 + 3/500 — 2-108. 

31. V288 —V/392 +450. Z 

39. WV eld ae Oa Bla! oad. 

33. 6V34 4V4—V27. 

34, 20/3" 4+ 5V9a® —V27 a. 

35. V20°+ 4ay + 2y°—V2e —Aay+ 2y? 

36. V32a%y® + ~/162 acats —V 512 aty® + 1250 arty’. 


3a. 9 4] a 
1i 7 27 bP 


38. V72 ali ae geet 


Pe oes OF RADICALS. 


Siao 


— 


244, 1. When similar quantities have exponents, how is 
their product obtained ? 


2. What is the tae of ar x ar? a” xX ane atx ab? 
1 


axat? atxat? atx alo? became ae Ba i t/be 


3. Express with fractional exponents Va’; Var; Vo; Va", 


EXAMPLES. 


1. 8V4 x 2V12 = 6V48 =6V3 x V16 = 24-V3 


2. 8avb6ay x 2bV3 ay = 6 abV18 2% = 6 abVO xy x V2 
= ld abayV2 


: 
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ss —== 1 i 2 
3. Vary x Vaa?y? = (axy)) x (ax8y3)2 =(axy)? x (aa3y3)é 
=Vaewe x Vewy = Varchyt — ay V @ayp 


Rute. — Reduce the radical factors to the same degree, if 
necessary. ; 

Multiply the coefficients together for the coefficient of the prod- 
uct, and the factors under the-radical-for the radical factor of the 
product, and simplify the result. 


Multiply : 

4. 2V3 by 8V8. 12. 4/3 by 51/45. 
5. 2V8 by 3V6. 13. 2/10 by 3-50. 
6. 3V5 by 2V15. 14. 2/3 by. 35/2. 
“ee 39 by 28, 15. 3V2 by V3. 

8. 3V6 by V9. 16. V4 by V5. 

9. 3V10 by 4V14. 17. 3V3 by 2V5. 
10. 2V10 by 3V125. 18. 23 by 3V4. 
11. 3°/8 by 2/16. 19. 3/32 by 4V108. 


Find the value of : 
20. V3a% x V9a" x V2ab% 
21. V3axV2ab xwve. 
22. 2Vay x V3ay? x V6 ay. 
23. Vary x V2ay x V3a%y?. 
24. /3axy? x Vaxy x Vaaty. 
25. Vab x 2Vac x VaR’. 
26. 2V2Qay x 3V ay x BV8 xy. 
a7. VE xvi x V3. 


rsa 
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28. Vixvix V3. 31. V2 xVEx V3. 


29. VExVE KV. 
30. VExVExViL 


82. VE x74 x Vi. 
33. Vix VE x Ve. 


34, Multiply 8+4V2 by 2—v2. 


Multiply : 
35. 
36. 
37. 
38. 
39. 
40. 
41. 
42. 
43. 
44, 


45. 


46. 


844/72 
mE 5) 
164+8V2 
—8V2—4V/4 
16 —4V/4 
=16—8=8. 


344V2 by 4—3-V2. 

4+3V3 by 5+2V3. 

5+4V/5 by 5—4V5. 

V3 +472 by V3—3Vv2. 
2V6— V3 by V6—5V3. 
4V/3.—avb br 2Ve + a7 

IVT —2V bys 27 A wo 
4Va+2Vb by 4Va+2V0. 
9V8a+2 by 2—9V38a. . 
a+Vab+b by Va— vo. 
SVE v2 oO See ee 
e+aV34+1 by «V3 +1 
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DIVISION OF RADICALS. 


245. 1. When similar quantities have exponents, how is 
their quotient obtained ? 
2. What is the quotient of a+a?? a™+a"? at+at? 


a. a + ab? a? at? qm = Gee Vai + eee Ve? 


EXAMPLES. 
2. V4 + V36 = Vid ~ VR =VE + VE H=V9=3 


3. Vay + Vaxy = (ax)? + (any) =(axty)® + (acy)? 
= Vea + Venye = Vary! = xyVaxy 


Find the quotients of: 


4 25/27 + 60/3. 15. V4+V6. 

5. 15/48 + 5V12. 16. V72 +~/64. 

6. 3V75 + 9V3. 17, Vil a3 

7. 5V60 + 6V5. 18. 3V/18 + V6. 
SANT Sy 32. eC OV an + 2V ay. 

Mo: 1/205 + 5/5. 20. Via + V2 a0. 

10. 9/256 + 18-V2. / all ‘hes 1/2 m2. 

11. 3V2+ V2. \.22. V8ary + V6a%y. 
12.-V3- 7 “we Xs. ON wpe + BN) ape. 
18. pele -« 5. 24. eo 


ra BV ae + 4 VarA?. 25. BV atnly + Vai 

ae “26. ‘Divide V20+-V12 by V54-V3. 

“en. Divide 6+ 11V2+6 by 34-v2. 

< 98. Divide 8+ 10-V5+15 by 2+ V5. 
Na 


e 


RA. — 14, % 


\ 
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29. Divide 12+17,./6 +36 by 3+2V6. 
30. (12 =2V/4 —748)= V 12. 
31. (av/a —W a — dV a + bb") + (Wa —V). 
32. (e@+y—z2+2Vay) + (Va+Vy—V2). 


INVOLUTION AND EVOLUTION OF RADICALS. 


246. In finding the powers and roots of radicals it-is com- 


monly convenient to use fractional exponents. H be 
EXAMPLES. \ 
1. What is the cube of 3x? 


3 
2 


(3Vx)? =(Sa2)? = 38x? = 27 a 
2. What is the square of 3/16? 

(3716)? =(3-x 164)? = 82 x 162 =9 x 4 = 30 
3. What is the square of 2+3-Va? 


(2+ 8Vx)? =44 12Vz 4+ 9Ve2 = 44 12V2 + 9x 
In such cases use the binomial formula in expanding. 


=271Va8 = 2 ave 


Square : Cube : Square: 

As Dee ey. 8. Saree 12. 44 5Va. 

5. 3V 2a. 9. 2aV3a. 18. 3=<Ta/a. 

6. 4307. 10. 3V12az. 14. V3+4 25. 
7 3aVE8. 11. 4aVam. 15. V7 4+ 5aVaz. 


16. What is the cube root of 8-/ab? 

V8-Vab = V8 x V Vab = 2 [(ab)*]$ = 2d)! = 2-Yab. 
17. What is the square root of V16 a? 

V Viéx =[(16x)*]? =(16x)* = Vida. 


; -g 
Observe that the root of the quantity under the radical may be found — 
“by multiplying the index of the radical by the index of the required root, 
b : 
Se ae 


a 


a cian | mae ae 


} / AS ve 
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Find/the square root of: Find the cube root of : 
1893: 21. Vam. 24. V48.\ at. V/xdy. 
19. 3-5. 22. ax. 25.° Vary. 28. ~/36. 
20. 4/10. _ 28. in “he, VIZ. a9, Vaeatp 
ne al to Sa en 2 


oa RATIONALIZATION. P33 
a 247. 1. What is a rational quantity ? 


Ae 


ae : 
~2. By what quantity - may Yarhe“multiplied to produce a 
rational quantity ? ee pat Va? Vo? 


a _ 248. Rationalization is the process of changing a quantity 
“under the radical sign so that the indicated root may be 
4 extracted. 


\ 


. 249, To rationalize a monomial surd, = 


— 


(EXAMPLES. \ 
1. What factor will rationalize 2a? 
PROCESS. 
ae xV2a=V4e = 2a 


q . V2a is the rationalizing factor. 


Y EXPLANATION, “Since the quantity under the radical sign is to be 
changed so that the indicated root may be extracted, V2 a must be multi- 

, plied by a factor which will render the radical a perfect square. Any 
quantity multiplied by itself gives a perfect square, hence V2qa is multi- 
plied by V2 a. 


2, What factor will rationalize x/3a?? 


V3@ x V9a =V27 a = 3a 
-, V9a is the rationalizing factor. 


with a rational denominator. 
5ab [fie 
‘2a _ 2avbab_ _2avbab_ 2av5ab_2Vb5ab : AS 
[V5ab ViabVbab V25a%? = Bab ae ete 


_Express the fraction 


> 
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Express thepeowing with rational denominators: 


4. sal thie es . 10. au BP 

V2a V2 a V92 : 

2 

5. Le Pie ia 133 a ; 

V4 V2a V16 28 ee 
g. 2v4. 9) eee cae 2s ./ 

Vx Vd.abx V 27 a 

; ue 


250. To rationalize a binomial surd of the second degree. 


1. By what quantity must a+6 be multiplied so that the 
terms of the product will be squares ? 


2. By what quantity must Va+-V0 be multiplied so that 
the terms of the product may be rational? 


3. What is the product of (Va+~Vy)(Wa2—VvVy)? 


EXAMPLES. 


1. What factor will rationalize 2 —~V/3? 
PROCESS. 
(V2 —V3)(V24+V3)=V4—-V9=2—-3=-1 
w. V2+-V83 is the rationalizing factor. 


ExpLaNnation. — Since the binomial will be rationalized when both - 
‘terms are made perfect squares, it must be multiplied by V2 +3, since 
the product of the sum and difference of two quantities is the difference 
of their squares. 


2. Express with a rational denominator —°—. 
2+V3 
Soxvrion. ; 
5 _ _-5(2—v3) _——_ 10-5 V8 __ 10 ~ VB 
24+V8 (24+V8)(2—v38)  4-V9 1 


.. 2 —V3 is the factor which rationalizes the denominator. 
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3. Express with a rational denominator Ma+e—Va. 
Va+e+va 


SoLuTion. 


Va+%—-—Va_ (Va+«—Va)? 
Va+a+Va (Vata+vVa)(Va+x2—Va) 


_atue—2Vae4+ axta 
atx—a 


—24+4—2Va? + ae 
x 


Express the following with rational denominators : 


4 4/5, 10. MOEN. 
? 7 Ok. Teepe gaermee 
24+V3' iVa-—Vva2 
5. 43 : 11 : Va $1 +3. 
2 n/2 pratt. 
; | | 
6. bi \ 12. to 1 
a—iVy | es Mew? — 1 
M oe 13. Va+3—Va. 
Vae+Vz N/a + 8 + Va f 
5 Vp v2} ia ae Oe é 
V3 +72 Vide —Vb —e ' 
9 o+V2. 15 ; w —2— Va? + 2- SS 
x—WV2 Vo? — 247 e+ 2 \ 
conical E 
16. Find the approximate valué of —- 
V3 
SoLuTION. 
5 _ 5V8 _ 5V3 _ 5 x 1.78205 _ 9 ga675 
v3 V8V8 3 
sr 
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Find the approximate values of: 


G 4 Vaan 
17. ——: OG aaa DEY, ee Se 
Va 300 VEN eo 
19, 28. gies 24, V8+V5. 
V3 V147 V8—~V5 
4 1 4 
19. ——- 22. = 25) 
v2 3v2 V3 4+V2 


251. To find the square root of a binomial surd. 
(24+V3)?= 44+4V3 4+3= 74+4V3 
(V3 +V5)?= 342VI5+5= 84+2V15 
(2V5 4+-V7)? = 20 +4V35 +7 = 27 + 4-35 


1. What is the square of 2 +~/3? Since 7 +4V3 is the 
square of 2+-+/3, what is the square root of 7 +43? 


2. What is the square root of 8+2V15, given in the 
second example? Of 27 + 4/35, given in the third example? 


3. How may 7 in the first example be obtained from the 
terms of the binomial? 8 in the second? 27 in the third? 


4: How is each of the surd quantities in the power obtained ° 
from the terms of the binomial ? 


252. A Binomial Surd is a binomial, either or both of whose 
terms are surds. 


Thus 2+ V3, V3 + V5, etc., are binomial surds. 


258. PrincirpLe.— A binomial surd whose ‘square root can 
be extracted is composed of two parts, one of which is rational 
and equal to the sum of the squares of the terms of the root, 
and the other of which is irrational and composed of twice the 
product of the terms of the root. 
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EXAMPLES. 


1. Find the square root of 12 + 2/35. 


So.urion. 
Let x + y= the square root of 12 + 2/35 
Then, Prin., eye 12 (1) 

and 2 ay = 2/35 (2) 

(1)+(2) . w+ 2ay ty? = 12 + 235 (8) 
(1)—(2) \ ®—2ay +y?= 12 —2-V35 (4) 
(3) (# +)? =12 + 2V35 
(4) (a — y)? = 12 — 2/35 
(3) x (4) (x? Sy’)? = 144 — 140 = 4 oka) 
Square root, a — y= 2 (6) 
(6) + (4) 2a? = 14 

v= V9 : ; 

y=Vd 


o V12 4 2V35=-V74+-V5 


Expianation. — Since the rational quantity is the sum of the squares 
of the terms of the root of the binomial, it may be assumed to be equal to 
x? + y?, and since the surd is twice the product of the two terms of the 
root, it will be represented by 2ay. Consequently, x+y will be the 
square root of the quantity. : 


2. Find the square root of 7 + 4/3 by inspection. 


Expranation. — Since 4-V3 is twice the product of the terms of the root, 
their product is 23. Since their product is 2V3 or V12, the factors of 
V12, the sum of whose squares is 7, must be the terms of the root. They 
are readily seen to be V4 and v3, hence the square root of the quantity 
is 2 + V3. 


3. Find the square root of 31 + 4/21 by inspection. 


SoLuTIOoN. 
4 of 4V21 = 2V21 or V84 
V84 — V3 x V/28 


“. V3 +028 or V3 4+ 2V7 is the square root. 
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e following: 


Find the square rogt 


‘A 
f 


4. B$2V6. ‘19/15 44/14. 16. 15—2-V56. 
5. 942V8.\// Al. 28+ 5-V12. 17. 1443-20. 
6. 8 — 2/16. 4 12. 134+ 2/30. 18. 6+-~V35. 
Pa NEL GN 13. 7—2V10. fo, 28 +10-V3._ —— 
$) 6apgav5. 14. 1f+4 2/30. 20. m?+n+2mvVn. 
9. 5— Vb 15. 2m—2Vmi—n fi. $54 2-VI56. 


254, If a+-Vy=a+vo, then e=a and Vy=Vob. 


If « does not equal a, x must equal a + m. 


Then, atm+Vy=a+vo 
Reducing, tm+Vy=vb 
Squaring, mt2mVy+y=b 

; ~ b—m’-—y 
Transposing, etc., Vy= SS Sin 


This conclusion is absurd, for Vy, a surd, cannot be equal to 
a rational quantity. Hence, x cannot be equal to a +m, and 


must be equal to a, and Vy=~Vo. Therefore, 
In any equation consisting of rational quantities and quad- 


ratic surds, the rational parts are equal and also the irrational 
parts. : 


REVIEW EXERCISES. 


255, Expand : 

ay (a + 6)". 3. (2a—38b)* 5. (8a+4b)* 
Zu ,oy* ae. oye a ob 

ck. Sate) se a eee th § 
Ga) ee! ( 4 ; 

eT. (a +)" to 6 terms. (y (%+ y)* to 6 terms. 


‘B.w'(a + b)"-* to 5 terms. 10. (1+ 2243y+42)2 


a 


‘ as “oe. Sen. 
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Spy 


pF ing Sb AB ee v8. 


13. 2V8—4V12 +4-V27 — 2V¥. \ 

16 4+-4/81 — 2/— 5 + 8/199 -7 49. % 
t 

15. V48ab?+ dV75a4+-V3a(a— 9b)? 


Extract the square root of: 


A 
3 


16. 9a — 24 aby? + 1247 + 16y% —16y8 +4. 


17. 4a% + 403 — 150? — 8a! + 16a’. 


4 


18. 2 — Any’ + 6x%y3 — Aady + y°. 


\o. 9a —120% + 1028 — 2804 +172 — 80 + 16. 


Extract the cube root of: 


20. 5° -—1—30°+ a°— 3a. 


Pi. a —6x4 152 — 20a) +1503 —6at +1. 

a a Sattyt?— Saryé —11 atyt +6 aby? + 12 gltyte — 83. 
23. ata + ate. 

Multiply : 


» 24. Vat+Va—a4+va bye Va—Va eo 
25. VatVa—-a@ by Vie a— &. 
we x 


2, a 


= 
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7 m+mn+n? by m+Vmn+n. 
28. at+yt by 2+ayV2+4+ 7°. 


a—Ta? a 


29): 2 ee ee ee =k 
aba 14 Va 


Expand : 
30. (W2y? + Vaty)?. 32. (8V8.4+5V3)* 
= a 
(2+e0V2«e+y)’. 33. (V1—2+2)’, 
Find the values of the following : 
34. (V12)%, 36. (aVa)* 38. \V64. 
35. (Van)? 37. (3V3)%. (9. \W/54 2. 
Rationalize the denominators of: 
40. 2V3. ag, 2V84+8V2_ 
3—V3 5+2V6 
a1, 3+V5_ a5, 10V6—2V7. 
V3 — V2 38V6+42V7 
42. a1Va s, 46. stve—*. 
Va—Vb , c—Ve = 
} 
43. 44 3V2. “at, V mba — ar 
—2V2 ee ae ee 


Find the approximate values of the following to three 
decimal places : 


4a Be age BV 2. ee VIi+V3. 25 V3 

V5 V3 Mi ws EE Ya + 2/3 
Extract the square root of: 

a eee 9 54. 24 — 2/63. 56. 47 —6+~10. 


BF" 43 — 15-8. 5b. 22—4-/30. BY. 23 —\/528. 


RADICAL EQUATIONS. 


256. 1. In the equation Vx=2, what is the value of a? 
How is it obtained ? 


2. In the equation V2x=4, how may the value of wz be 
obtained ? How in the equation Va+2=4? ° 

257, A Radical Equation is an equation containing a radical 
quantity. 

Thus, Vz =5, Ve +3=6, Ve +5=V3z, are radical equations. 


EXAMPLES. 


1. Given V2+6= 9, to find the value of a. 


SoLurion. 

Ve+6=9 

Transposing, Va =8 
Squaring, J n= 9 


2. Given V4+2=4—YVs, to find the value of z. 


SoLurIon. 
V4+"4=4-—Va 
Squaring, 4+4=16-—8Vxe+¢% 
Transposing, 8Vx = 12 
Dividing by 4, 2V%= 8 
Squaring, 4%=9 
= 2} 
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C— We __ xe 


3. Given “ to find the value of a. 
x 
SoLurion. 
& — aa - Ve 
Vi x 
Clearing of fractions, ao —ax2=x 
Dividing by x, e—- ae=1 
Factoring, Q-—ajx=1 y 
1 
C= 
r l-—a 
/ A 
\ 


2V4a4+2_ V4r+6, 
2V4e—7 V4a—1 
SoLoution. 

2V4a4+2_ V4x+6 

2V4e—7 V4xe-1 


Reducing to mixed quantities, 


“4.-Given 


1} ee 
2V4a4—7 V4a—1 
9 7 


Transposing, etc., 


Spy ee ee 
Clearing of fractions, 9V4a—9=14V4x2—49 


Transposing, etc., 5V4e =40\ 

Dividing by 5, V4n=8 | 

Squaring, 44% = 64 
x = 16 


Sucerstrons.—1. Transpose the terms so that the radical 
quantity, if there be but one, or the more complex radical, if 
there be more than one, may constitute one member of the equa- 
tion; then raise each member to a power of the same degree as 
the radical. 

2. When the equation is not freed from radicals by the first 
involution, proceed again as indicated in Suggestion 1. 


3. Simplify the equation as much as possible before perform- 
ing the involution. 
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4. Sometimes it may be advantageous to clear a radical 
equation of fractions, only in part. This will be especially con- 
venient when a radical denominator and another numerator are 
similar. 

5. It is sometimes convenient to rationalize the denominator 
before clearing of fractions or involving. 


Solve the following equations: 


5. Ve+7 =9. 21. Ve+vV84e= 12 ‘ 
6. V2a—5=3. Seo 


38a—1 —V3e—1_ 


PR; | 22. A 
V3a+1 ita 24}, \~ 
< Wa setae oar: as os acme 4 
8s W444 —16 = 2: 23. a+ Va? —VI— a2 =\.| 4 
LN, 9=6. j 229 S058 
on 24. Vit ave iWad +. 
10. V2e+34+4=7. CDE: 
wf 25. Va—x= g — ie, 
11. V#?—9+a¢=9. Wis ¢ 
12. Vf 11+ f=. Be aa —1 — Mapa 1 iy 
ge ee 5 
Mes, Vae+1 2 
13. V16+a¢+Ve=8. _ 
Va + 28 32 
; jana a Pr QT — = — 
14. Va—16=8 —Vz2. ee hk 
18. Ve—21 =Voe—t. : VE+16_ Va+32 
16. Va+5+Vae=5. Vere ovVer2 
17. Ve—15+V2= 15. aN ee 
* i A i VO Seon ap ad 
18. 2Wa—W4a—22=Vv2. Bi 
Vt—3. Ve—4 
—, sae 36 BO Oe ee 
Le 


Secs: 


20. Ve+Ve—4= 4 


Va—8 _ Va—4 
\/¢ +2 
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38V2e4+10 V20+16 V5 +e+V5—e_o 


s * a VE 38. 
3V22—10 ~“vV2z—4 V5 +a—V5—2 
33. Va2+8—Va—8=2V2. 30. Va+Va-—%_. 
Sy pa e Va—Va—«@ 
a a —e = 
4. - = SCO 
ao a a b a0. /¢EN@ op. 
a—Va 
iL ne hanes 
35. -— =vi1l : = = 
a pe hae 41. b—-NES se 
b+V¥—-2 
ge VOT PENNE 5, 4g, 22 V2a—40 _, 
ee ae ve 20 +Vin—4e* 
V4e 41+ 2Va ry eee | 
ST 43. V2e2+1=1=——— 
V40 +1 2V a ‘ s wl Fea 
a4, Sb 3s eel a 
V4a+3—2Vae—1 LE 
45. #3 _VetVv3, 973 
Ve V3 a 
46. (vido — 8) Ova) ae oe by 
Va—2 er 


4%. Vet pdet 12 7 io 1 — 0 aan 
48. x—a _ Va—vVva 
Ve+vVa 3 

49. VetatvVetb=vV4etat 3b. 
Ve+i—Ve—1 1 
Vest Ve 1) 2 
Veta +a _d 
Vai+tor—_a2 ¢ 


+ 2V ay 


50. 


51. 


/ at+a+~V/2ax 


ibs 
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O68: 1. How is the degree of an equation determined ? 
‘t. 170.) 


/2.\ What is the degree of the equation *+2=7? Of 
4—8? Ofa?+4ea—15? Of a+ay=12? 


{ ‘i 
As. What are the equations of the second degree called ? 


Ay 
i h. When x’=4, what is the value of «? What, when 
=9? What, when 2?=a?? 


Fu How many values has # in these equations? How do 
| the values of x compare numerically ? What are the signs of 
values of «? 


A A Quadratic Equation is an equation of the second 


260, A Pure Quadratic Equation is an equation which contains 
nly the second power of the unknown quantity. 


Thus, 422% = 16, and az? =b, are pure quadratics. 


~ 261, A Pure Quadratic Equation is sometimes called an 
Incomplete Quadratic Equation because the first power of the 
unknown quantity is wanting. 


262, A Root’ of an equation is a value of the unknown 
quantity, 


When a root of an equation is substituted for the unknown quantity 
tisfies the equation, or renders the members of the equation identical. 


223 


4 HIGH SCHOOL ALGEBRA. 


PURE QUADRATICS. 


263. Since pure quadratic equations contain only the second , 
power of the unknown quantity, they may always be reduced 
to the general form of az? = b, in which a represents the coeffi- 
cient of «, and b the other terms. 


264, Principle. — Hvery pure quadratic equation has two 
roots numerically equal, but having opposite signs. 


EXAMPLES. 


2 
1. Given 3a?+ 3 = 14, to find the value of a. 


SoLuTIon. . 
: a 
87 + = ihe 
6x? + xv? = 28 
Tx = 28 
w=4 
Extracting the square root, a=+2 


2. Given az? + c= ba’ + d, to find a. 
Sovurion. 
ax? + c= b2?+d 
ax? — ba? =d —¢ 
(a—b)aw=d—e 


Pope, d—c 
a—b 
Extracting the square root, x= + " = : 
a — 


Solve the following equations : 


$: oa = 46, 
: * vs Saf {7 oe ag. 

4. 80°47 = 0° +15. 4 

5. 2e°?—6= 66. 8. 2a = 3 + 35. 
2_ 2 19 "ge 9 

s. HEEL 9. Sas eee 


Bhat Bae 


10. 


11. 


12. 
13. 
14. 


15. 


16. 


17. 
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peas 4 ni 
— ° wy) = — — |, 
Z 243 18. («+ 2)(«— 2) 1 1 
e493" —3 TO ae 
3 5 e—a 
pe oe) 
5a? —3 = 2a? + 24, $0. @bn/ea oe 
Te? +4—=327?4 40. ve 3 
(a +2)? = 4045. Be ie eS, 
VF +5 ; 
e+4 Jats eee 
ae ag a ee 22. a -+\/2?+2Vi—@=1. 
1 1 L—m,“2+m 
= 22 Oi A el 
1l—x l1+2 ts c--Lm «—m 
+9" _ 3(@+2)) o4, MEG, ea _ 2a 
15 5 .¢aaG. gate eh at 
ce V25 + 16% V25— 16% _ ig 
V8 V8 
ee 5 
26. pia Nf pe Ao 
Va? — 14 
a7. (a+2)?—6=2(22+17). 
28. 3 Pat er ee Qa ‘ 
Cet Ag 1 Oe 
29. (a? +4)(e+1)=(e@—1)? +0413. 
30 4 +6  32°—2 20-3 
a eld 21 7 
Si. Varese Ver/e_e, 
gg, VP +il—vef i 1, 
V@pi+ve—i 2 
Robins # a= aos 
CV2—-e £2£—-V2-27' & 
34. ae bie -—— 
Deed + 1—at+vi +2 


\ 
ALGEBRA. — 15. 
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PROBLEMS. 


965. 1. What number is that, to the square of which, if 3 
be added, the sum will be 1? 


2. Find a number such that the square of 3 of it will be 7 
less than the square of it. 


3. Find a number such that if 320 be divided by it, and 
the quotient added to the number itself, the sum will be equal 
to 6 times the number. 


4. When a certain number is increased by 3 and also 
diminished by 3, the product of the sum and difference will 
be 55. What is the number ? 


5. Two numbers are to each other as 3 to 5, and the sum 
of their squares is 3400. What are the numbers ? 


6. A gentleman said that his son’s age was } of his own 
age, and that the difference of the squares of the numbers 
which represent their ages was 960. What were their ages ? 


7. A man lent a sum of money at 6% per annum, and 
found that, if he multiplied the principal by the number which 
expressed the number of dollars interest for 8 months, the 
product would be $900. What was the principal ? 


8. A gentleman has two square rooms whose sides are to . 
each other as 2 to 3. He finds that it will require 20 square 
yards more of carpeting to cover the floor of the larger than 
of the smaller room. What is the length of one side of each 
room ? 


9. The sum of two numbers is 12, and their product i is 27. 
What are the numbers ? 


Sueezstion. — Let 6 + «= one number, and 6 — x = the other. 


10. The sum of two numbers is 14, and their product is 48. 
What are the numbers ? 


11. The sum of two numbers is 13, and their product is 42. 
What are the numbers ? 
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12. Divide 20 into two such parts that their product will 
be 96. 


13.- Divide 32 into two such parts that their product will 
be 240. 

14. A merchant bought a piece of cloth for $24, paying 3 
as many dollars per yard as there were yards in the piece. 
How many yards were there ? 


15. A man purchased a rectangular field whose length was 
14 times its breadth. It contained 9 acres. What was the 
length of each side ? 


16. Find two numbers which are to each other as 5 to 4, 
and the sum of whose squares is 164. 


17. Find three numbers that shall be to each other as 3, 5, 
and 8, and the sum of whose squares shall be 392. 


18. A man worked 10 times as many days as he received 
dollars a day, and earned $62.50. How many days did he 
work, and how much did he get a day ? 


19. The product of two numbers is 324, and the quotient 
of the greater divided by the less is 4. Find the numbers. 


20. A man has two square lots containing 272 square rods. 
~The side of the larger is as much greater than 10 rods as that 
of.the other is less than 10 rods. What is the side of each ? 


21. The sum of the squares of two numbers is 170, and 
the difference of their squares is 72. What are the numbers ? 


AFFECTED QUADRATICS. 


266. 1. How is a binomial squared? What is the square 
ofa@+2? Ofa+5? Ofe#+7? 
_.2.. How may the first term of a binomial be found from its 
square ? 
3. Since the second term of the square of a binomial con- 
tains’ twice the product of both terms of the binomial, how 
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may the second term of the binomial be found from it, when _ 
the first term of the binomial is known? 


4. What is it necessary to add to 27+ 42 to make a perfect : 
square ? How is the term found ? 


5. What must be added to 2+6a to make a perfect 
square? Howisitfound? | 


6. What is the square root of the ce square -of 
which x“? + 4a are two terms ? 


7%. What is the square root of the completed square of 
which x«?+ 6a are two terms ? ; 


8. In the equation 2? +42+4=9, what is the square root 
of the first member? What is the square root of the second 
member ? 


9. Since, in the solution of the equation #+4%+4=9, 
we obtain the result «+ 2= +3, how many values has «7? 


267. An, Affected Quadratic Equation is an equation which’ 
contains both the first and second powers of the unknown 
quantity. 


Thus, 77+ 2%=4, 642+ 6%=8, and ax? + br =c, are affected quad- 
ratic equations. 


268, An Affected Quadratic Equation is sometimes called a 
Complete Quadratic Equation. 

Since affected quadratic equations contain both the second 
and the first powers of the unknown quantity, they may always 
be reduced to the general form of ax?+ba=+e, in which a and 
6 represent respectively the coefficients of 2? and a, and ¢ the 
other terms. 


269. Principe. — Every affected quadratic equation has two 
roots, and only two. 


These roots are always numerically unequal, except when the second 
member of the equation reduces to 0 when the square is completed. 
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x 
“aS 


270. First method of completing the square. 


EXAMPLES. 


1. Given a +4e¢= 96, to find the values of 2. i 


Expianation.— Completing the 
square in the first member by add- 
ing the square of one half the co- 

icient of « to each_member,-we 
ave m@tdgt4=—9641+4. Ex- 


PROCESS. 
ePtdoet4— 96-4 _ 4 


f 


a _4—100 ! a tracting the square root of each 
: 5 Gaeee Member, we have ++2= +410. 
~~ «4 Pet 10 ‘ Using, first, the positive value of 
4 Pree 10 a 10, we obtain 8 for one value of «; 


—  —— / using hextthe negative value of 10, 
ee cain 10 — 2=—12 we obtain — 12 for the other value 


oF &. 
“2. Given #—5x = 24, to find the values of a. 
\ ¥ SoLurion. . 


\ Gabe = 24 
Completing the square, \ ? — 5a {%= 24 4 25 or 131 


Extracting the square root, — #*—8=+ 4 
Transposing, e=§+ A= 8 
, e=$—W=-—8 
¢ =8 or —3 


3. Given 2a?—7a= 30, to find the values of a. 


SoLuTion. 
242 — Tx = 30 
Dividing by coefficient of ~7, 2?—ix%=15 
Completing the square, «?—%a+42=15+ 42 or 482 
Extracting the square root, @e-f=4+%4 
Transposing, e=$+12=6 
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Rue. — Reduce the equation to the form «+ ba=+c, by 
dividing both members of the equation by the coefficient of the 
highest power of the unknown quantity. 

Add the square of one half the coefficient of the second term 
to each member of the equation, extract the square root of each 
member, and reduce the resulting equation. 


Inasmuch as it is impossible to extract the square root of a negative 
quantity, it is necessary that the term containing the second power of the 
unknown quantity should have the positive sign. If it should be negative, 
change the signs of all the terms in both members. 


Find the values of & in the following equations : 


free! Ag EBS = 15. 2? —30a= 64. 
5. w+ 6a = 27. 16. 2¢°+3e= 14. 
6. v+ 8a= 20. 17. 38e¢°+4e¢=389. 
%-¢+10¢=11. 18. 27+ 7a = 39. 
8. 2 +20¢= 21. 19. 5e°+152= 50. 
9. eg +18¢*%=—19. 20. 60?—21¢=—12. 
10. w+ 24¢—=25, oT. w—-5_«2+1 
ll. 2 —12¢2= 45. Mees, @ 
12. a&— 82=33.  Ragiesetomecdennc oS. 
13. #—14¢%=51. ; ae 
14, a? — 280 = 60. “it 80 


271. Other methods of completing the square. 


By the previous method, when 2* had a coefficient, the 
equation was divided by that coefficient so that the term con- 
taining « might always be a perfect square. The same result 
may be secured in other ways. 

Thus, if the term containing the highest power is 32%, it 
may be made a perfect square by multiplying by 3; if 52%, 
by multiplying by 5; if aa’, by multiplying by a. 
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EXAMPLES. 


1. Solve the equation 3a? + 6a = 24, 


PROCESS. 
30° + 6a—24 (1) 
(1) x 3, 9a? 4 180 =72 (2) 
Completing square, 9a?+18¢+9=81, N ‘ \ (3) 
Extracting square root, 32+3=+9 Fr \A) 
32=6 or —12 5 
x= 2 or—4 


Expianation. — Since the coefficient of « is not a perfect square, it 
may be made a square by multiplying it by itself. If the coefficient of #2 is 
multiplied by itself, both members of the equation must be multiplied 
by 3, the coefficient of 2?, giving equation (2). 

Since the second term of equation (2) is twice the product of the terms 
which are the square root of the completed square, if it is divided by twice 
the first term of the root the quotient will be the second term. ‘The first 
term of the square root is V9 x? or 3, and twice 8ais6a. 18% +6” =8, 
and the square of 3, which is 9, added to each member, completes the square. 


In the complete square a’a’+ 2aba + b’, it is evident that 
the third term, bd’, is the square of the quotient obtained, by 
dividing the second term by twice the square root of the first. 


2. Solve the equation 32?+ 4a = 39. 


SoLurion, 
8a? +44 = 39 . (1) 
(1) x 3, 902 + 12% = 117 (2) 
2V9 a? = 6a, 12% +6 = 2, and 2? added to each mem- 
ber gives 4 
9a2+12%+4= 121 (3) 
Extracting square root, 84+2=411 (4) 
3% =9 or — 13 


*=3or — 43 
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3. Solve the equation 5a°—6a=8. 


SoLurTion. 
56a?7-—62=8 (1) 
CESS; 25 a? — 30” = 40 (2) 
2/25 a = 10a, 302 +102 =3, and 3? added to each mem- 
ber gives 
25a? — 30”%+9=49 (8) 
Extracting square root, 56a—38=+7 (4) 
5x=100r—4 
e=20r —$% 


4. Solve the equation 3a°+ 5a=8. 


SoLuTiIon. 
3027 + 5%2%=8 (1) 
() x 8, 9a2+ 154 = 24 (2) 
2V902 = 6a, 15” +6= 145 or $, and ($)? added to the 
members gives 
9a? 4+ 15a +4 28 = 244 28 (3) 
Clearing of fractions, 36 x? + 60% + 25 = 96 + 25 
Reducing, x=1or —§ 


Since the equation was first multiplied by the coefficient of x2 and 
afterwards by 4 to clear of fractions, it is evident that fractions may be 


avoided by multiplying by four times the coefficient of the highest power 
of the unknown quantity. 


GENERAL Rue. — [f the term containing the second power of 
the unknown quantity is not a perfect square, make it such by 
multiplying or dividing the members of the equation. 

Add to each member of the equation the square of the quotient 
obtained by dividing the term containing the first power of the 
unknown quantity by twice the square root of the term containing 
the second power. 

Extract the root of each member and reduce the equation. 


1. In multiplying the members of the equation by any quantity, mul- 
liply by the smallest one that will render the coefficient a perfect square. 
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2, Fractions will be avoided by multiplying by four times the coefficient 
of the highest power of the unknown quantity. The third term will then 
be the square of the coefficient of the jirst power in the original equation. 

This is often the most convenient method of solving quadratics, par- 
ticularly when the. coefficient of the first power of x is an odd number. 


Solve the following equations: 


5. 
6 


32°+ 5a= 8. 
. 2+ 7a = 22. 
_ 40? + 54 = 84. 
. 5a? —4e=—1085. 
. 327—16%=140. 
. 4a? —Tx=102. 
. 92 +4a=— 44, 
. 8° —6a= 464. 
5a? — 6a = 144. 
. 60° +2a = 56. 


. &—6e—14=2. 
. @&—138¢2¢—6=8. 


e@—ilile—T=5. 


. Qe? + 5a = 18. 
oe ta ie. 
. 20°? — Tx = 34, 
. bar —6a= 41. 


24. 


25 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


Ae %—3 _» 
Bao Dee iia y 
Bg A092 9g 
a 


20-9), 3e—T. 
4 «+65 22% 


3a—5 OfF OE 
9x 32—25 83 
if 7 pines 
e— 1 #422 2 
Ogres nuke ; 
2+60 82—5 
w+il_7_9+42@, 
x xe 
4e¢—10 3a T 
e+ 5 Rathi 


48 — 165 
a+3 «+10 
hi! ay 
Sepa 2 
ones (x + 2) 
iz 3 2 


1 2 1 
ee dye ae 2) =: (2043). 
a7; AG 4) AG 2)= (2a+ ) 
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12 2a—1,1  24—8 
= ————_ 40. = . 
38. Va+5 VeEis Pere +6 ese 
2a—1 3a : my _#@—3_14e—9 
GABE sas) emake aa eS Ee oo 
e+3 ,x—3 24—3 
a mE eS i x—1 
43 2e+3 = 7—2 b= Oe 
" 2(2a—-1) 2(@+1) 4-32 
44, : 3 7 


G@—1)- #21 24 
45. Solve the equation az’*+ be =c. 
SoLuTION. 
ax? + bu =c 
Multiplying by 4a and adding the square of 6 (Note 2, Rule), 
4 qa? + 4abu + 62 =4ac 4+ B? 


Extracting square root, 2ax+b=+V4ac + B? 
ales Fes 1LE a: 
cere 2a 


46. Solve the equation a? — ax +bxe=ab. 


SoLurion. 
x? — ax + ba = ab (1) 
x? —(a — b)x =ab Gis 
Multiplying by 4 and adding the square of a — b, : 
4a? —4(a—b)ux+(a—b)?=4ab+(a—b)? (8) 
=@+2ab+ 0? 
Extracting square root, 2%—(a—b)=+(a+b) 
“. ©=@ or —b 
47. o+2ba= b’. 52. 5ca— 2a’ = 2c’. 
48. 2 —4ba = 120°. 53. 120°? —dax=3. 


49. w=4bea4+7h% 
50. 2? +38ae= 10a? 
51. v+5ba=1407, 55. ow —(a+1)e=—a. 


54. m4 Ban 0. 


56. 


57. 


58. 


59. 


Seat , Zen _ 50 60. C a aria 
4 3. 8e (w+ cc)” (a—c)? 
@+4+2(a4+8)e=—32a. 61, 220-2) _ 2, 
30 — 2a 4 
x(b— x) co 
2__ p2 aa b?- 2ax 
x? = 1. . — +5 =—— 
a ab o b? ce c. 
64. eae tl Can 


65. 


66. ——— 
“26107 “6'a0 = a? 
Gi. 


68. 


69. 
| 70. 
(ale 


72. 


73. 


74. 


75. 


76. 


QUADRATIC EQUATIONS. 


Vi Ve 
Zoe 6-25 3 
ee 64 Oe 5 


A a 5a 1 


a + =0 


(?+1)x=ca* +c. 


ee Sa 
b—x b+ta v—-2? 


9a? —3(b+2c)x+2bce= 0. 
x? —(b—a)c= ax — ba + ca. 
V(a+0)x—4ac=a—2e. 


(c+ d)*a? — (c? — d?)a=cd.. 


Oe ea ee 
Va—n 
Merl gat), 6 
x Cc a+b 
AEP —ROND) ou a 


x—2b Vg ee2G 3(a—~0) 


(3c? + d’) (@ —x%4+1)=(° +3) (2? 4-a+ 15. 
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EQUATIONS IN THE QUADRATIC FORM. 


272, An equation which contains but two powers of an' 
unknown quantity, the exponent of one power being twice 
that of the other power, is in the Quadratic Form. 

Equations in the quadratic form can be reduced to the 
general form az" + ba" =c, in which n represents any number. 


= { \ 
€ EXAMPLES. 


1. Given a* +- 327 = 28, to find the values of a. 


So.urion. 
wt + 347 = 28 
Completing the square, e+ 3e?+49= 121 a 
Extracting the square root, 4+ 3-411 / 
v=40r—7 i 
Extracting the square root, e=+2o0r+vV—7 


2. Given x + 303 = 10, to find the values of 2. 


First So.urion. 


at +3 a = 10 
Completing the square, xs +3 xs + 2= 2 
Extracting the square root, as +§=+} 


ef 
c= Dror 1b, 
Raising to third power, x= 8 or — 125 


Sreconp Soxuurion. 


Let Px =) 

Then, ad = p? 

Substituting in the given equation, p?+ 3p = 10 

Solving, p=2or—5 
1 

Hence, x* =2 or —6 


Raising to third power, xv = 8 or — 125 
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3. Given («+ 2)?+(a%+2)=20, to find the values of a. 
FIRST PROCESS. 
(@ + 2)? + (@ + 2)= 20 
Completing the square, (a + 2)?+(a#+2)+}4=% 
Extracting the square root, (@+2)+4=42 
w+2=4 or —56 
%=2or—7 


SECOND PROCESS. 


Let p=(a@+ 2) 
Then, p? =(« + 2)? 
Then, pe+p=20 
Solving, p=4or—5 
Hence, x2+2=4 or —5 


%=2 or —7 
Solve the following equations : 
4. w—2e’=8. 15. ax" + ba” =c. 
5. x —3a°= 40. 16. (a? + 4)?+ (a? +44) = 30. 
OE ag 17. (@—1)?+5(@—1)=14, 
5 al mG. 

TD iad 18. (a8—9)?—11 (229) = 80. 
8. 4o4— 2? = 38. 

19. (#+1)?+(2’+1)=30. 


203 
9. goes tt 20. (a? —2x)?— (a? — x) =182. 
10. at+4e2=12. 21. a+5—Va2+5=6. 
11. of +20 =8. 22. 84a+44+4V32+4=82. 
12. 2 +30) = 88. 23. (Ete) +(G+e)=e 
x 


13. vf +3et =4, ene 
ee a. Cte) +(42)=00 
25. (20?—4e+41)?— (20-4241) = 42. 
26. a? —~T2+18 +2? — Ta + 18 = 42. 
27. 20° +324+9—5V2e+ 380+9=6. 
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28. 2(30°+1)?+3e°+1=63. 
29. Ve+124+VW2+12=6. 
30. x+2+(2+2)? =20. 

31. («© +4)?+e+4+4=30, 

32. Ve+3l—1iVe+31=8. 
33. 4a°— 4/4? + 13 = 8. 


Sueensrion. — Add 13 to each member of the equation. 
34. 2 +0+2—6=—2be—b. 

35. (a +4244)?+4+2(a?+42)=7. 

36. 3a—V92? —18e%=52 —2° +4. 


SueGestion. — The equation may be expressed thus: 
w—24—-—38Ver—2a=4 


37% Vaeta+2bVWe+a=302. = 
38:- 2? =10 a — 2V 2? — 102 +18 = —15. 


PROBLEMS. 


273, 1. Find two numbers whose sum is 12, and whose 
product is 35. 


SoLuTion. 
Let x = one 
* Then, 12 — x = the other. 
12% —27 = 35 
x? — 124% =— 35 
a? —12%+36=1 
—6=3 1 
Wa OL/5 
12—a=5o0r7 


2. The sum of two numbers is 10, and their product is 21. 
What are the numbers ? 


3. Divide 27 into two such parts that their product may 
be 140. 
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4. A rectangular field is 12 rods longer than it is wide, 
and contains 7 acres. What is the length of its sides ? 


5. A person purchased a flock of sheep for $100. If he 
had purchased 5 more for the same sum, they would have 
cost $1 less per head. How many did he buy ? 


6. An orchard containing 2000 trees had 10 rows more 
than it had trees in a row. How many rows were there ? 
How many trees were there in each row ? 


7. The difference between two numbers is 2. and the sum 
of their squares is 244. What are the numbers ? 


8. One hundred and ten dollars was divided among a 
certain number of persons. If each person had received $1 
more, he would have received as many dollars as there were 
persons. How many persons were there ? 


9. A man worked a certain number of days, receiving for 
his pay $18. If he had received $1 per day less than he did, 
he would have had to work 3 days longer to earn the same 
sum. How many days did he work ? 


10. Find the price of eggs, when 2 less for 12 cents raises 
She price 1 cent per dozen. 


11. A person sold goods for $ 24, gaining a per cent. equal 
to the number of dollars which the goods cost him. What 
did they: cost him ? 


Sucerstion. — Let x = the cost ; then, aa = the gain per cent. 


12. The expenses of a party of men amount to $10. If 
each man pays 30 cents more than there are persons, the bill 
will be settled. How many are there in the party ? 


eile. EN picture, which is 18 inches by 12, is to be surrounded 
with a frame of uniform width, whose area is equal to that of 
the picture. What is the width of the frame? 


14. A man sold a quantity of goods for $39, and gained a 
per cent. equal to the number of dollars which the goods cost 
him.’ What did they cost him ? 


240 HIGH SCHOOL ALGEBRA. 


15. Two men dig a ditch 100 rods in length for $100, each 
receiving $50. A is to have 25 cents a rod more than Bi. 
How many rods does each dig? What is the price per rod ? 


16. A rectangular park, 60 rods long and 40 rods wide, is 
surrounded by a street of uniform width, containing 1344 
square rods. How wide is the street ? 


17. A person purchased two pieces of cloth which together 
measured 36 yards. Each cost as many shillings per yard as 
there were yards in the piece. If one piece cost 4 times as 
much as the other, how many yards were there in each ? 


18. A person drew a quantity of pure wine from a vessel 
which was full, holding 81 gallons, and then filled the vessel 
up with water. He then drew off as much of the mixture as 
he had drawn before of pure wine, when it was found that the 
remaining mixture contained 64 gallons of pure wine. How 
many gallons of liquid did he draw each time ? 


19. Two persons started at the same time and traveled toward 
a place 90 miles distant. A traveled one mile per hour faster 
than B, and reached the place one hour before him. At what 
rate did each travel ? 


20. A person found that he had in his purse, in silver and 
copper coins, just one dollar. Each copper coin was worth as 
many. cents as there were silver coins, and each silver coin 
was worth as many cents as there were copper coins. There 
were in all 27 coins. How many were there of each ? 


SIMULTANEOUS QUADRATIC EQUATIONS. 


274, A Homogeneous Equation is an equation in which the sum 
of the exponents of the unknown quantities in each term which 
contains unknown quantities, is the same. 


Thus, x? + 2y2= 16 and ay + y? = 12 are howmcgeneons equations, 
275, Simultaneous Quadratic Equations can usually be solved 


by the rules for quadratics, if they belong to one of the follow- 
ing classes : 
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1. When one is simple and the other quadratic. 

2. When the unknown quantities in each equation are com- 
bined in a similar manner. 

3. When each equation is homogeneous and quadratic. 


276, The following solutions will illustrate the processes in 
many of the ordinary forms of simultaneous quadratics, but a 
little careful examination of the equations will sometimes 
enable the student to find the values of the unknown quanti- 
ties more readily than Huey, can be found by these general 
methods of solution. 


(I.) Simple and Quadratic. 


1. Given ; end EP , to find the values of w and y. 
207 + y? =17 
SoLurion. 

x+y=5 (1) 
222+ y2=17 : (2) 
From (1), e=5-y (8) 
Multiplying square of (3) by 2, 20? = 50 —20y+ 2y? (4) 
Substituting in (2), 50 — 2074+ 2y?+ y2=17 (5) 
Collecting terms, etc., 3 y? — 20y = — 83 ~ 6) 
Solving, y = 3 or 82 (1) 
Substituting in (1), x = 2 or 1} (83 


(II.) Unknown quantities similarly involved. 


aw =) 
2. Given | age , to find the values of w and y. 
xy = 6 
SoLvurion. 

e+y=5 (e5) 
ay =6 (2) 
Squaring (1), w+ 2ay + y® = 25 ; (3) 
Multiplying (2) by 4, 4ay = 24 (4) 
Subtracting (4) from (3), 2 —Qayty?=1 (5) 
Extracting square root of (5), 2—-y=+1 (6) 


ALGEBRA. — 16. 
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Adding (1) and (6), ? 24=6 or4 (7) 
G13 02 (8) 
Subtracting (6) from (1), 2y=4or6 (9) 
y=2 or 3 (10) 
3. Given | cok oe \, to find the values of x and y. 
ay + vy” = 30 
SoLvuTion. 
e+y=5 Q) 
xy + «xy? = 30 (2) 
Factoring (2), xy(% + y) = 30 (8) 
Dividing (3) by (1), xy =6 (4) 
Squaring (1), 4+ 2aey+ y? = 25 (5) 
Multiplying (4) by 4, 4 ay = 24 (6) 
Subtracting (6) from (5), v2 —2ey+y?=1 (D 
Extracting square root of (7), *—-y=+4+1 (8) 
Adding (8) and (1), 2x%=6 or 4 (9) 
, z=3or2 “A (10) 
Subfracting (8) from (1), 2y=4 or 6 (11) 
y=2 or 8 (12) 
4. Given | aaah cast \, to find the values of # and y. 
e+ y= 152 
SoLurion. 
e+y=8 Cyr 
x8 + y8 = 152 (2) 
Dividing (2) by (1), x? — ay + y? = 19 (8) 
Squaring (1), e+ 2 cy. -+ y? = 64 (4) 
Subtracting (3) from (4), day = 45 (5) 
wy = 15 J. Xe 
Subtracting (6) from (8), e—2y+y=4 (7) 
Extracting square root of (7), e—y=t2., (8) 
Adding (8) and (1), 2x%=10 or 6 (9) 
“«=5 or 3 (10) 
Subtracting (8) from (1), 2y=6-or 10 (1) 


Y =o. Ore5 ; (12) 
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5. Given one a 3 to find the values of x and y. 
SoLurion. 
xty=5 ary REL) 
at + yt = 97 (2) 
-4th power of (1), at + 4a8y + 6 ay? + 4ay3 + yt = 625 (3) 
Subtracting (2) from (8), 4 a3y + 6 x7y? + 4xy? = 528 (4) 
* Dividing by 2, 208y + 3a2y? + 2 ay? = 264 (5) 
, Squaring (1) and multiplying by 2 ay,’ 

2a3y + 4 02y? + 2 ay? = 50 ay (6) 
Subtracting (5) from (6), xy? = 50 xy — 264 (7) 
Transposing, xy? — 50 ay = — 264 (8) 
Compieting square, etc., vy =6 or 44 (9) 


Combining (1) and (9), two pairs of simultaneous equations are formed, 
x ==10 —0 
Tey eben Ve ar! 
xy =6 wy = 44 
Solving according to solution of Example 2, x = 3, 2, 454 V— 151); 
y = 2, 3,4(6 $V — 151). 


(IIL.) ss quadratic equations. 


ev —ey= 15 
6. Given a i: to find the values of x and y. 
| 2ay—y? =16 
SoLuTION. : 
a? — ay = 15 Ae @) 
Quy — y? = 16 \ (2) 
Assume L= vy di (3) 
Substituting vy in (1), vey? — yy? = 15 (4) 
Substituting vy in (2), 2 vy? — y? = 16 (5) 
: ; oe 
From (4), : y= ay (6) 
From (5) pa (7) 
: 2v—1 
Bquating (6) and (7), 16 oe 8 ; (8) 


20-1 w—v 
Clearing of fractions and reducing, 

16 y? — 46v=— 15 (9) 
Whence, y= § or} (10) 
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When v = $, by (7), or by (6), 
y=4; are 


and since g = yy = 3 y, ze=+65 
Similarly, whenv=%, y=+8V—1 and x=4+3V-—1 
Hence, e=46, +8V—1 
and Y= Poe Svea . 


Find the values of the unknown quantities in the following :- 


(v—y=4 \ eg ok 
7 ier 
La? — y= 32 a — = 37 
P pee i ie ae ee l 
x + y? = 13. +t ¥? = 28 
= a = 28. 
ob , 13 { $y } 
Qe +y=13. wy + wy? = 12. 
xe — y® = 26 
oe nome inf aoa 
2a—38y=9 oS ES &, 
a? — cy = 6. 
; eae, tee 
2 = 
a igs Foes 22. (e eis 
* V2ay = 40 t Ye ary — oe, 
eee Be eee 
Heya oe oe oe 
vet We. 4 eet 2a +y= 22. 
pe ey 24. | } 
ey 20 ay + 2y? = 120. 
= i ea } a ety i 
la—2y=4 x—y=15 
rs ee } de We \ 
e—y=3. y —2y+4e=11. 
se: ioe . one [ee 
t+y=7 2+ y= 6, 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


: 
| 
| 
ee 
. 
s 
| 
| 
| 
| 
(2 
| 
(: 


QUADRATIC 


et y= 52. 
etytoy= ce 
ety =13. 
eer, 
Ve+Vy =6. 
ety=T2. f 


— ¥ = 56. 
a = 


en G+= =13. 
— «y’=6 

e+a+y=18—y. 
avy = 6. 

ao? — ay + y? = 21. 
y? —2ay+15= = 
et ay + y? = 39. 
20° + 3ay+y’ = 68. 
a + ay + 2y? = TA. 
20 4+ Qay+y’ = 73. 


ety tay = 49. \ 


ot + yt + a*y? = 931. 
eocty— y= 

e+ ay? + y? =49. ree 
a +Vay+y =19. 
a + ay + y? = 138. 


ame) 
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a Spee 
" (202-16 =3ay—2y’. 


—y=1. 
oe oe 


xo — y® = 61. 
x—y=2. 


43. 
a — y° — 249. J 


ee ep+y+4= ag 
xe + y* = 272. 


Auf = 
Pr a + vy + 49? = *t 


3a? + 8y?= 14. 


307+ Tay = 82. 
‘6 


+ Say + 9y?= 279. 


at + yt = 21 — ay? 


2 2y? = 44. 
ee w+ vy + sy ; 


2a? —ay+ y= 16. 
a — ay + y? = 7. ! 
xt + oy? + yt = 133. 
et+yt+ety= ra 
ey sz, 
vt4y’=256—4ay. 
39. 
afytvety= 6.) 
a? + y’=10. 5 
Nee aie 
ay + (ey) = 99. 


50. 


te! 
dG & + y=3 + ay. 
ae 
Loy 
ce 


3(@+y) , 3@—Y) _ 40, 
54 ea a+y 
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oe — ey =a? + db x? + y? = 2(a? + 0’). 
Conse. | oa 
xy — y? = 2ab. ay= a — Od’. 
4 a+ 2y=3a+b. } ep 
: oe ee L2—ytVe—y= 
an Si ee fe ae 
; ake eae 


a pe per fae: 
| cia aVane ' 


- 
> 


PROBLEMS. » 


277, 1. The sum of two numbers is 8, and their product is 
12. What are the numbers ? 


2. The sum of two numbers is 12, and the sum of their 
squares is 104. What are the numbers? / 
7 


3. Divide 13 into two such parts fiat the gum of their 
square roots is 5. ee 


ra 


‘ w 
4. The product of two numbers is 99, and their sum is 20. 
What are the numbers ? 


5. The sum of two numbers is 100, and the difference of 
their square roots is 2. What are the n neers 4 


6. The difference of two number is 2, and the difference 
of their cubes is 56. What are the numbers ? 


7. Find two numbers whose sum multiplied by the second 
is 84, and whose difference multiplied by the first is 16. 


Sa tLhe product of two numbers is 48, and the difference of 
their cubes is 37 times the cube of their difference, What are 
the numbers ? i 


9. The sum of two numbers is a, and the sum of their 
squares is b. What are the numbers ? 
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10. What two numbers are there such that their sum 
increased by their product is 34, and the sum of their squares 
diminished by their sum is 42? 


11. There is a number expressed by two digits, such that 
‘the sum of the squares of the digits is equal to the number 
increased by the product of its digits, and if 36 be added to 
the number, the digits will be reversed. What is the number ? 


12. From two places, distant 720 miles, A and B set out to 
;meet each other. A traveled 12miles a day more than B, and 
the number of days, before they met was equal to one half the 
number of milesB went pe day. How many miles did each 


travel per day ? NK ah 


ps ee. 1 merchant \ Nea $1% for a quencies of linen, and 
an equal ih at 50° cents a yard less, for a quantity of 


cotton. ‘lhe cotton exceeded the linen by 32 yards. How 
many yards did he sell of each ? 


14. A farmer has a field 18 rods long and 12 rods wide, 
which he wishes to enlarge, so that it may contain twice its 
former area, by making a uniform addition on allsides. What 
will be the sides of the field.when it is enlarged ? 


15. A merchant bought a piece of cloth for $147, from 
which he cut off 12 yards which were damaged, and sold the 
remainder for $120.25, gaining 25 cents on each yard sold. 
How many yards did he buy? How much did it cost per 
yard ? 


16. A man gave $4 to be divided among some children, but 
10 more joining the group, the share of each was reduced 2 
cents. How many children were there, and what was the 


share of each ? 


17. A drover sold a lot of cows for $2400. He sold a 
second lot, cuntaining 10 cows less, at $10 more a head, and 
veceived $100 more than he did for the first. How many 
were where in the first lot, and what was the price per head ? 
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18. Mr. A has two fields, one a rectangle, and the other a 
square whose side is two thirds as long as the longer side of the 
rectangle. It takes 4 more rods of fence for the rectangular 
field than for the square one, and the square field contains 40 
more square rods than the other. What is the length of each 
field ? 


19. A boy rode 10 miles on his bicycle, when it broke down, 
and he was compelled to return on foot. He found that it 
took 1 hour and 15 minutes longer to walk back than it did to 
ride out. How fast did he ride, if he-walked 4 miles less 
per hour than sa rode ? 


20. The square of John’s namie af marbles jacemeca by 
the product of John’s and Frank’s is 525. The square of 
Frank’s number increased by the product of John’s and 
Frank’s is 700. How many has each ? 


21. There is a number expressed by two figures, such that 
if the digits be squared their sum will be 18 more than the 
number itself. Find the number, if the sum of the digits is 13. 


22. The product of two numbers is 16, and the sum of their 
fourth powers is 4112. What are the numbers ? 


23. A man loaned two sums of money at a rate equal to the 
number of hundreds represented by the first sum. His income 
from this was $96. If he had loaned them at a rate equal to 
the number of hundreds in the other sum, his income would 
have been increased $64. Find the sums loaned. 


24. A regiment of 1104 men was marching in two columns, 
each having 10 more men in depth than in front. 380 men 
were taken from the rear of these two columns to make a 
detour, and after this it was found that each column was an 
exact square with the same number of men on each side as 
there was in front of that column at first. Find the number 
of men in each column at first. 


25. The fore wheel of a carriage makes 6 revolutions more 
than the hind wheel, in going 360 feet. If the circumference 
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of each wheel had been 3 feet greater, the fore wheel would 
have made only 4 revolutions more than the hind wheel in 
going that distance. What is the circumference of each 
wheel ? 


26. Find two numbers whose sum, product, and difference 
of their squares are all equal. 


27. The joint capital of A and B was $416. A’s money 
was in trade 9 months, and B’s 6 months. When they shared 
stock and gain, A received $228 and B $252. What was the 
capital of each ? 


28. A rectangular piece of ground has a perimeter of 100 
rods, and its area is 589 square rods. What are its length and 
breadth ? 


29. Twenty persons sent together $48 to a benevolent 
society. One half the amount was contributed by women, and 
the other half by men; but each man gave a dollar more than 
each woman. How many women contributed? How many 
men? What was the contribution of each ? 


30. In a purse of 9 foreign coins, some are of gold, others 
of silver. Each gold coin is worth as many dollars as there 
are silver coins, and each silver coin is/worth as many cents as 
there are gold coins, and the value of the whole is $20.20. 
How many are there of each ? 


31. The difference of two numbers is 15, and half their 
product equals the cube of the smaller. What are the 
numbers ? 


32. A and B set out from two places, C and D, at the same 
time. A started from C and traveled through D in the same 
direction in which B traveled. When A overtook B, it was 
found that they had together traveled 60 miles, that A had 
passed through D 5 hours before, and that it would have 
required 20 hours for B to return to C at the rate he had been 
traveliug. What was the distance from C to D? 
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PROPERTIES OF QUADRATICS.* 


278, Every affected quadratic equation can be reduced to one 
of the four following forms: 


(1) e+pe= 4g ee ey ee (1) 
(2) #®—pe= q w= Pa Peg (2) 
(3) a+ pe=—q en? ae (3) 
(4) a — pu =—4q a= BPH g 4) 


279. Positive and negative roots. 
4 [2 P 
1. How does the value of a + q compare with 5° How 


does the value of a pe g compare with 5? 


2. In form (1), if the positive sign of the radical is used, 
what sign will the root have? What, if the negative sign is 
used? Which root is numerically the greater ? 


3. In form (2), if the positive sign of the radical is used, 
what sign will the root have? What, if the negative sign is 
used ? Which root is numerically the greater ? 


4. In form (8), if the positive sign of the radical is used, - 
what sign will the root have? What, if the negative sign is 
used ? 


5. In form (4), if the positive sign of the radical is used, 
what sign will the root have? What, if the negative sign is 
used ? 


* For graphic representation of equations see p. 376 et seq. 
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280. ParncipLes.—1. In form (1) one root is positive und 
the otaer aegative, and the negative reot is numerically the greater. 

2. Ln form (2) one root is posite and the other negative, and 
the positive is numerically the greater. 

3. In form (3) both roots are negative 

4. In form (4) both roots are positive. 


281. Equal and unequal roots. 
1. How do the roots compare numerically in (1)? In (2)? 


2. How does the second term of the root in (3) and (4), 
compare with the first term ? 

8. Itga%, 
then, will the roots compare numerically? What signs will 
they have ? 


to what does the radical quantity reduce? How, 


282, Principtes. —1. In forms (1) and (2) the roots of each 
are unequal. 


2. In forms (3) and (4) the roots of each are unequal except 
2 


when a = J. 


283. Real and imaginary roots. 


2 
1. Since om is the square of +f, what sign will it have 
whether p is positive or negative ? 
2. In forms (1) and (2), is the radical part, then, real or 
imaginary ? 
3. In forms (3) and (4) when will the radical part be real 
and when imaginary ? 


984. PrincipLEs.—1. In forms (1) and (2) both roots are 
real. 
2. In forms (8) and (4) both.roots are real except when q is 


2 
numerically greater than f. They are then imaginary. 
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EXAMPLES. 


285. Determine the character of the roots in the following 
equations : 


‘ 


lL. SBF. 


Sonia 25 
Soxtution. Form (2), p=3, g =4, and ie +q= ive ie 


.. The roots are one positive, one negative, unequal, the positive numer- 
ically greater, real. 


2. 2 —8a= 20. 7. 2 —12¢—=—11. 
8. ¢@+42¢= 12. 8. v+6a=—5. 
4, 2—6a= 16. 9. 27? + 20a = 21. 
5. 2 —Te=8. 10. a —14”%=51. 
6. 2—a=6. 11. 2 —30e2= 64, 


286. Formation of Quadratic Equations. 
1. Since the roots of the equation 2?+pa=q are —F+ 
Pon reee ; 2 
Nae and —t- + gq, What is the sum of the roots? 
How does it compare with the coefficient of a ? 
2. What is the product of the two roots? How does it 


compare with the absolute term, or the second member of the . 
equation ? 


287. When the unknown quantities are collected in the first 
member, and the known quantities united in the second mem- 
ber, the term of the second member is called the Absolute Term. 


288. PrincipLes.—1. The sum of the two roots of an affected 
quadratic equation having the form x?+ px = + q, is equal to the 
coefficient of the first power of the unknown quantity with its sign 
changed. : 

2. The product of the roots is equal to the absolute term, with 
its sign changed. 
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Denoting the roots-afthe equation 2+ px=q by 7, and ry 
‘their su um _withthe-sign changed, — (7, + 7.) may be substituted 
AE p (Prin. “1) and their product with the sign changed, 
—T}fz for q (Prin. 2). 


Substituting, 2—(r, + 1y)“% =— ry) 

Transposing, etc., 22—7r,% — rv + 7,7, =0 

Factoring,-—__. #(a—7,)— 7,(z — 7,) =0 ) 
_Or; (@ — 1) (@ — 1) =0 —~ 


( Hence, to form a quadratic equation when the roots are ; 
given : 
re Subtract each root from x and ae the product of the remuin- } 
ders equal to zero. 
ee ( — 
_~ EXAMPLES, 


oe 
aa 


1. Form an equation whose roots are 3 and — 5. 


SoLuTIon. 
(a —3)(@+5)=0 
* @+2e—15=0o0r272+22= 15 
or, 


The coefficient of x is +2, the sum of the roots with the sign 
changed, and the absolute term is + 15, the product of the roots with the 
sign changed. Hence the equation is 77+ 2”%= 15. 


Form equations whose roots are: 


2. 3, -—2. has Sees 

3. 8, 6. 490 3 W/O, —N/ 2, 
Agro — 8; 3 13. Dien G0 ss y/o 

6. =7, —10: Leen oh bs 
Agi a 3. 15. a, a—b. 

Falde 2, TS aan serrate ee 

8. 3, —%. 17. a(1+a), a(1—a). 
pet Ge a BvD <a -V5, 


10; $4 sa 2 2 
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289, To solve equations by factoring. 
1. What are the factors of 27+ 42—5? 


2. Place the factors of 2®+4a—5 for that expression in 
the equation #’?+4%—5=0. 


3. Since (w+ 5)(«—1)=0, to what must one of the factors 
be equal to produce a product equal to 0? 


4. Since when either «+ 5=0, or x—1=0 the equation 
is satisfied, what are the values of x ? 


5. Since any equation may be expressed with one member 
as 0, by transposing all the quantities to one member, how 
may the values of the unknown quantities be found by 
factoring ? 


Since some equations cannot be readily resolved into factors, 
it will be advisable to employ this method of solution only 
when the factors may be found by inspection. 


EXAMPLES. 


‘1. Solve the equation 2 —72+4+10=0. 


SoLution. 
x2—Te+10=0 
=(@— 5)(@—2)=0 
*. *«—65-—0, andw=—5 


also, : 2—2=0, andx=2 


2. Solve the equation 3a?—10%+3=0. 


So.ution. 
822—10%+38=0 
=(8%—1)(@-—3)=0 
7 8%4-1=0, anda=} 
also, x—38=0, anda=3 
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Solve the following equations by factoring: 

3. w+324+2=0. 9. x —10%—39=0. 

4. #4+72412=0. 10. 2? —12%—64=0. 

5. ao —4e2—21=0. 11. 4e¢?—1024+6=0. 

6 2#—Tx—18=0. 12. 92? —2774+18=0. 

7. w+62+8=0. 13. 4074+ 16av+12a¢?=0. 
8. #+4+12%+32 =0. 14. 9x?+ 30be% + 240° =0. 


Equations of higher degrees can sometimes be solved by 


factoring. 


15. Find the values of x in the equation 2°+22’—3x—6=0, 


SoLuTion, 
8 +202—3x2—6=0 
Factoring, (e+ 2)—38(@+2)=0 
(a? — 3)(@+2)=0 
. 2—38=0 and s=+V3 
also, “2£+2=0 and x=—2 


16. Find the values of x in the equation 2°—1=0. 


SoLuTion. 
—1=0 
Factoring, (@—-1)@?+a%+4+1)=0 
: “.%—1=0 and g=1 
also, etoet1l=0 
or, e+ae=—l 
Completing the square, etc., L=— Teves 


Solve the following equations: 


17. &—5a’?+2e4—10=0. 20. (w—3)(2’°+3a+ 2)=0. 
18. 22°+ 6a2°—3a—9=0. 21. (a+5) (x*—4a2—21) =0. 


19. av+22?—5axz—10=0. 22. o —27=0. 


RATIO. 


290. 1. How does 8a compare with 162? What is the 
relation of 8ato16a? Of 5ytol0y? 


2. How does 8a compare with 2a? What is the relation 
of 8ato2a? 


3. How does 9 ay compare with 3ay? What is the rela 
tion of 9 xy to 3 xy? 


4. What is the relation of 2a to 4a? What is the rela 
tion between 2a and 4a? 


5. What is the relation of 32? to 92°? What is the rela 
tion between 3 2* and 9 x”? 


291. Ratio is the relation of one quantity to another of the 
same kind. 

Itis expressed by the quotient of the first divided by the second. 

The ratio of 6 to 2 is3; of 2 to6,34. The ratio of 10a to5ais2; of 
5a to 10a, t. : 

When it is required to determine what is the relation, or ratio, of one 
quantity to another of the same kind, it is evident that the first is the 
dividend and the second the divisor. But when only the relation between 
the two quantities is required, either may be regarded as the divisor. 
Thus, when the question is ‘‘ What is the relation between 10 @and5a?”? 


the answer is either 2 or 4, according as 5 a or 10a is the baa ck with 
which the other is compared. 


292. The Terms of a Ratio are the quantities compared. 


293, The Sign of ratio is a colon (:) 


Thus, the ratio between 12 a and 6 a 1s expressed 12 a: 6a. 
The colon is sometimes regarded as derived from the sign of division, 
by omitting the line, 
256 
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294, The Antecedent is the first term of the ratio. 


Thus, in the expression 5a:3a, 5a is the antecedent. 


296. The Consequent is the second term of the ratio. 


Thus, in the expression 5a@:3a, 3a is the consequent. 


296. A Couplet is the antecedent and consequent taken 
together. 


297, The ratio of the squares of two quantities is called the 
Duplicate ratio of the quantities; the ratio of their cubes 
their Triplicate ratio. ; 

Thus, a?: 6? and a’: 6% are respectively the duplicate and triplicate 
ratios of @ and b. 


298. Since the ratio of two quantities, as the ratio of a to 
b, may be expressed by a fraction, as > it follows that the 


changes which may be made upon a fraction without altering 
its value, may be made upon the terms of a ratio without 
changing the ratio of the terms, since the numerator is the 
antecedent and the denominator the consequent. Hence, 


299. PrincteLe. — Multiplying or dividing both terms of a 
ratio by the same quantity does not change the ratio of the terms. 


EXAMPLES. 


1. What is the ratio of 3ato6a? 5atol10a? 

2. What is the ratio of 7x to 35x? 12ay to 13a? 

3. If the antecedent is 15a, and the consequent 20a, what 
is the ratio ? 

4, What is the ratioofito1? }ttot? $toZ? 

When fractions are reduced to similar fractions, they have the ratio of 
their numerators. 

5. When the antecedent is 2a, and the ratio is 4, what is 
the consequent ? 
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PROPORTION. 


= er Y 4 


300. 1. What two numbers have the same relation to each 
otheras3to6? As2to8? Asdtol15? 


.2. What two quantities have the same relation to each 
other as 2ato4a? As3bto6b? As 8b to 166? 


3. What quantity has the same relation to 6a that 26 has 
to 4b? 


4. What quantity has the same relation to 10a that 3y 
has to 9y ? 


5. What two quantities have the same ratio to each other 
that 5ay has to 10 ay?? 


6. What two quantities have the same ratio to each other 
that 8ax has to 4aa*? : 


7. How have the two ratios in each of the several examples 
given above compared in value ? 


301. A Proportion is an equality of ratios. 
Thus, 5:6 = 10:12, and 5ay: 10 ay = 4 az: 8 az, are proportions, 


802, The Sign of proportion is a double colon (::). 


This sign has been supposed to be the extremities of the lines 
which form the sign of equality. It is written between the ratios thus: 
CEOs Ras Boi 

The sign of equality is frequently used instead of the double colon. 


303, The Antecedents of a proportion are the antecedents of 
the ratios which form the proportion. 


Thus, in the proportion @:b::c:d, a@ and c are the antecedents. 
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304, The Consequents of a proportion are the consequents of 
the ratios which form the proportion. 


Thus, in the proportion a: b::¢:d, b and d are the consequents. 


305. The Extremes of a proportion are the first and fourth 
terms of the proportion. 


Thus, in the proportion @:b::c:d, a and d are the extremes. 


306. The Means of a proportion.are the second and third 
terms of the proportion. 


Thus, in the proportion a@:b:: C: d, b and ¢ are the means. 


807. A Mean Proportional is a quantity which serves as both 
means of a proportion. 

Thus, in the proportion a: b::b:c, b is a mean proportional. 

Since a proportion is an equality of ratios, and the ratio of 
one quantity to another is found by dividing the antecedent 
by the consequent, it follows that — 


308, PrincrpLeE.— A proportion may be expressed as an 
equation in which both members are fractions. 


Thus, the proportion a:b::c¢:d may be expressed as = ri 


Since a proportion may be regarded as an equation in which 
both-members are fractions, it follows that — 


309. PrincipLE — The changes that may be made upon a 
proportion without destroying the equality of its ratios, are based 
upon the changes that may be made upon an equation without 
destroying the equality, and upon the terms of a fraction without 
altering the value of the fraction. 


PRINCIPLES OF PROPORTION. 


810, 1.. Let any four quantities form a proportion; as 
@:b6;::¢:4d. 
2. Express the proportion as a fractional equation. 


3. Clear the equation of fractions. 
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4, What does each member of the resulting equation contain ? 


5. How are the members of the equation produced from 
the terms of the proportion ? 


811. Principte 1.— In any proportion the product of the 
extremes is equal lo the product of the means. 

Thus, when @:b::¢:d, ad = be. 

Since a mean proportional serves as both means of a pro- 
portion, as a:b::b:¢, 

The product of the extremes is equal to the square of the mean 
proportional. 

DEMONSTRATION OF PRINCIPLE I. 
Let a: b::¢:d represent any proportion. 


Then (Art. 308), = s 

Clearing of fractions, ad = be. 

Therefore, the product of the extremes is equal to the prod- 
uct of the means. 


NUMERICAL ILLUSTRATIONS, 


38:6::8:16 
48 = 48 


812. 1. Change the proportion a:b::c:d into an equation, ~ 
according to Principle 1. 

2. Since ad = bc, how may the value of a be found? How 
the value of d? What parts of the proportion are a and d? 

3. How, then, may either extreme of a proportion be 
found? How may either mean be found ? 


313, Principe 2.— Hither eatreme is equal to the product of 
the means divided by the other extreme. Either mean is equal to 
the product of the extremes divided by the other mean. 

Thus, when a:b: rd a=" Spee poe. o= M8. 

Demonstrate Prin. 2, and illustrate its truth with numbers. 
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814, 1.° If ad = be, what will be the resulting equation when 
both members are divided by bd ? 


2. Express the resulting equation as a proportion. 
3.. What does ad, the first member of the equation, form 
in the proportion? What does bc form ? 


315. Principte 3.— If the product of two quantities is equal 
to the product of two other quantities, the factors of one product 
may be made the extremes, and the factors of the other the means, 
of a proportion. 

Thus, when ad = be, a: b::¢:d. 

Demonstrate Prin. 3, and illustrate its truth with numbers. 


316. 1. Change the general proportion a: bs :¢:d@ into an 
equation, according to Principle 1. 


2. Divide the members of the equation by cd. 
3. Express the result as a proportion. 


4. What change has taken place in the order of antecedents 
and consequents, compared with the original proportion ? 


317. PrincipLE 4.— If four quantities are in proportion, 
the antecedents will have the same ratio to each other as the 
consequents. 


Thus, when a@:6::c:d,a@:¢::6:d. 
When the antecedents are to each other as the consequents, the quanti- 
ties are said to be in proportion by Alternation. 


Demonstrate Prin. 4, and illustrate its truth with numbers. 


818. 1. Change the general proportion a:6::c:d into an 
equation, according to Principle 1, 


2. Divide the members of the equation by ac. 
3. Express the result as a proportion. 


4. What change has taken place in the order of the terms 
in each couplet, compared with the original proportion ? 
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319, Princiete 5.— If four quantities are in proportion, the 
second will be to the first as the fourth to the third. 

Thus, when @:6::¢:d, b:@::d:c. 

When the terms of each ratio are written in the inverse order, the 
quantities are said to be in proportion by Inversion. 


Demonstrate Prin. 5, and illustrate its truth with numbers. 


320. 1. Express the proportion a:b::¢:d as a fractional 
equation. 


2. Add 1 to each member of the equation. 


3. Reduce each of the mixed quantities to the fractional 
form. 


4. Express the result as a proportion. 


5. How are the terms of this proportion formed from the 
terms of the original proportion ? 

6. Singe, when @:b::c¢:d, 6:a::d:¢ (Prim, bd), if the 
changes just indicated are made in the second proportion, how 


may the terms of the resulting proportion be obtained from 
the terms of the original proportion ? 


821. PrincreLe 6.— Jf four quantities are in proportion, the 
sum of the terms of the first ratio is to either term of the first 
ratio as the sum of the terms of the second ratio is to the corre- 
sponding term of the second ratio. 

Thus, when a:6::¢:d,a+6:6::c+d:danda+ b:a::c+d:c. 

When the sum of the terms of a ratio is to one of the terms as the sum 


of the terms of another ratio is to its corresponding term, the quantities 
are said to be in proportion by Composition. 


Demonstrate Prin. 6, and illustrate its truth with numbers. 


322, 1. Express the proportion a:b::c:d as a fractional 
equation. 


2. Subtract 1 from each member of the equation. 


3. Reduce each of the mixed quantities to the fractional 
form. 
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4, Express the result as a proportion. 


5. How are the terms of this proportion formed from the 
terms of the original proportion ? 


6. Since, when a:b::c¢:d, b:a::d:e¢ (Prin. 5), if the 
changes just indicated are made in the second proportion, how 


may the terms of the resulting proportion be obtained from 
the terms of the original proportion ? : 


323. PrincieLe 7. —Tf four quantities are in proportion, the 
difference between the terms of the first ratio is to either term of 
the first ratio as the difference between the terms of the second 
ratio is to the corresponding term of the second ratio. 


Thus, when a:0::c:d,a—6:6b::c—d:danda—b:a::c—d:c. 

When the difference of the terms of a ratio is to one of the terms as 
the difference of the terms of another ratio is to its corresponding term, 
the quantities are said to be in proportion by Division. 


Demonstrate Prin. 7, and illustrate its truth with numbers. 


824, 1. Change the proportion a:b::¢:d, according to Prin- 
ciple 6. Express the resulting proportion. 


2. Change the same proportion according to Principle 7. 
Express the resulting proportion. 


3. Change these proportions to fractional equations. 

4. Divide the’ first equation by the second. 

5. Express the result as a proportion. 

6. How are the terms of this proportion formed from the 


terms of the original proportion ? 


325. PrincrpLe 8.— If four quantities are in proportion, the 
sum of the quantities which form the first couplet is to their 
difference as the sum of the quantities which form the second 
couplet is to their difference. 

Thus, when a:0::c:d,a+b:a—b::¢+d:c—d. 

Demonstrate Prin. 8, and illustrate its truth with numbers. 
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326. 1. Express the proportion a:b::c:d as a fractional 
equation. 


2. Raise each member to the nth power. 
3. Express the nth root of each member. 
4. Express each of the equations as a proportion. 


5. How may these proportions be formed from the original 
proportion ? 


327, PrincreLe 9. — If four quantities are in proportion, the 
same powers of those quantities, or the same roots, will be in 


roportion. 
P P er 1 1 nid 


Thus, when a:b::c:d, @:b"::c":d", and at: b®::0": a, 
Demonstrate Prin. 9, and illustrate its truth with numbers. 


328. 1. Express the proportion a:b::c:d as a fractional 
equation. 


2. What may be done to a fraction without changing its 
value ? 


3. Multiply the terms of the first fraction by.m, and the 
terms of the second by n. 


4. Express the result as a proportion. 


5. How are the terms of this proportion formed from the | 
original proportion ? 


829, PrinorpLte 10.— If four quantities are in proportion, 
any equi-multiple of the terms of the first couplet will be pro- 
portional to any equi-multiple of the terms of the second couplet. 

Thus, when a: 6::¢:d, ma: mb:: nc: nd. 

Demonstrate Prin, 10, and illustrate its truth with numbers. 


3830. 1. Express the proportions a:b::c:dand a:y::2:w 
as fractional equations. 


2. Multiply together the corresponding members of the 
equations, 
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3. Express the resulting equation as a proportion. 


4. How are the terms of this proportion formed from the 
terms of the original proportions a:6::c:d and #:y::2:w? 


331, Principe 11.— The products of the corresponding terms 
of any number of proportions are in proportion. 

Thus, when a@:6::¢:d and w%:y::2:w, ax: by:: cz: du. 

Demonstrate Prin. 11, and illustrate its truth with numbers. 


Prove that the quotients will be in proportion if the propor- 
tions are divided term by term. 


332. 1. If the ratios a: b and e: f are equal to the same ratio 
c:d, how do they compare with each other ? 


2. What proportion may be formed from the proportions 
GeO -8eod and e723: d, ore: di: sf? 


333. Principe 12.— If two proportions have a couplet in each 
the same, the other couplets will form a proportion. 


Demonstrate Prin. 12, and illustrate its truth with numbers. 


834. 1. If a:b=c:d=e:f=g:h, and each ratio is equal 
to 2, then a=26. Express c in terms of d; e in terms of /; 
g in terms of h. 

2. Since a=2 b, c=24d, etc., what is the ratio of at+c+e+gq 
tob+d+f+h? Compare this ratio with the ratio a:b; with 
the other ratios. 


PrincieLteE 13.— In’a series of equal ratios, the sum of the 
antecedents is to the sum of the consequents as any antecedent is 
to its consequent. 

Thus, when a:b =c:d=g:h and so on, 
AQt+totetgt-:b4+d4+fthterss Gib. 
Demonstrate Prin. 13, using r for the value of each ratio. 

_ Illustrate the truth of the principle with numbers. 
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Find the value of # in the following proportions : 


Bn erates des Gy, 1 7. ©:14—4::4:3. 
8. 6:5-.3:10, 8. 2:12::2—12:38. 
4. 4:6::0:4 fA r) 9. ©:6::e+6:104. 
5. 3:@:: e412. 10) aT 2a oe 
6 pa es 11. a: 3 —ais 822, 


1S eee 2 2a Se evar 2: 
18. Divide $40 between two men so that their shares will 


be in the eure 3 to 7. 


14. There are twg\numbers in the ratio of 2 to 3, and if 3 
be added to each, the ratio of the resulting numbers will be 
5 to 7. What are the numbers ? 


15. There are two numbers which have to each other the 
ratio of 3 to 5, and if 4 be added to each, the results will have 
the ratio of 2 to 3. What are the numbers ? 


16. Mr. A’s crop of wheat was to his crop of oats as 2 to 3. 
If he-had raised 50 bushels more of each, the quantity of 
wheat. would have been to the quantity of oats as 5 to 7. 
How many bushels of each kind of grain did he raise ? 

17. Find two numbers such that the greater is to the less 


as their sum is to 6, and the greater is to the less as their 
difference is to 2. 


SoLuTIon. 

Let x = the greater; y = the less. 
By the conditions, eiyi::a+y:6 Q) 

CON eee a8 (2) 
By Prin. 12, e+ y:6::%—Yy:2 (8) 
By Prin. 4, e+ y:%—Yy::6:2 (4) 
By Prin. 8, 20:2y::8:4 (5) 
By Prin., Art. 309, ei eerie) (6) 
From (1) and (6), Prin. 12, e+ y: 622221 (7) 
From (2) and (6), Prin. 12, %—Yy:2::2:1 (8) 
From (7), oy — 12 Oye 
From (8), e—-y=4 (10) 


Pee ey pte | 
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18. The product of two numbers is 20, and the difference of 
their squares is to the square of their difference as Y to 1. 


SoLurion. 
Let x = the greater; y = the less. 
By the conditions, ; foes , () 
a — yt (a — y)22:9:1 (2) 
Dividing first couplet by (x t y), Prin., Art. 310, 
+Yy:%—y::9:1 (8) 
By Prin. 8, Gs Py-2210+-8— (4) 
By Prin., Art. 309, eviy::5:4 (5) 
By Prin. 1, 4uy=5y (6) 
by 
e=— 
: (7) 
Substituting in (1), a = 20 (8) 
“ y=t4 
= 5 


19. Find two numbers such that their sum is 8, and their 
product is to the sum of their squares as 15 to 34. 


20. Find two numbers whose difference is 3, and whose 
product is to the sum of their squares as 10 is to 29, 


21. What two numbers are those whose sum is to their dif- 


ference as 7 to 1, and whose product is to the sum as 24 to 7? 
ee 


22. The sum of two numbers is 12, and their product is to 
the sum of their squares as 2 to 5. What are the numbers ? 


23. The sum of two numbers is 6, and the sum of their 
squares is to the square of their sum as 5 to 9. What are the 


numbers ? 


24. What two numbers are those whose product is 12, and 
the difference of whose cubes is to the cube of their difference 
as 37 to 1? 
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FRACTIONAL EQUATIONS SOLVED BY THE 
PRINCIPLES OF PROPORTION. 


335. Since a proportion is an equality of ratios, and the 
ratio of two quantities may be expressed as a fraction, it is 
evident that the Principles of Proportion are applicable tc 
equations which have both members fractions. 

Regarding the numerator of each fraction as an antecedent, 
and the denominator as a consequent, the terms of each frac- 
tion as a couplet, and the equation as a proportion, the Princi- 
ples of Proportion may be readily applied. 


1. Given w—Ve+l_ 5 to find a. 
Gtaleei i 
SoLuTIon. 
@=Ve+l_ 6 (1) 
at+Vve+ie 


By Prin. 8, the sum of the numerator and denominator of each mem- 
ber, divided by their difference, will form an equation. 


2% a 


Hence, Sire 2 
2Ve+1 6 i 
By Prin., Art. 309, wo .8 (3) 
Vi+1 3 

Squarin, lee. 
quaring, ace (4) 

Clearing of fractions, etc., 9a? — 64a = 64 (5) 

Whence, “x=8or —§ 


Vet+a—Ve—a x 


2. Given = —, to find 2. 
Va+a+Va—a 2a’ 


SoLuTion. 
VitaA-VE-A_ « (1) 
Vetatve—a 2a : 
By Prin. 8, 2ve+a_xv+2a 


(2) 


- PROPORTION. 


By Prin., Art. 309, Mi+a_u+2a 
Ma —q@ 24-% 
ens 
Squaring, [ ‘s mta_@+4ar+4e 
pe x—-a w—4ax+4a2 
By Prin. 8, ‘ 2% _ 20? + 8a? 
2a 8 ax 
By Prin., Art.3po}’ / pega tid 
i at | Tt a 4 ax 
Dividing denominators by a, vad? fe ue 
; a 
Whence, x=+2av} 
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(3) 
(4) 
(5) 
(6) 


7) 


Solve the following by applying the Princip ed of Proportion 


when possible: 


3. Given 


as a eas to find a. 
V6a+2 4V62+6 


Von —b _ 38Va 2) 


4. Given 


eae S 


V4e+1—V4a 


= 9, to find 2. 


In the solution the second member may be written as 2. 


VapatVa—a 


6. Given = 6, to find a. 
VaLe—Va—ez 

7. Given ve+1—vei—1_1 to find 2. 
V#+1+vVe—-1 2 

87 Given Cee eae te > to Gnd S. 
ata~V2ax + 2 

9. Given NaEAE eb a): to find a. 


VaF +a — 2 


to find 


eee 


om 
ae 


PROGRESSIONS. 


836. 1. How does each of the numbers 2, 4, 6, 8, 10, 12, 
compare with the number that follows it ? 


2. How may each of the numbers 4, 6, 8, etc., be obtained 
from the one that precedes it in the series 2, 4, 6, 8, etc. ? 


3. How does each of the quantities 4a”, 8x, 16a, compare 
with the one that precedes it in the series 2a, 4a, 8a, 16”? 


4. Write a series of six quantities, beginning with 2a and 
increasing by a constant addend 3a. 


5. Write a series of six quantities, beginning with a and 
increasing by a constant multiplier 7. _ 


387. A Series is a succession of quantities, each derived from 
the preceding quantity or quantities according to some fixed law. 


838, The first and last terms of a series are called the 
extremes, the intervening terms the means. 


Thus, in the series, a,a+d,a+2d,a+8d, the quantities @ and 
a-+3d are extremes, and the others are means. 


339, An Ascending Series is one in which the quantities 
increase regularly from the first term. 


Thus, 2, 4. 8, 16, and a, a+ d, a+ 2d, etc., are ascending series, 
340. A Descending Series is one in which the quantities 


decrease regularly from the first term. 


Thus, 24, 12, 6, 8, and a,a@—d, a—2d, a—34d, are descending series. 
270 
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2 


ARITHMETICAL PROGRESSION. 


341, An Arithmetical Progression is a series of quantities each 
of which is derived from the preceding quantity by the addi- 
tion of a constant quantity. 


Thus, 4, 6, 8, 10, 12, 14, and a, a — d, a — 2d, a — 3d, are arithmetical 
progressions. 


342, The constant quantity which is added is called the 
Common Difference, 

The common difference may be either positive or negative. When it is 
positive, an ascending series is produced; when negative, a descending 
series. 4 

aK a 
Hr)  AVA@w 


843. To find the last term, // fie! 6 } | ; 


1. In the arithmetical progression, 2, w+ 2, +4, «+6, 
what is the common difference? How many times does it 
enter into the second term? How many times into the third 
term? How many times into the fourth term ? 


2. In the series a,a+d,a+2d, a+3d, how is the second 
term formed from the first term? The third term? The 
fourth term? The seventh term? The thirteenth term? 
Any term ? 


3. If the above series were descending, the first three terms 
would be a, a—d,a—2d. What would be the fifth term ? 
The ninth term? ‘The eleventh term? The twentieth term? 
The nth term ? 


844, When a represents the first term, d the common dif- 
ference, J the last term, and n the number of terms, 


I. J=a+(n—1)d. That is, 
845. Principie. — The lust term of an arithmetical progres- 


sion is equal to the first term increased by the common difference 
multiplied by the number of terms less I. 
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EXAMPLES. 
1. Find the 15th term of the series 1, 3, 5, 7, etc. 
PROCESS. 
l=a+ Kn —i)\d Expranation. — In this example a= 1, d=2, 


and n= 15. Substituting these values in the 
l= = 1 * sy yy? formula, the value of 1, or the last term, is 29. 


B/ 

Find the’ {sete tevin of the series 4, 7, 10, 13, ete. 
3. Find the 12th heen of the series 3, 7, 11, 15, ete. 
4. Find the 10th term of the series 14, 2, 24, 3, ete. 
5. Find the 12th term of the series 25, 23, 21, 19, ete. 
SUGGESTION. as The common difference is —2. 
6. Find the 20th term of the series 8, 4, 0, — 4, ete: 
7. Find the 30th term of the series a, 2a, 3a, 4a, ete. 
8. Find the 15th term of the series {, 13, 2, 44, ete. 
9. Find the mth term of the series 1, 3, 5, 7, ete. 


10. A boy agreed to work for 50 days, at 25 cents for the 
first day, and an increase of 3 cents per day. What were his 
wages the last day ? 


_ 11. A body falls 167, feet the first second, 3 times as far 
the second second, 5 times as far the third second. How . 
far will it fall the seventh second ? 


846, To find the sum of the terms. 


1. Express five terms of the series a, a+ d, ete. 


2. How is the term before the last obtained from the last ? 
The second term from the last ? The third term from the last? 


3. Express four terms of the series before the last, when 7 is 
the last term, and d the common difference. 


4. How will the sum of the last four terms and the first 


compare with the sum of the terms, in a series consisting of 
only five terms ? 
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347. Let a represent the first term, 7 the last term, d the 
common difference, n the number of terms, and s the sum of 


the terms. : 
Writing the sum of n terms in the usual order and then in 
the reverse order, and adding the terms, we have: 


s=a+(a+d)+(a+2d)+(a+3d)+---+41 
s=l+(/—d)+(/—2d)+(i—3d)+---a 
2s=(a+l)+(at+)+(at+)+(at+)+---(a4+/) 
. 2s=n(at+l) 
It. cated or o(2) That is, 


348, Privorpt — < The sum of any number of terms in arith- 
metical . ogression is equal to one half the sum of the extremes 
multiplied by the number of terms. 


EXAMPLES. 
1. What is the sum of the series 2, 4, 6, 8, etc., containing 
12 terms ? 


PROCESS. 


l=a+(n—1)d 
‘be? 4+ (11 * 2) = 24 ExpLaNATion. — Since the last term is not 
a+ given, it is found by the previous case to be 

(= Af S oy) 24. Then, by the formula given for obtain- 


ing the sum, it is found to be 156. 
‘am s=12(=% =\= = 156. 


2. What is the sum of 12 terms of the series 1, 3, 5, 7, etc.? 


3. What is the sum of 9 terms of the series 4, 6, 8, 10, etc. ? 

4. What is the sum of 8 terms of the series 5, 8, 11, etc. ? 

5. What is the sum of 7 terms of the series 3, Ad, 6, ete. ? 

6. What is the sum of 8 terms of the series 3a, 5a, Ta, 
9a, ete. ? 

7. What is the sum of 9 terms of the series a 4+-b, a+b+¢, 
a+b+2c¢, etc.? 


ALGEBRA. — 18, 
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8. What is the sum of n terms of the series 2, 3a, 52, 
7 x, ete.? 


9. What is the sum of 8 terms of the series 2, 1,0, — 1, | 
— 2, ete. ? 


10. A man walked 15 miles the first day, and increased his 
sate 38 miles per day. How far did he walk in 11 days? 


11. How many strokes does a clock strike in 12 hours ? 


12. A person received a gift of $100 when he was 1 year 
old, and on each birthday until he was 21 years old. These 
sums were deposited in a bank, and drew simple interest at 6%. 
How much was due him when he became of age ? 


13. A debt can be discharged in 26 days by paying $1 the 
first day, $3 the second, $5 the third, and so on.. What is 
the amount of the debt ? 


14. If a man travels 20 miles the first day of his journey 
and increases his rate 3 miles each day, how far will he travel 
in 12 days? 


15. If a person travels 30 miles the first day, and each suc- 
ceeding day a quarter of a mile less than he traveled the day 
before, how far will he travel in 45 days? 


16. A sets out from a certain place, and travels 1 mile the . 
first day, 2 the second, and so on. Five days afterward B 
Starts from the same place and travels 12 miles a day. At 
what distances from the starting point are A and B together ? 


17. Thirty flower pots are arranged in a straight line four. 
feet apart. How far must a lady travel who, after watering 
each plant singly, returns to a well four feet from the first 
flower pot, and in a line with the plants? 


18. A body falls 16), feet the first second, and in each 
succeeding second 324 feet more than in the next preceding 
one. How far will it fall in 20 seconds ? 
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349, From the fundamental formulas, 
i=a+(n—1)d and s= (a+), 


when any three of the elements are given the other two may 
be found. 
EXAMPLES. 
1. How many terms are there in the series 3, 5, 7, etc., if 
the sum is 168 ? 


SoLurTion. 
t=a+(n—1)d 
.. l=38+2n—2=14 27, to be substituted in next formula. 


nN 
—— i 
s ee: ) 
168 =F (B+1+2n)=F4+2n)=2n4 0 


n? +2n = 168 
n=12 or — 14 
The negative value has no significance, therefore the number of terms 
is 12. 


2. The last term of the series is 50, the common difference 
4, and the sum of the terms is 338. How many terms are 


there ? 
SoLuTION. 


t=a+(n—1)d 
50 =a+(n—1)4 
50=a+4n-—4 


_bt—¢@ 


n 
4 


n 
—— 1 
s 5 ee ») 


338 = “4 =“ (a + 50) 

398 — 2700 + 44 — a? 
8 

SG == 2, 


n= t=? @ 13 
4 
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Given d= 4, n=21, s=1197, to finda. 
Given n=10, 1 =29, s= 155, to find d. 
Given o= 3, d= 6, s= 507, to find n. 
Given a=25, d=3, n=12, to find l. 
Given a=6, 1=42, n=9, to find s. 
Given 1 =57, d=5, n=21, to find a. 
Given a=6, d=6, 1=1152, to find n. 
10. Given a=9, 1=41, s=150, to find n. 
11; Given ¢a=27, n=9, s=72, to find’l. 

12. Given 1 =}, d=}, s=20, to find a. 


I 


13. Given a=—}, l=—4, s=— 4, to find d. 
14. Given a=}, J=—4%, s=—4}, to findn 


a 
15. Given d=21, 1= 242, n=12, to find s. 


850. To insert arithmetical means, 


1. Insert 5 arithmetical means between 2/and 26. 


Soxution., —Since there are 5 means there must be 7 terms; hence 
there are given the first term 2, the last term 26, and the number of terms 
7, to find d, the common difference. 


Substituting in t=a+(n—ld 
d=4 
.. 2, 6, 10, 14, 18, 22, 26, is the series, and the means are 6, 10, 14, 18, 22. 
Insert 4 arithmetical means between 3-and 18. 
Insert 8 arithmetical means between 13 and 76. 
Insert 4 arithmetical means between — 4 and 17. 
Insert 4 arithmetical means between 193 and 443. 
Insert 8 arithmetical means between 4 and 3. 


Insert 6 arithmetical means between — 8 and — 4. 


eran Pp wr 


Insert 9 arithmetical means between 1 and —1. 
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SPECIAL APPLICATIONS. 


351. In solving some of the problems in Arithmetical Pro- 
gression there are several ways of representing the unknown 
terms of the series. 

1. When « represents the first term of a series, and y the common 
difference, the series may be represented by 

% 2+y,e+2y, 4+ 3y, etc. 


2. When there are three terms in the series, the middle term may be 
represented by x, and the common difference by y; as, 


L-Y, h, V+ Y. 


3. When there are jive terms in the series, the middle term may be 
represented by x, and the common difference by y; as, 


x—-2y,2—Yy, v, *+Yy, ©4+2y. 


4, When there are four terms in the series, x —3y may represent the 
first term, and 2y the common difference; as, 


%—-3Y,L—Y, O+Y, + 3y. 


It is obvious that by the notation adopted the swm of the quantities 
contains but one unknown quantity. 


PROBLEMS. 


1. There are three numbers in arithmetical progression, 
whose sum is 18 and the sum of whose squares is 116. What 


are the numbers ? 
SoLurIoN. 


Let : x — y = the first term, 
x = the second term, 
x + y = the third term, 
y = the common difference, 


oe Bails qi) 
By the conditions, B02 4242 = 116 (2) 
From (1), ie =2G) (8) 
Substituting in (2), 108 + 24? = 116 (4) 
Whence, y= 2 (6) 


x—y=4, Ist term, 
%=6, 2d term, 
x+y = 8, 38d term. 
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2. The first term of an arithmetical series is 5, the last 
term 92, and the sum of the terms 1455. What is the 
number of terms ? 


3. The first term of an arithmetical series is 2, the last 
term 30, and the sum of the terms 160. What is the number 
of terms ? 


4. The first term of an arithmetical series is 16, the 
common difference — 34, and the sum of the terms 30. What 
is the number of terms ? 


5. The sum of three numbers in arithmetical progression 
is 15, and the product of the second and third is 35. What 
are the numbers ? 


6. The sum of three numbers in arithmetical progression 
is 9, and their product is 15. What are the numbers ? 


7. The sum of three numbers in arithmetical progression 
is 18, and the sum of their squares is 126. What are the 
numbers ? 


8. There are three numbers in arithmetical progression 
such that the product of the first and third is 16, and the sum 
of the squares of the numbers is 93. What are the numbers ? 


9. There are three numbers in arithmetical progression 
such that the first is 3, and the product of the first and third 
is 21. What are the numbers ? 


10. The sum of four numbers in arithmetical progression 
is 10, and their product is 24. What are the numbers ? 


11. There are four numbers in arithmetical progression 
such that the product of the first and fourth is 27, and the 
product of the second and third is 35. What are the numbers? 


12. There are four numbers in arithmetical progression 
such that the product of the fourth number by the common 
difference is 16, and the product of the second and third is 24. 
What are the numbers ? 
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13. There are five numbers in arithmetical progression 
such that their sum is 40, and the sum of their squares 410. 
What are the numbers ? 


14. The sum of five numbers in arithmetical progression 
is 25, and their product is 945. What are the numbers ? 


15. The product of four numbers in arithmetical progres- 
sion is 280, and the sum of their squares is 166. What are 
the numbers ? 


16. A number is expressed by three digits which are in 
arithmetical progression. If the number is divided by the 
sum of the digits, the quotient will be 26, and if 198 be added 
to the number, the digits will be inverted. What is the 


number ? 


GEOMETRICAL PROGRESSION. 


® 


352, A Geometrical Progression is a series of quantities which © 
increase or decrease by a constant multiplier. 
Thus 2, 4, 8, 16, 82, and ab, ab?, ab, a, are geometrical progressions. 


In the first series the ratio is 2; in the second it is . 


358, The constant multiplier is called the Ratio. 


The ratio may be integral or fractional, positive or negative. 


354, To find the last term. 

1. In the geometrical progression 2, 4, 8, 16, what is the 
ratio? How is the second term obtained from the first? 
How is the third term obtained from the first? How is the 
fourth term obtained from the first ? 

2. In the geometrical progression x, wy, xy’, xy’, xy’, etc., 
what is the ratio? How many times does the ratio enter as 
a factor into the second term? How many times into the 
third term? How many times into the fourth term? How 
many times into the nth term? 
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365, When a represents the first term, r the ratio, and 7 the 
last or nth term, 
I. t=ar"™". That is, 


356, Principie. — The last term of a geometrical progression 
is equal to the first term, multiplied by the ratio raised to a 
power whose index is I less than the number of terms. 


EXAMPLES. 
1. Find the 8th term of the series 2, 4, 8, etc. 


PROCESS. 


Expianation. — In this example a = 2, r= 2, andn = 8. 
Substituting these values in the formula, the value of J, or 
1=2X2" the last term, is 256. 


i= 256 
2. Find the 6th term of the series 5, 10, 20, ete. 
.8. Find the 9th term of the series 2, 4, 8, etc. 
4. Find the 7th term of the series 3, 9, 27, ete. 
5. Find the 10th term of the series 1, 2, 4, 8, etc. 
6. Find the 7th term of the series 2a, 4a”, 8a, ete. 
7. Find the 9th term of the series 3, 6ax, 12 a7x, ete. 
8 
9 


1 = ar) 


. Find the nth term of the series 1, 2, 4, 8, etc. : 
. Find the nth term of the series 3, 12, x ety \s ;' 3 
10. Find the 8th term of the series 3, 1, 4, 6tc. xe» ? 
11. Ifa person should be hired for 8 days bn Fea of $1 


the first day, $3 for the next day, $9 for the third day, and 
so on, what would his wages be for the last day ? 


12. If a man begins business with a capital of $ 1000, and 
doubles it every three years, how much will he have at the 
end of 15 years ? 


13. If aman should purchase 10 horses, giving $1 for the 
first, $2 for the second, $4 for the third, and so on, what 
would the last horse cost him ? 
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14. A man bought 9 bushels of wheat. If he had paid 3 
cents for the first bushel, 9 cents for the second, 27 cents for 
the third, and so on, what would the last bushel have cost him ? 


15. A man worked 6 days on condition that he should 
receive for the 6 days as much as the last day’s work would 
amount to at the rate of 1 cent for the first day, 5 cents for 
the second day, and so on, the wages of each day being 5 times 
the wages of the previous day. How much did he receive ? 


16. If a farmer plants a pint of corn and it produces 4 
bushels, how much corn will he have at the expiration of 
4 years, if he plants the entire harvest each succeeding spring ? 


17. A capital of $2000 is increased by 1, of itself each 
year. What will it be at the beginning of the fifth year ? 

357. To find the sum of a series. 

1. Express five terms of the series, a, ‘av, ar’. 

2. What is the nth or last term of the series? 


358. Let a represent the first term, 1 the last term, r the 
ratio, n the number of terms, and s the sumoof the terms. 


Then, 


s=at+ar+ar+ar+---+ar" (1) 
)xr 9 rs=ar+ar’+ ar + Care! ot auttiet ae (2) 
(2)—(), rs—s=ar"—a 
s(r —1)=ar"—a 
II. ray, 
Since si=ar"|, rl=far" 


Substituting ri for ar” in the formula for the sum, we have 


Mit 


t— 


J 


982 HIGH SCHOOL ALGEBRA. 


EXAMPLES. 


1. Find the sum of 10 terms of the series 2, 4, 8, etc. 


PROCESS. : 
Pai Expianation. — In this example, a = 2, r 
er eas 8 =2,n=10. Substituting in the first for- 

2 292 mula obtained for the sum, the sum is 2046. 
apt MS SF 2s OMG / 

2—1 A 

j “ee PA ~ 


2. Find the sum of 11 tertis of Gist series 1, 2, 4, 8, ett. 


3. Find the sum of 9 terms of the geometrical series 1, 3, 
9, 27, etc. 


4. Find the sum of 12 terms of the geometrical series 4, 8, 
16, 32, 64, ete. 


5. Find the sum of 11 terms of the geometrical series 3, 9, 
27, 81, 243, ete. 


6. Find the sum of 10 terms of the geometrical series 2a, 
4a, 8a, etc. 


7. Find the sum of 10 terms of the geometrical series 2”, 
627, 1827, etc. 


8. Find the sum of n terms of the series 2, 4, 8, 16, ete. 
9. Find the sum of 10 terms of the series 2, 1, 4, 4, ete. 
10. Find the sum of 8 terms of the series 8, 2, 4, 4, ete. 


11. The extremes of a geometrical progression are 4 and 
1024, and the ratio is 4. What is the sum of the series ? 


12. The extremes of a geometrical progression are 2 and 
512, and the ratio is 2. What is the sum of the series ? 


13. What is the sum of a series in which the first term is 
2, the last term so small that it may be disregarded, and the 
ratio }; or what is the sum of the infinite series 2, 1, 4, ete. ? 


14. What is the sum of the infinite series 6, 3, 14, ete.; or 


what is the sum of a series in which the first term is 6, and 
the ratio 4? 


{ —> 
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15. What i is the sum of the infinite series 2, 2, 2,2, ete. of 
16. What is the sum of the infinite series : 


i Rare | 


jet es See es ae 
Tata oe ete 


17. What is the sum of the infinite series 


Scoot ete. ? 


18. A man engaged to work for 8 months, upon condition 
that he should receive $2 for the first month, $4 for the 
second, $8 for the third, and so on. How much did he earn 
in the time? 


19. A man rented a farm of 500 acres for 20 years, agree- 
ing to pay $1 for the first year, $2 for the second year, $4 
for the third year, and so on. What was the entire amount 
of rent paid for the farm? 


20. A merchant made $500 the first year, and continued in 
business 5 years, making each year 3 times as much as the 
preceding year. How much did he make? 


21. What sum of money can be paid by eight installments, 
the first of which is $1, the second $2, the third $4, and so 
on in a geometrical ratio ? 7 


22. If a body be put in motion by a force which would \ 
move it 10 feet the first second, 8 feet the second, 6.4 feet the } \7 
third, and so on, how far would it move? 


23. A man sold a horse upon the following terms: The 
purchaser was to pay 1 cent for the first mile the owner drove 
him, 2 cents for the second, 4 cents for the third, and so on 
for four hours. If he drove the horse 32 miles in 4 hours, 
how much did the horse cost? _ 
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859. To insert geometrical means between two terms. 


EXAMPLES. 


1. Insert 3 geometrical means between 2 and 32. 


PROCESS. EXPLANATION. — Since there are 3 
means, the number of terms is 5. 
The first term is 2, the last term is 
82 = 2r' 32. Substituting these values in the , 

7 formula 7 = ar’—!, the ratio is found 
16 =r to be 2, the series 2, 4, 8, 16, 32, and 
2=r the means 4, 8, 16. 


1 ok ar 


Insert 4 geometrical means between 1 and 32. 
Insert 3 geometrical means between 31 and 496. 
Insert 5 geometrical means between 1 and 729. 
Insert 7 geometrical means between 2 and 13122. 


Insert 4 geometrical means between 4 and 128. 


TD 7 Rw BW 


Insert 6 geometrical means between — 2 and — 4874, 


8. Insert 4 geometrical means between 3 and — {43%). 


The geometrical mean between two quantities may also be 
found as follows: 


Let a and 6} represent the quantities, and m the mean, 


™ — the ratio, as also does ok 
a m 


Seaton, m2 = ab, and m= Vab. - That is, 
360. Principte. — The geometrical mean between two quan- 
tities is equal to the square root of their product. 
9. Find the geometrical mean between 9 and 16. 
10. Find the geometrical mean between 5 and 45. 
11. Find the geometrical mean between 14 and 56. 


12. Find the geometrical mean between —9 and — 49, 
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13. Find the geometrical mean between 13$ and 42. 
14. Find the geometrical mean between 4 and 183. - 


15. Find the geometrical mean between 16 ay and 25 zy. 


361. From the formulas for the last term and the sum, when 
any three elements are given, the other two can be found. 


1. Given J, 7, and s, to find a. 


2. The last term of a geometrical progression is 128, the 
ratio 2, and the sum 254. What is the first term ? 


3. The last term of a geometrical progression is — 128, 
the ratio 2, and the sum — 255. What is the first term ? 


4. Given a, n, and J, to find r. 


5. The first term of a geometrical progression is 2, the 
number of terms 5, and the last term 512. What is the ratio ? 


6. The first term of a geometrical progression is 2, the 
number of terms 4, and the last term 18. What is the ratio? 
Write the series. 

7. Given 7, n, and J, to find a. 


8. The last term of a geometrical progression is 1215, the 
number of terms 6, and the ratio 3. What is the first term ? 
Write the series. 


9. Given a, J, and s, to find r. 


10. The first term of a geometrical progression is 2, the 
last term j,, and the sum 122, What is the ratio? Write 


the series. 


11. The first term of a geometrical progression is 3, the last 
term 6144, and the sum 12285. What is the ratio? 


12. Given a, 7, and s, to find 1. 


13. The first term of a geometrical progression is 5, the 
ratio 3, and the sum 1820. What is the last term ? 
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SPECIAL APPLICATIONS. 


862. In solving some problems in Geometrical Progression, 
there are several ways of representing the unknown terms of 
the series. 


1. When «z represents the first term and y the ratio, the series may be 
represented as follows : 


x, xy, xy’, xy®, ay*, ete. 
2. When there are three terms in the series, they may be represented 
as follows: 


: : 
x, ay, y?, in which : represents the ratio ; 
or, by x, Vay, y, in which Vi! represents the ratio. 


83. When there are four terms in the series, they may be represented 
as follows : 
2 


v 2 
7’ x, y, and — in which . represents the ratio. 


PROBLEMS. 


1. The sum of three numbers in geometrical progression is 
7, and the sum of squares of these numbers is 21. What are 
the numbers ? 


SoLuTion. 


Let x, Vaxy, and y represent the numbers. 


By the conditions, {f pe As er ) 
a + ey + y? = 21 (2) 

Dividing (2) by (1), x-—Vay+y=3 (3) 
Adding (1) and (38), 2%+2y = 10 (4) 
e+ty=5 (5) 

Subtracting (5) from (1), Vay =2 (6) 
xy = 4 (% 


Whence x=1, Vay=2, y=4 
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2. The sum of a geometrical series containing 8 terms is 
1785, and the ratio is 2. What is the first term ? 


3. The sum of a geometrical series containing 6 terms is 
1365, and the ratio is 4. What is the first term ? 


4. The sum of a geometrical series is 1. The first term is 
4, and the last term 0. What is the ratio ? 


5. The first term of a geometrical series is 32, the last 
term 4000, and the number of terms 4. What is the ratio? 


6. Find three terms in geometrical progression whose sum 
is 13, and the sum of whose squares is 91. 


7. The product of three numbers in geometrical progres- 
sion is 8, and the sum of their squares is 21. What are the 
numbers ? 


8. The sum of the first and third of four numbers in 
geometrical progression is 10, and the um of the second and 
fourth is 30. What are the numbers ? 


Succersrion. — Represent the numbers by 4, xy, xy”, and ay. 


9. The sum of four numbers in geometrical progression is 
15, aind the last term divided by the sum of the means is 4. 
What are the numbers ? 


10. The sum of three numbers in geometrical progression 
is 14, and the sum of the extremes multiplied by the mean is 
40. What are the numbers ? 


11. The sum of the first two of four numbers in geometrical 
progression is 10, and the sum of the last two is 225. What 
are the numbers ? 


12. Find three numbers in geometrical progression such 
that the sum of the first and last is 20. and the square of the 
mean 36. 


13. The continued product of three numbers in geometrical 
progression is 216, and the sum of the squares of the extremes 
is 828. What are the numbers ? 
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14. A man bought a farm for $5000, agreeing to pay prin- 
cipal and interest in five equal annual installments. What. 
will be the annual payment, including interest at 6% ? 


SOLUTION. 


Let P = any principal. 
p = the annual payment. 
r = the rate per cent. 
P(i+7)= amount due at end of first year. 
P(1+7r)—p=sum due after first payment is made. 
P(1+r)2—p(1+,r)= amount due at end of second year. 
P (_+r)?+p(1+r) —p=sum due after second payment is made. 
PA +r>—p+rt—pd +r? =pt+n?-pdt+n—p 
= sum due after fifth payment is made. 
Since the debt was discharged when the fifth payment was made, 
P(L+r)8—p(l+r)t—p(l+3—p+r)?—pd+n—p=0 
Whence, 
p+r)t+pd+nr%+pdt+r)?+pd+r)+p=PA+7r)? 
Pdi+r)é 
Q+n*+04nr34+ 04+n?4+ 04+n41 
Or, since the denominator forms a geometrical series, 
PU 2)* .  PeCipayt 
Pitre —1l G4+n-1 
r 


p= 


And, in general, 


_ _Pr(L+r)™ _ $5000 x .0¢ 06 x (1.06) _ 
Pd eet oe Sates ta a ae 


15. If aman agrees to pay a debt of $3000, bearing interest 
at 7%, in 6 equal annual installments, what will be the an- 
nual payment ? 


EXAMPLES FOR REVIEW. 


363, 1. Add 3a°y—4aVy+5, Vay + 2ay} +4, 6yVa— 
Vay —7, 4yVa—3y)ex —6, and 24 52y) —3y0'. 


2. Add Qaty?42a-"y! — 302, 20a-™yi a+ 62%, Saty?— 
5 caty*? — 2ba-"yt + 3a, and 2a + cy. 


—-- 
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3. Add 4b —2Qey8 +. m to Tey"? + 8ar —5b+10ax—2b 
+8m—3, and subtract from the result the sum of Saa—4im+-3, 
Bey t — 3ax—6, and 3m—10cy? $_ 2m. Jo 


4. From 17 ay’+3z+104a subtract 7 ay’+4a2+120—2 be. 
5. Multiply a*+a*d + ab? + ab? + b* by a—b. 

6. Multiply 8a"-'—2y" by 2a—3y?. 
7. Multiply 307? —2y3 by 3a7? + 2y?, 


m—n mn 


Multiply 2am —3y% by 2am +3y 7 
9. Expand (a+ y™) (a+ y). 

10. Divide «*—y* by w+y. 

11. Divide z+ 7’ by #+y. 


a 


12. Divide «*—y" by x—y to 6 terms. 
3 


sd ae ae 3a x 
TE 1D Sina 0 ey eae ae Pmt oil 
byde + Ee pr at 


14. Factor 427+ 4ay + y* : 
15. Factor at — 7. Tf r, 
16. Factor «? — 22 — 35. } 
17. Factor 2 — 6x — 27. 
18. Factor «— y’. 
| 19. Find the highest common divisor of #’—y’, 2? — 2ay +-y’, 
and wy — 7’. 

20. Find the highest common divisor of 6a*+112°+43 
and 2a*—5a’?—12. 

21. Find the highest common divisor, of 4a*— 24a? + 342? 
+122—18 and 4%°—182°4 19% —3. 

22. Find the highest common divisor of «*— 4a? — 16a? + 
Te+24 and 2a°—15a7+ 9x + 40. 

23. Find the lowest common multiple of 2a7u, 3aay, and 
4a*ax’y’. 


ALGEBRA. — 19 \ 
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24. Find the lowest common multiple of 2’?—y’, «+y, 
x—y, and ay—y’. 


oe’ —Tx2+-10 


Oey ne to its lowest terms. 


25. Reduce 


e—4e?+ 9x2 —10 
+ 2a? —3a-+ 20 


26. Reduce to its lowest terms. 


GeO Oe 


w+ 2ab+6—¢ 


27. Reduce to its lowest terms. 


x x a 


28. Simplify ett de 


34+2¢_ 2—32 , 16a—a 


29. Simplify ae ee ao 


30. Simplify 


1 ss 1 he 1 : 
(a—b)(6—c) (b—a)(a—c) (e—a)(c—b) 


V+ Le 2 
l+oa+to l—a#+e” 1+42?+-2' 


32. Simplify (2 $e (2 r 1G i i) 
x xe x 


88. Simplify 247 4 oo 


é : if x il 
34. Simplif i 3 6 S25 | eee . 
Me (ia ag) aod 


35. Divide (ES) on 3” a ona) 


31. Simplify 


36. 


37. 


38. 


39. 
40. 
41. 
42. 
43. 
44. 
45. 
46. 
47. 
48. 


49. 


50. 


51. 


52. 


53. 


54. 
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ae “y 
a — 2ay + y? — b+y—z 
Multipl en ame, w+ ¥y —2, 
1 a 
2a—38+4+- js —— 
ernie 212... Vee ) 
impilry ey ; 
: Kook 
Divide 2 — Va _ vy by ——— 24 Vivi, 
y Va Vay 


Raise «+ y to the seventh power. 

Expand a+36)*%. . ‘ 
Expand (a +b)”. 

Raise a+ y to the sixth power. 

Find the sum of Va'y, V8aty', Way. 

From V3a%z + 6ayz + 3y% subtract V127z vs 

From 6/32 subtract 674. 

Multiply Va—Vy by Va+vy. ve 

Multiply Va +i by Va+veo. ,, 

Solve 7—[7+7—(7+ 2) ]=7. 


Solye-e. See 


; 1 
Sol ——— cae Sa 
Maes prey Os Ay a+b 


Solve ee d 


Be pet ter bce a iy 
ae ied ema) # 1 e 
4e+3 , Ta—29,. 84419 - 

d 5a—-12 18 é > D7 
Solve (a + $)(#—$8)—(a+5)(#—3)+3=0. 


Ate GY WOO) A ay oe, 
a+tod ata 


Solve 


Solve 
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Solve: 
55. 16 8g ae tle: 
a+4 62. «7+7=8. \ 
56. (14+)'+(1—a)* = 242. yte=d. fie: Ch 
57. V4+4+ae= 22 ; ‘fot ty 42222) 
“a =e 63. {te+y+42=388. 
58. Vax—32=16—V<a. ap-iytiz=19. 
59. V4e+21=2Vae+1. Ta Dep Sees Ve 
60 V9ae—4 _154+3V2. 4y—2z24+v=11. 
Ve+2  Va+40 64. 4 5y—3e%—2w=8. 


ee 4y—3 2u=9. 
61. V/Itae+Ve= 4 y pare 
V2+2 382+8w= Os 


ceo+ytaz=atac+e. 
65. ea +y+a’z= 3ac. 
acu-+2y+acz=a?+2ac+ c. 


66. e+ ay = 12.) ae ened — Ade 

AOE SG: ; eres 

34+ 3y=15. ir 

67. i ; oa ite i 
x = ee 

68. y + xy? 180. ) va: {a 12.) 
o+y=189. } @ + wy? = 18. J 


= 96 — 
1B: ay? = 9 4 wy. 


V wy=5. ety=6. 


a ae 8} eptytVe+y =12. 


ne: ee \ 


70. 
cares Fae 


“71. 


iy 
tea 

an ae =8(Va— “ee 
le 


ont 4 
— y* = 369. i 77. 


we + yt 3a, 
y~=9. 


a tyi =a, 
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78. Solve { 2ay — 24(% + y) = — 240. , 
a + y? = 100. 

79. Solve | (@—y) (# +y’)=18. 
ay — vy’ = 6. 


80. What two numbers, which are to each other as 3 to 4, 
have a product which is equal to twelve times their sum ? 


81. A person being asked the time of day, replied that the 
time past noon was equal to 4 of the time to midnight. What 
was the time of day ? 


82. Find a number which being increased by 4 and the 
sum multiplied by 3, gives the same result as if half the 
number were multiplied by 8 and the product were diminished 
by 8. 

83. Find two numbers in the proportion of 3 to 4 such that 
if 9 be added to each the sums will be as 6 to 7. 


84. The sum of two numbers is 12, and the difference_of 
their squares is 72. What are the numbers ? 


85. It is required to divide 99 into five such parts that the 
first may exceed the second by 3, may be less than the third by 
10, greater than the fourth by 9, and less than the fifth by 16. 


86. There are two numbers whose product is 6, and whose 
sum added to the sum of their squares is 18. What are the 
numbers ? 

87. What number is that to which if 12 be added, and 
from 5), of the sum 12 be subtracted, the remainder will be 12? 


88. A boy paid 20 cents for 200 apples and pears together, 
buying 25 apples for a cent and 25 pears for 3 cents. How 
many of each did he buy ? . 

89. A steamboat, whose rate in still water is 10 miles per 
hour, descends a river whose velocity is 4 miles per hour, and 
returns. She was away for 10 hours. How far did she go? 


90. Three years ago A’s age was } of B’s, and 9 years 
hence it will be § of it. What is the age of each ? 
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91. There is a number whose three digits are the same; 
and when 4 times the sum of the digits is subtracted from the 
number, the remainder is 297. What is the number? 


92. A woman being asked what she paid for her eggs,‘ 
replied, “Six dozen cost as many cents as I can buy eggs for 
82 cents.” What was the price per dozen ? 


93. What fraction is that which will be doubled when the 
numerator is multiplied by 4 and 3 is added to the denom- 
inator; but will be halved when 2 is added to the numerator 
and the denominator is multiplied by 4 ? 


94. The stones which paved a square court-yard would just 
cover a rectangular surface whose length was 6 yards longer 
and whose breadth was 4 yards shorter than the side of the 
square. What was the area of the court ? 


95. A gentleman had not room in his stables for 8 of his 
horses, so he built an additional stable one half the size of the 
other, and then had room for 8 horses more than he had. How 
many horses had he ? 


96. A gentleman purchased two square lots of ground for 
$300. Each of them cost as many cents per square rod as 
there were rods in a side of the other, and the sum of the 
perimeters of both was 200 rods. What was the cost of each? 


97. There is a number consisting of three digits. The sum 
of the squares of the digits is 83, and the square of the 
middle digit exceeds the product of the other two by 4. If 
396 be added to the number, the digits will be reversed. What 
is the number ? 


98. A and B hired a pasture, into which A put 4 horses, 
and B as many as cost him 18 shillings a week. Afterward 
B put in 2 additional horses, and found that he must pay 20 
shillings per week. What was paid for the pasture per week ? 


99. The sum of two numbers is 40. If 3 times the smaller 
number be subtracted from 2 times the larger, the remainder 
will be 15. What are the numbers ? 
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100. A general, having lost a battle, found that he had only 
3600 more than half his army left fit for action, 600 more 
than 4 of his men being disabled by wounds, and the rest, 
which were 4 of the whole army, being killed or taken 
prisoners. How many men had he in the army ? 

101. Four places are situated in the order of the letters, 
A; B, C, D. The distance from A to D is 34 miles; the 
distance from A to B is to the distance from C to D as 2 is to 
3, and 4 of the distance from A to B added to 4 the distance 
from C to D is three times the distance from B to C. What 
are the respective distances ? 


102. Given «+V3= ae , to find the values of a. 
— 2% 

103. Several persons incurred an expense of $12, which 
they were to share equally. If there had been 4 more in the 
company, the expense to each person would have been 50 
cents less than it was. How many persons were there in the 
company ? 

104. It is between 11 and 12 o’clock, and the hour hand and 
minute hand make a straight line. What is the time? 


105. A rectangular field, whose sides are to each other as 2 
to 5, contains 4 acres. What are the length and breadth of the 
field ? 


106. Divide 18 into two such parts that the squares of those 
parts may be to each other as 25 to 16. 


107. What will be the payment which will discharge a debt 
of $2000 in four years, paying principal and interest in equal 
annual installments, interest at 6 % ? 


108. A rectangular piat of ground has a walk 6 feet wide 
around the outside, which contains } as much area as the plat 
itself. If the sides are to each other as 3 to 4; what are the 
length and breadth of the plat ? 


109. Given i. a dee ; , to find # and y. 
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110. . Given ee cea 


—y: (w«—y)?::61:1 

111. There are four numbers in arithmetical progression 
such that the sum of the two least is 20, and the sum of the, 
two greatest is 44. What are the numbers ? 


\ to find @ and y. 


112. A farmer has two cubical granaries. The side -of one 
is 3 yards longer than the side of the other, and the difference, 
in their solid contents is 117 cubic yards. What is the side 
of each ? 


113. A merchant expended a sum of money in goods, which 
he sold for $56, and thereby gained a per cent. equal to the 
number of dollars which the goods cost him. How much did 
they cost him ? 


114. The sum of three numbers in geometrical progression 
is 13, and the sum of the extremes multiplied by the mean is 
30. What are the numbers ? 
x? + xy = 12 


115. Given herria? 


< to find # and y. 


116. There are two rectangular boxes, one containing 20 
cubic feet more than the other. Their bases are squares, the 
sides of each being equal to the depth of the other. If the 
capacities of the boxes are in the ratio of 4 to 5, what is 
the depth of each box ? 


117. What three numbers in geometrical progression are: 
there whose sum is 14, and the sum of whose squares is 84? 


118. What is the square root of a*#+ b’a?+ c?+ 2aba?+ 
2acx? + 2bcex? 


119. A merchant has three pieces of cloth whose lengths 
are in geometrical progression. The aggregate length of the 
three pieces is 70 yards, and the longest piece is 30 yards 
longer than the shortest. What is the length of each ? 


120. A father divided $2100 among his three sons, so that 
the shares were in geometrical progression, and the second 
had $300 more than the third. What was the share of each ? 


REVIEW. 997 


121. A vintner has two casks of wine, from each of which 
he draws 6 gallons, and then finds that the quantities left are 
to each other as 4to 7. He then puts into the smaller cask 
3 gallons, and into the greater 4 gallons, and the quantities 
they contain are then to each other as 7 to 12. How many 
gallons were there in each at first ? 

122. Some smugglers discovered a cave which would ex- 
actly hold their cargo, which consisted of 13 bales of cotton 
and 33 casks of wine. While they were unloading, a revenue 
cutter hove in sight, when they sailed away with 9 casks and 
5 bales, leaving the cave two thirds full. How many bales, or 
how many casks, would the cave hold ? 

123. A farmer sold a meadow at such a rate that the price 
per acre was to the number of acres as 2 to 3. If he had 
received $270 more for it, the price per acre would have been 
to the number of acres as 3 to 2. How many acres did he sell, 
and at what price per oe 2 

124. Given Ve — 20.— 3a, to find x. 

a ao 

125. The sum of two numbers is to their difference as 4 to 
1, and the sum of their cubes is 152. What are the numbers? 

126. A and B set out from two towns which were 204 miles 
apart, and traveled in a direct line until they met. A traveled 
8 miles per hour; and the number of hours before they met 
was greater by 3 than the number of miles B traveled per 
hour. How far did each travel ? 

127. A merchant bought a number of pieces of cloth for 
$ 225, which he sold at $16 a piece, and gained by the sale as 
much as one piece cost him. How many pieces were there ? 

128. There are three numbers in arithmetical progression 
whose sum is 15. If 1, 4, and 19 be added to them respect- 
ively, they will be in geometrical progression. What are the 
numbers ? 

129. A and B agreed to reap a field of grain for 90 
shillings. A could reap it in 9 days, and they promised to 
complete it in 5 days. They were obliged, however, to call to 
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their assistance 0, an inferior workman, who worked the last 
two days, in consequence of which B received 3s. 9d. less than 
would otherwise have been due him. In what time could B 
and C each reap the field alone ? 


‘ 


130. Find two quantities such that their sum, their product, 
and the sum of their squares shall be equal to each other. 


131. Find two quantities such that their product shall be 
equal to the difference of their squares, and the sum of their 
squares shall be equal to the difference of their cubes. 


132. A sets out from London to York, and B, at the same 
time, from York to London, both traveling uniformly. <A 
reaches York 25 hours and B reaches London 36 hours after 
they have met on the road. In what time did they each 
perform the journey ? 


133. From two towns, which were 102 miles apart, two 
persons, A and B, set out to meet each other. A traveled 3 
miles the first day, 5 miles the second day, 7 miles the third 
day, and so on. B traveled 4 miles the first day, 6 the next, 
8 the next, and soon. In how many days did they meet ? 


134. Given o*—2a°+ x= 30, to find a. 


Resolve into factors by partially extracting the square root and factor- 
ing the remainder. 


135. Given 2* — 62°+ 11a¢=6, to find a. 


Multiply both members of the equation by x, and resolve into factors 
by extracting the square root partially and factoring the remainder. 


2 2 _/ i 
136. Given 7 he ae rae Dinh find # and y. 
: of + yt = 17 
137. Given Rees 0s: find # and y. 


138. A railway train, after traveling 2 hours, is detained 
by an accident 1 hour. It then proceeds, for the rest of the 
distance, at 3 of its former rate, and arrives 72 hours behind 
time. If the accident had occurred 50 miles further on, the 
train would have arrived 61 hours behind time. What was 
the whole distance traveled by the train ? 


IMAGINARY QUANTITIES.) “ 


a 
> OO See 


364. 1. What is the square root of a®? Of —a?? 


2. Into what factors may /— a? be separated so that one 
of them shall be a perfect square? W—4? V—9? 


3. What is the square of any radical quantity of the second 
degree? What isthe square of V5? Of V—5? Of V—3a? 
Of V—5a? 


865. An Imaginary Quantity is an indicated even root of a 
negative quantity. 


Thus, V—2a, ve 3%, V—a are imaginary quantities. 
In contradistinction to imaginary quantities, all other quantities. 
whether rational or irrational, are called real quantities. 


In accordance with the processes in radicals, 
V— =V/4 Xxv-1Li= On/ = T 
V—16 =V16 x V—1=4ViAL 
V—5 =vVB xV—1=Wiv-1 
Vad =Ve xV—1=aV—1. Hence, 


366, PrincrpLe.*— Every imaginary quantity may be reduced 
to the form of aV—1, in which a is real and V—1 is the 
imaginary factor. 


367. An expression which contains an imaginary quantity is 
called an imaginary expression. 


* For graphic representation of av — 1 see p. 389, 
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368, To add or subtract imaginary quantities. 


1. Add V—2 and 2V— 42’, 


PROCESS. 


a = ExpLanation. — Since the radical expres- 
V—- = aV—1 sions are dissimilar, they must be reduced to 

2\/— 422 =4a./—1 _ similar radicals before adding. Reducing and 

adding coefficients, the sum is 5aV— 1. 


5bav—1 
Simplify: 
Bony Sb PAG, 7 V—a+4+V—48 
any 8 La = fo. 8. 2/—40 + Bb 
SiG) = 4 f'8q/ de 9. 3V— 16 a?2?+ av — 252°. 
Bo Fe Fe 4 /— 48, 10. V—9ai—av— iG, 


6. 4x) — 125. — 35/7 — 80. 11. V—3 ma? —V/— 27 mia. 


369, To multiply imaginary quantities. 
1. Multiply 2V—3 by 2V—6. 


2/—3 =2V3 xV—1 
2/—6=2V6xV—1 

(2V3 x V—1) x (2V6 x V—1) 
=4V18 x (V— 1)? =— 4v18 = — 12-2 


Expianatron. —In order to determine the sign of the product, we 
separate each of the imaginary quantities into two factors, one of which 
is V—1. We then multiply, as in radical quantities, observing that 
(V—1)?=—1. V—1xV-—1 would, according to the ordinary rules 
for multiplication of radicals, give as a product V+ 1, which is equal to 
+1; but, inasmuch as we know that V+ 1 was derived from the prod- 
uct of two negative factors, viz, ~—1 and V—1, the value of V+1, in 
this case, is — 1, and not +1. Hence, 
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3870. PrincreLte.— The product of two imaginary quantities 
of the second degree is real. 


Multiply : 
a Va a by V6. 7 1—-V—1 by 1—-V—1. 
3. 2/6 by 3V—4 8. 3V—3 by 2V—3. 

4. 2/—4 by 3V—9. 9. —5V=2 by 3./—5. 


oO 


3V—a® by 2V—ae. 10. 83V—4 by 5V—3. 

6. 147-1 by 1—V—1. 11. V—2 by V—4xvV—8 
12. 7+3V=9 by 6—2V—9. 

13. Vz +-Vay by Vy +-V=@ 


871, To divide imaginary quantities. 

1. Divide 6V6 by 3V—2. 

Soxurtion. 6V6 + 8V—3 = 06 __ 2V6 
8V-2 V—2 


VeV/Sie 
ie Ba 
==-V= 2 =-—2V—3 


2. Divide 4+~V—2 by 2—V—2. 


Rationalizing the denominator, 


Sonution. (44+V—2)+(2-V—2)=4tV—2 
2-V—2 
Rationalizing the denominator, aCe a sre ve? 


a6H6v = 2244 vag 
Divide: i 
By 8 by V/—4 Bu Deby: Wet A) ae 
er, by 8 — a. (its te by Tf 
5. 2V— ae by 8V —«a. 8. V—6 by 2V—2. 
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9. 44-V4 by 2—V—2. 12. —36 by 2V—4 

10. —6a°Va by 3V— a. 13. 8/—@ by 4vz. 

11. —12V6 by 2V—6. 14. 24+V—4 by 1—V—1. , 
15. 1445V—1 by 2—3V--1. 
16. V5+V—6 by V6—V—5. 


ZERO AND INFINITY. 


872, How much is 2 times 0? 3 times 0? 500 times 0? 
a times 0? Any number of times 0? 


378, PrincipLe.—1. When zero is multiplied by a finite 
quantity, the product is zero. 


How much is 0 divided by 2? O divided by 6? 0 divided 
by a? 0 divided by any number ? 


374, PRINCIPLE.—2. When zero is divided by any finite 
quantity, the quotient is zero. 
1. What is the value of the fraction oe when w=? 
Ve pee: mcs 
2. What is the value of the fraction when x=1? 
Ans. 2 or 2n. 


3. Since $= 2n, and 7 may have any finite value, what value 
may the expression 9 represent ? 


375, PrincipLe.—3. The expression § may equal any finite 
quantity, or it is a symbol of indetermination. 

1. What is the quotient of 2 divided by? By 4? Byi? 
By 75? 

2. When the divisor is diminished while the dividend 
remains the same, what effect is produced upon the quotient ? 


3. If the divisor is made small enough, how large a quotient 
may be obtained ? 


— =~. 
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4. Ifa represents any finite quantity and 0 an exceedingly 
small quantity, what value will the expression 7 represent ? 


876. Princiery.—4. The eapression & may be regarded as 
a symbol of infinity. ° 

1. What is the quotient when 4 is divided by 2? By 4? 
By 8? By 16? By 32? 

2. When the divisor is increased, the dividend remaining 
the same, what is the effect upon the quotient ? 


3. If the divisor is made large enough, how small a quotient 
may be obtained ? 


4. If a represents any finite quantity, and o an exceedingly 


large quantity, what value will the expression S represent ? 


877. Principtn.—5. The expression S may be regarded as 
a symbol for zero. 


878. It should be remembered that the expressions 7 o and 


S are simply symbols, and that they are not to be understood 
in the strict arithmetical sense. For instance, the division of 
a by 0 is inconceivable, if 0 represents the absence of quantity. 
But if 0 represents a quantity, however small it may be, then 
the division of a by 0 is conceivable. Keeping this interpre- 
tation of the symbols in mind, the preceding principles may 
be expressed by algebraic formulas as follows: 


Prin. 1,0 x a= 0. Prin. 3, 7 = any finite quantity. 
Prin. 2, de 0. Prin. 4, = 0. 
a 0 
Prin. 5, S a (), 


EXAMPLES. 
879, 1. Find a number such that when 5 is added to 3 times 
the number, and the result is divided by the number increased 
by 2, the quotient will be 3. 
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The solution of this example shows the number to be o ; that is, there 
is no finite number which will fulfill the conditions, and consequently the 
problem is impossible. 


2. What number is there such that when 2 of it is dimin- 
ished by 4, the result is 3 less than 4 of it plus 4 of it? 


3. I bought 400 sheep in two flocks, paying $1.50 per head 
for the first flock and $2 for the second. I lost 30 of the 
first flock and 56 of the second, and sold the rest of the first 
flock at $ 2 per head and the rest of the second for $2.50 per 
head without gain or loss. Required the number of sheep 
originally in each flock. 


4. There is a number such that a third part of it exceeds 
a fourth part of it by as much as 28 of it exceeds 2 of it. What 
is the number ? 


5. A man being asked his age, replied that if from 3 times 
his age 10 years were subtracted, and to 4 times his age 8 years 
were added, the former result would be equal to 2 of the latter. 
What was his age ? 


6. Two teachers, A and B, receive the same monthly salary. 
A is employed 10 months in the year, and his annual expenses 
are $600. B is employed 8 months in the year, and his 
annual expenses are $480. A saves as much money in 3 years 
as B does in 3% years. What is the monthly salary of each ? 


INTERPRETATION OF NEGATIVE RESULTS. 
380. 1. A father who is 42 years of age has a son 12 years 


of age. In how many years will the son’s age be 1 of the 
father’s ? 


SoLurion. 
Let x = the number of years. 
Then ete = 12 +2 


Sie ieee emg 
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Evidently the problem is absurd, for while — 2 when substituted for 
x in the equation satisfies the equation, and thus shows that the result 
is correct algebraically, the problem must be interpreted arithmetically. 
and in that sense the result, — 2 years, is an absurdity. 

If — x be substituted for « in the equation, the equation becomes 


42 —% 
sale CTO a 
4 sak 
and a) 


Thus, it is obvious that, if the conditions of the problem be changed 
to correspond with the changes in the equation, the problem will be true 
in an arithmetical sense. 

The problem modified to correspond with the changes in the equation 
will be: A father who is 42 years of age has a son 12 years of age. 
How many years ago was the son’s age i of the father’s ? 


2. There is a number such that when 7 is subtracted from 
the sum of 4 of the number plus } of it, the remainder is 
equal to the number. What is the number ? 


SOLUTION. 
Let x = the number. 
Th apa Bee Are 
en 3 + 5 x 
Gl 


While the result — 15 is algebraically correct, it is arithmetically absurd. 
If — x be substituted for x in the equation, the equation becomes 


and = 15 


The problem when changed to express conditions which are arith- 
metically reasonable will be: There is a number such that when 7 is 
added to the sum of 4 of the number plus + of it, the result is equal to the 
number. What is the number? 


881. From the discussion of the foregoing problems we 
may infer: . 


1. When a negative value results from the solution of a 
problem producing an equation of the first degree, it indicates 
an impossibility in the conditions of the problem. 


ALGEBRA. — 20 
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2. The impossibility consists in adding a quantity when tt 
should be subtracted, or vice versa; or in applying a quantity 
in one direction when it should be applied in an opposite direction. 

3. A possible problem analogous to the given problem may 
be formed by changing the absurd conditions to their opposites. 


EXAMPLES. 


882. Modify the following problems so that they may bé 
possible arithmetically. 


1. What number is that whose third part exceeds half of it 
by 4? 


2. A man was married when he was 30 years old and 
his wife 20. How soon will he be twice as old as his wife ? 


3. What fraction is that which becomes ? when its numer- 
ator is increased by 1 and # when its denominator is increased 
by 1? 


4. A man worked 7 days and had his son with him 3 days; 
he received for wages 22 shillings and the board of his son and 
himself. He afterward worked 5 days and had his son with 
him 1 day; he received 18 shillings and the board of himself 
and son. What were the daily wages of each ? 


5. The difference between two numbers is 24. If 3 times 
the greater be added to 5 times the less, the sum will be 48. 
What are the numbers ? 


INDETERMINATE EQUATIONS. 


888, While Indeterminate Equations may have an infinite 
number of values for the unknown quantities (Art. 182), it is 
nevertheless true that by the introduction ‘of a condition or 
conditions into a problem, the number of values may be lim- 
ited and these values algebraically and accurately determined. 
One common limitation in problems discussed under the pres- 
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ent head is that the results shall be positive integers, or posi- 
tive whole numbers. 


In this entire discussion whole number is understood to mean positive 
whole number, and integer, positive integer. 


EXAMPLES. 


1. Find two integers whose sum is 3. 


SoxurTion. 
Let x = one number, 
and y = the other. 
E Then, ety=83 
and ie Lior 2 
y=2orl1 


2. Find two integers whose sum is 5. 
3. Find two integers whose sum is 7. 


4. There are two integers such that one of them added to 
four times the other makes 17. Find all the possible numbers. 


5. Given 3¢7+4y=29. Find the values of # and y in 


whole numbers. 
SoLuTIoNn. 


Since « and y are positive integers, it is evident that 3% must be equal 
to 3 or a multiple of 3, and 4y must be equal to 4 or a multiple of 4. 
Since the sum of these multiples is equal to 29, it is evident that, if we 
subtract from 29 successively the multiples of 3, some one of the remain- 
ders will be a multiple of 4, if the problem is possible. 

By subtracting 3 and its multiples 6, 9, 12, etc., successively from 29, 
it is found that 9 and 21, or 3 times 3 and 7 times 3, are the only multiples 
of 8 which leave multiples of 4. Hence, x = 3 or 7. 

Substituting the values of « in the equation, y = 5 or 2. 


ANOTHER SOLUTION, 
82+ 4y = 29 j (1) 


29 —8x 
Shs 2 
aw (2) 


Expressing the value of y as a mixed quantity, y = 7 — % + —— L ~t* 


. . ree x : 
Since wand y are integers, 7 — x is integral, and — is also Many 


for if it were not, the value of y would contain a fraction. 
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are 2 : « — wp, a whole number or integer. 
Then l+u=4w 
“~=4w-1 
Making w = 1, 2, 3, etc., successively, 


% ='5, 7,-11, 1b, ete. 


The corresponding values of y are 5, 2, — 1, — 4, ete. 
Since the values of x and y are positive, only the first two values fulfill 
the conditions, and 


y= 8 and y=5, on“ = 7 and y= 2 


6. Separate 200 into two integers, one of whichisa multiple - 
of 7, and the other some other multiple of 13. 


Soxurion. 
Let 7“ = one number, 
and 13 y = the other. 
Then, 7x+ 13y = 200. 
Hence, 7% = 161, and 13y = 89, the number sought. 


7. Determine whether 500 can be separated into two parts, 
one of which shall be a multiple of 17, the other a multiple 
of 19. 


Find the least values of x and y in the following equations: 


8. 3a=8y—16. 11. Te —9y= 29. 
9. 14de7=—5y-+T7. 12. 19%—5y =119. 
10. 27% = 1600 — 16y. 13. 17a—49y=~—8. 


14, A man has $500 which he wishes to spend for cows 
and sheep; cows cost $17 apiece, and sheep $5 apiece. How 
many can he buy of each ? 


15. A man buys 100 animals for $100, giving $10 each for 
calves, $2 each for sheep, and $4 each for geese. How many 
animals of each kind may he have purchased ? 
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SoLution. 
Let « = the number of calves, 
y = the number of sheep, 


and z = the number of geese. 
Then e+ty+z2=100 (1) 
and 10% +2y+5= 100 (2) 
Eliminating 2, 19%+ 3y=100. 


16. What is the least whole number which being divided 
by 19 will give a remainder 6, and being divided by 17 will 
give a remainder 12? 

Suecestion.—19%+6=17y +4 12. 


17. A boy being asked how many apples he had, replied 
that he had between two dozen and three dozen; that when 
he took them 4 at a time, he found there were 3 left, but 
when he took 5 at a time, there was but 1 left. How many 
apples had he ? 

18. Find two numbers either of which, upon being divided 
by 3, 4, and 5, gives the remainders 2, 3, and 4, respectively. 


19. Find the least whole number which, being divided by 
7, 8, and 9, respectively, leaves the remainders 5, 7, and 8. 


20. Find the least whole number which, being divided by 
39, leaves the remainder 16, and when divided by 56 leaves a 
remainder 27. 

21. A person sold a number of sheep, calves, and lambs, 40 
in all, for $48. How many may he have sold of each, if he 
received for each calf $1.75, for each sheep $1.25, and for 
each lamb $.75? 

22. A farmer has oats worth 42 cents, barley worth 64 
cents, and rye worth 87 cents per bushel. How many bushels 
of each may he take to make a mixture of 200 bushels, worth 
75 cents per bushel ? : 

23. A man bought calves, sheep, and lambs, 154 in all, for 


$154. He paid $34 each for calves, $14 each for sheep, and 
$4 each for lambs. How many may he have bought of each ? 
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24, Four boys have a pile of marbles. A throws away 1, 
and takes } of the remainder; B then throws away 1, and 
takes 4 of the remainder; C then throws away 1, and takes 


1 of the remainder; D then throws away 1, and each boy 
takes 1 of the remainder. At least, how many marbles must 


have been in the pile, and how many does each boy now have? 


25. I bought a certain number of histories, at $2.50 apiece, 
and a number of lexicons at $1.75 apiece. The entire cost 
was $44.75. How many did I buy of each kind ? 


26. A man bought 30 animals for $130, paying $7 each 
for calves, $3 each for sheep, and $2 each for pigs. How 
many of each kind did he buy ? 


27. Divide 70 into three parts which shall give integral 
quotients when divided by 6, 7, 8, respectively, the sum of 
which quotients shall be 10. 


28. A dealer in stock can buy 100 animals for $400, by 
paying $9 apiece for sheep, $2 apiece for pigs, and $ 1 apiece 
for lambs. How many of each kind may he buy ? 


29. A farmer bought 100 animals, consisting of sheep, 
turkeys, and geese, for $200. The sheep cost him $7 apiece, 
the turkeys $23 apiece, and the geese $1 apiece. How many 
of each kind did he buy ? 


INEQUALITIES. 


384, An Inequality is an algebraic expression, indicating that 
one quantity is greater or less than another. 


385. The Sign of inequality is>. It is placed with the 
opening of the angle toward the greater quantity. 
Thus, a > 0 is read, a is greater than b; a <b is read, a is less than b. 


Any negative quantity is regarded as less than 0, and the one having 
the greatest number of units is considered the least. Thus, 


<9 SS 8, 


386, The quantities on each side of the sign of inequality 
are called members. 
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387. When the first members of two inequalities are each 
greater or each less than the corresponding second members, 
the inequalities are said to subsist in the same sense. 

When the first member is greater in one inequality and less 
in another, the inequalities are said to subsist in a contrary 
sense. 


Thus, a >6 and c>d subsist in the same sense, andw>yandv<z 
subsist in a contrary sense. 


388, 1. In the inequality 10>6, if 4 be added to each 
‘member, how will the inequalities subsist? If 4 be subtracted 
from each member, how will they subsist ? 


2. If to the equation 10 = 10, the inequality 6 >4 be added 
member to member, how will the inequalities subsist? If 
the inequality be subtracted from the equation, member from 
member, how will the inequalities subsist ? 


3. If the members of the inequality 10 >6 be multiplied or 
divided by the same positive quantity, how will the inequali- 
ties subsist ? Ifthey be multiplied or divided by any negative 
quantity, how will they subsist ? 


4. Ifthe corresponding members of two or more inequali- 
ties, subsisting in the same sense, be added, as 10>6 and 
4 > 3, how will the inequalities subsist ? If the corresponding 
members of the inequality 4>3 be subtracted from 10> 5, 
how do the inequalities subsist? If 20>3 be subtracted 
from 10> 5, how do they subsist ? 


5. If each member of the inequality 9>4 be raised to the 
same power, how will the inequalities subsist? If the same 
root of each be taken, how will the inequalities subsist ? 

If each member of the inequality — 2>—23 be raised to the 
second power or any even power, how will the equalities 
subsist? If each member be raised to the third bg OE 
odd power, how will they subsist ? 

If the same odd roots of each member of the inequal- 
ity —64> —729 be taken, how will the inequalities sub- 


sist ? 
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6. If the members of the inequality 5>3 be divided by 
—1, how will the inequalities subsist. + 
389. Princrpies. —1. If equal quantities be added ‘to or sub- 
tracted from the members of an inequality, the inequalities will , 
subsist in the same sense; if, however, the members of an 
inequality be subtracted from the corresponding members of an 

equation, the inequalities will subsist in a contrary sense. 

2. If the members of an inequality be multiplied or divided by 
the same or equal positive quantities, the inequalities will subsist 
in the same sense; if, however, the multipliers or divisors be 
negative, the inequalities will subsist in a contrary sense. 

3. If the corresponding members of two or more inequalities 
subsisting in the same sense be added, the inequalities will subsist 
tn the same sense; if, however, the members of one inequality 
be subtracted from the corresponding members of another, the 
inequalities will not always subsist in the same sense. 

4. If the same positive powers or roots of the members of 
an inequality be taken, the inequalities will subsist in the same 
sense, provided the members of the original inequality be posi- 
tive, or if odd roots of. negative quantities be taken; if, how- 
ever, the members of an inequality be negative, and they be 
raised to the same even power, they will subsist in a contrary 
sense. 

5. If the signs of all the terms of an inequality be changed, 
the resulting inequality must be expressed in a contrary sense. 


EXAMPLES. 


1. Find the limit of # in the inequality 5a —6'>19. 


SoLuTion. 
be—6>19 
(Prin. 1), 52 > 25 
(Prin. 2), r>d 


The inferior limit of x is 5. 


2. Find the limits of # and yin 24+3y > 26 and 2a + y=16. 
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SoLurTion. 
2a + 3y > 26 (1) 
2a -+y=16 (2) 
(2)—(1) (Prin. 1), 2y>10 (8) 
(Prin. 2), y>5 (4) 
(2)— (4) (Prin. 1), Qe<11 
(Prin. 2), uw < dF 


The inferior limit of y is 5 and the superior limit of » is 5}. 
Consequently, y may = 6 and x may = 5, and these values satisfy the 
equation. 


Find the limit of # in the following: a and b being positive: 


3. aoe 6. at etot a> i. 
4, 2g? AT > 11. 
a [e = : O+P PD 
fp) syd 5 5% 


Ve an a 
Vy, Nn ab >. 
od Re 8. 1la—9> 40433. 


Find limits of # and y in the following, and, if possible, 
integral values of # and y which will satisfy the equations: 


9. 38a+y=9. 5a, 2y 
2+ 2y<12. ae oe sh hades 
10. 4 2y = 26. 
3a+4y > 38 rigey 
11. +67 = 13. 
: 5a+2y>7. 14. 3”, Ty 40, 
, 5 4 
woe 
12, —-++2=3. 
973 2u_ y_2 
® YS 9 EERO eo 
ao eae 


15. If a and d are unequal, prove that a’?+ 0’ >2ab. 
16. If a and bd are unequal and positive, find the inferior 
limit of % 42. 
b a 
17. When a and bare unequal and positive, which is greater, 
2+?  a+d%, 
—at+od a? +b? 


LOGARITHMS. 


—_+04+——_ 


390, 1. What power of 3is 9? 27? 81? 243? 
2. What power of 4 is 42 167 64? 256? 
3. What-power of.10 is 10? 100? 1000? 1? 


391, The Logarithm of a number is the index of the power to 
which a constant number must be raised to produce the given 
number. 

Thus, when 4 is the jose number, 2 is the logarithm of 16, for 
42 = 16. YY 


392, The constant number which must-be raised to some 
power in order to/ produce-the given numbers is called the 
Base of the system/ of logarithms. 


393, Logarithms may be computed with any positive num- 
ber except unity/as a base, but the Base of the Common System 
of Logarithms is 10. _ 

Since 10° =1, the logarithm of Lis 0. 

Since 10! = 10, the logarithm of 10 is... 

Since 10? =100, the logarithm of 100 is 2.° 

Since 10° = 1000, the logarithm of 1000 is 3.» 3 
Since 10 = 1, the légarithm of .1 is —1. ‘2 
Since 10°=,1,, the logarithm of 01 is —% 

Since 10° = 45, the oie of .001 is —2; 


394. It is evident, therefore, that the logarithm of any num- 
ber between 1 and 10 is less than 1 and greater than 0; between 
10 and 100, 1 plus a fraction; between 100 and 1000, 2 plus a 
fraction, ete. 

314 
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395. The integral part of a logarithm is called the Character- 
istic; the fractional part, the Mantissa. 


Thus, in log. 3.16857, the characteristic is 3 and the mantissa .16857. 


From the examples given in Ant Pp the following princi- 
ples may be deduced. 


396. Princrptes.—1. The characteristic of the logarithm of 
an integral number is positive, and numerically 1 less than the 
number of figures in the given number. 

2. The characteristic of the logarithm of a decimal fraction is 
negative, and numerically I greater than the number of zeros 
immediately following the decimal point. 


Thus, the characteristic of 42 is 1; of 423 is2; of 4234 is 8; of .01 is 
—2; of 42is —1; of 324is —1; of .00825 is — 3. 


397. The following examples will iTlustrats the characteristic 
and mantissa, and their significance : 


Log. of 231.4 = 2.364363, or 231.4 = 102-364368_ 
Log. of 238.14 = 1.364363,/or (23.14 = 101364363, 
Log. of 2.314 = 0.364363, or 2.314 =10 364368, 
Log. of .2314 = oni or .2314 = 101364363, 
Log. of .02314= 2.364363, or .02314 = 10?-364368, 

From an examination of the examples given it is seen that 
as the number decreases in a tenfold ratio, the logarithm 
is diminished by unity. The logarithm of .2314 is then 
0.364363 —1 or — 0.635637, and that of .02314 — 1.635637. 
But it 4s found convenient to write it 1.364363, the under- 
standing being that the characteristic only is negative. The 
mantissa is always positive. It is evident also that in the 
logarithms of numbers expressed by the same’ figures, the - 
decimal part, or mantissa, is the same, and the logarithms 


differ only in the characteristic. Hence, tables of logarithms 
of numbers contain only the mantissas. 
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TABLES OF LOGARITHMS. 


398, The tables of logarithms on the next two pages give 
the decimal part, or mantissa, of the common logarithms of all 
numbers from 1 to 999 extended to five decimal places. 

The logarithms given in the tables begin with the mantissa 
of 10, but since the mantissas of 10, 20, 30, 40, ete., are the 
same as the mantissas of 1, 2, 3, 4, etc., the table may be said 
to give the logarithms of numbers from 1 to 1000. 


EXPLANATION OF TABLES. 


The left-hand column of each page of the table is a column of numbers. 
It is designated by N. 

The mantissas of the logarithms of these numbers are opposite them in 
the next column. 

At the top of each page and extending across the top are found the 
figures 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, each standing over a column of figures. 
These figures are the right-hand figures of numbers whose left-hand figures 
are given in the left-hand column, and the figures under them are the cor- 
responding mantissas of the numbers. 

It will be seen that the first column of mantissas contains five figures, 
while the others contain only four. This difference is due to the fact that 
the left-hand figure in the mantissas, which is wswally the same for a whole 
horizontal column, is omitted except in the first column. When, however, 
the first figure of the mantissa in any column after the first is 0, and the 
corresponding figure in the previous column is 9, the left-hand figure for 
this mantissa and all others following it in the same horizontal line is one 
greater than the first figure of the left-hand column of mantissas in this 
line. 

By subtracting these mantissas, each from the one next succeeding, it 
is found that those in the same horizontal line have nearly the same dif- 
ference. 

This Average Difference is found in the column marked D. 

It is evident that any tables of logarithms, however extensive, cannot be 
- absolutely accurate. They will approach accuracy, however, in propor- 
tion as the number of decimal places in the mantissa is increased. 

The tables given here are designed to exhibit the methods of computa- 
tion with logarithms, but fuller ones are required in actual practice. 
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TABLE oF Common LOGARITHMS. 


1 


10 _| 00000 | 0432:| 0860 | 1284 | 1703 | 2119 | 2531 | 2938 | 3342 | 3743 | 414 
II | 04139 | 4532 | 4 308 | 5690 | 6070 | 6446 | 6819 | 7188 | 7555 | 378 
12 |.07918| 8279 | 8 8991 | 9342 | 9691 | 0037 | 0380 | 0721 | 1059 | 348 
13 | 11394 | 1727 2385 | 2710 | 3033 | 3354 | 3672 | 3988 | 4301 | 322 
14 | 14613 | 4922 | 5229 5534 | 5836 | 6137 | 6435 | 6732 | 7026 | 7319 
15 |17609 | 7898 | 8184 | 8469 | 8752 | 9033 | 9312 | 9590 | 9866 | or40 | 280 
16 | 20412 | 0683) 0952'| 1219 | 1484| 1748 | 2011 | 2272 | 2531 | 2789 | 263 
17 | 23045 | 3300 | 3553 | 3805 | 4055 | 4304 | 4551 | 4797 | 5042 | 5285 | 248] 
18 | 25527 | 5768 | 6007 | 6245 | 6482 | 6717 | 6951 | 7184 | 7416 | 7646 | 235 
19 | 27875 | 8103 | 8330 | 8556 | 8780 | 9003 | 9226 | 9447 | 9667 | 9885 | 223 


20 | 30103 | 0320 | 0535 | 0750 | 0963 | 1175 | 1387 | 1597 | 1806 | 2015 | 212 
21 | 32222 | 2428 | 2634 | 2838 | 3041 | 3244 |3445 | 3646 | 3846 | 4044°| 202 
22 | 34242 | 4439 | 4635 | 4830 | 5025 | 5218 | 5411 | 5603 | 5793 | 5984 | 193 
23 | 36173 | 6361 | 6549 | 6736 | 6922 | 7197 | 7291 | 7475 | 7658 | 7840 | 185 
24 | 38021 | 8202 | 8382 | 8561 | 8739 | 8917 | 9094 | 9270 | 9445 | 9620| 177 


25 | 39794 | 9967 | o140 | 0312 | 0483 | 0654 | 0824 | 0993 | 1162 | 1330] 170 
26 | 41497 | 1664 | 1830 | 1996 | 2160 | 2325 | 2488 | 2651 | 2813 | 2975 | 164 
27 | 43136 | 3297 | 3457 | 3016 | 3775 | 3933 | 4091,| 4248 | 4404 | 4500 | 158 
28 | 44716 | 4871 | 5025 | 5179 | 5332 | 5484 | 5637 }.5788 | 5939 | 6090 | 152 
29 | 46240 | 6389 | 6538 | 6687 | 6835 | 6982 | 7129 | 7276 | 7422 | 7567 | 147 


30 | 47712 | 7857 | 8001 | 8144 | 8287 | 8430 | 8572 | 3714 | 8855 | 8996 | 142 
31 | 49136} 9276 | 9415 | 9554 | 9693 | 9831 | 9969 | 0106 | 0243 | 0379 | 138 
32 | 50515 | 0651 | 0786 | 0920 | 1055 | 1188 | 1322 | 1455 | 1587 | 1720| 134 
33 | 51351 | 1983 | 2114 | 2244 | 2375 | 2504 | 2634 | 2763 2892 | 3020} 130 
34. | 53148 | 3275 | 3403 | 3529 | 3056 | 3782 | 3908 | 4033 | 4158 | 4283 | 126 


35 | 54407 | 4531 | 4654 | 4777 | 4900 | 5023 | 5145 | 5267 | 5388 | 5509 | 122 
36 | 55630 | 5751-| 5871 | 5991 | 6110 | 6229 | 6348 | 6467 | 6585 | 6703 | 119 
37 | 50820 | 6937 | 7054 | 7171 | 7287 | 7403 | 7519 | 7634 | 7749 | 7864 | 116 
38 | 57978 | 8092 | 8206 | 8320 | 8433 | 8546 | 8659 | 8771 | 8883 | 8995 | 113 
39 | 59106 | 9218 | 9329 | 9439 | 9550 | 9660 | 9770 | 9879 | 9988 | 0097 | 110 


40 | 60206 | 0314 | 0423 | 0531 | 0639 | 0746 | 0853 | 0959 | 1066 | 1172 | 107 
41 | 61278 | 1384 | 1490 | 1595 | 1700 | 1805 | 1909 | 2014 2118 | 2221 | 105 
42 | 62325 | 2428 | 2531 | 2634 | 2737 | 2839 | 2941 | 3043 | 3144 | 3246 | 102 
43 | 63347 | 3448 | 3548 | 3649 | 3749 | 3849 | 3949 | 4048 | 4147 | 4246 | 100 
44 | 64345 | 4444 | 4542 | 4640 | 4738 | 4836 | 4933 | 5031 | 5128}.5225| 98 


45 | 65321 | 5418] 5514 | 5610 | 5706 | 5801 | 5896 | 5992 6087 | 6181] 95 
46 | 60276 | 6370 | 6464 | 6558 | 6652 | 6745 | 6839 | 6932 | 7025 | 7117 | 93 
47 | 67210 | 7302 | 7394 | 7486 | 7578 | 7669 | 7761 | 7852 | 7943 | 8034 91 
48 | 68124) 8215 | 8305 | 8395 | 8485 | 8574 | 8664 8753 | 8842 | 8931 | 90 
49 | 69020 | 9108 | 9197 | 9285 | 9373 | 9461 | 9548 | 9636] 9723 | 9810 88 


50 | 69897 | 9984 | 0070 | 0157 | 0243 | 0329 | 0415 | O501 0586 | 0672] 86 
51 | 70757 | 0842 | 0927 | 1012 | 1096 | 1181 1265 | 1349 | 1433| 1517] $4 
52 | 71600 | 1684 | 1767 | 1850 | 1933 2016 | 2099 | 2181 | 2263 | 2346| 83 
2509 | 2591,| 2673 | 2754 | 2835 | 2916 | 2097 | 3078 | 3159] 81 
3322 | 3400 3480 | 3560 | 3640 | 3719 | 3799 | 3878 | 3957 |, 80 
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TABLE oF Common LOGARITHMS. 


965149695 9782'| 9826 
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399. To find the logarithm of a number. 
1. Find the logarithm of 3824. 


EXPLANATION. — Since the tables on the preceding pages contain the 
mantissas of no numbers expressed by more than three figures, the man- 
tissa of 382 is first found, which is the same as the mantissa of 8820. It 
is found to be .58206. 

Since the mantissa of the next larger number, 383 or 8830, is 114 
hundred-thousandths greater than the mantissa of 3820, it may be 
assumed that every unit added to 3820 will add .1 of 114 hundreds 
thousandths to the mantissa, and 4 will add .4 of 114 hundred-thousandths, 
or 46 hundred-thousandths. This added to .58206 gives .58252, the mane 
tissa of 382, which is sufficiently accurate for practical purposes. 

Since the number is expressed by 4 figures, the characteristic is 3. 

Therefore, the logarithm of 3824 is 3.58252. 


Norr.—In finding the logarithms of numbers, allowance should be 
made for the figures after the fifth whenever they express .5 or more. 


Find the logarithms of: 


2. 318. 16. 2105. 30. 8966. 44. 540.6. 


3. 285. 17. 1508. 31. 7847. 45. 78.99. 
4. 486. 18. 3054. 32. 3521. 46. 8.754. 
5. 835. 19. 2247. 33. 4712. 47. 6278. 
6. 33.6. 20. 3156. 34. 8363. 48. .0111. 
7. 2.68. 21. 2984. 35. 9274. 49. .0001. 
8. .384. 22. 4138. 36. 4995. 50. .3001. 
9. 4831. 23. 3645. 37. 6726. B1. .0142. 
10. 3846. 24. 5039. 38. 5.787. 52. .0201. 
11. 2785. 25. 3755. 39. 62.88. 53. 2451. 
12. 3169. 26. 4167. 40. 423.9. 54. 4367. 
13. 1875. at. 3483. 41. 7620. 55. 8590. 
14, 2.345. . 28. 5.718. 42. 83.43. 56. .0078. 


15. 1.684. 29. 62.45. 43. 8.562. 57. .0142. 
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400, To find a number whose logarithm is given. 
1. Find the number whose logarithm is 3.95323. 


PROCESS. 
Given log., 3.95323 
Log. next less, 3.95279 
Difference of logs., 44 
Tabular difference, 49 
44 +49 = .89+4 


Number corresponding to mantissa, .95279 is 897. 
Anhexing to 897 the rest of number, .89+, the whole number 
is°8978.9+, since it is expressed by four figures. 


ExpLaNnation. — The logarithm next less than the given logarithm is 
8.95279. This, subtracted from the given logarithm, gives 44 as a 
remainder. Since the difference between the logarithms is .00044, and 
the average difference between the logarithms on this line as-given in the 
table is .00049 for each unit of increase in the numbers, it will be suffi- 
ciently accurate to assume that an addition of $4 of a unit must be made 
to the number whose logarithm is next less, so that the number corre- 
sponding to the given logarithm may be found. The addition is .89. 
* The number corresponding to the logarithm 3.95279 consists of 4 integral 
figures, the first three of which are found from the table to be 827. 
Annexing the part found by dividing the difference of the logarithms by 
the average difference, the number is 8978.9-+. 


Find the numbers corresponding to the following : 


2. 2.38257. 8. 2.86435. 14. 2.72586. 
3. 2.18625. 9. 3.24685. 15. 1.21436: 
4. 0.23146. 10. 2.98456. 16. 2.51826. 
5. 1.28643. 11. 2.58643. 17... SA4LD. 
6. 2.98465. 12. 3.94875. 18. 2.64823. 
1. 3.18425. 13. 0.21654. 19. 4.80167. 


401. Multiplication by logarithms. 


Since logarithms are the exponents of the powers to which 
a constant quantity is to be raised, how may the product of 
quantities be found when their logarithms are known ? 
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1. Multiply 32.4 by 26. 
PROCESS. Expianation.— We find the 
Log. of 32.4 = 1.51055 logarithm of each of the given 


5 numbers, and, inasmuch as the 
Log. of 26 = 1.41497 logarithms are exponents of a 


Sum of logs. = 2.92552 constant quantity, the product of 
: : these numbers will be the con- 
2.92552 is log. of 842.4. — stant quantity, with an exponent 


. 82.4 x 26 = 842.4. equal to the sum of the expo- 
nents of this constant quantity. 


The sum of these exponents or logarithms is 2.92552. The number cor-, 
responding to this logarithm is 842.4, the product of the numbers. 


Nore. — The student should bear in mind that logarithms cannot be 
relied upon to give accurate results with large numbers. The logarithms 
are themselves but approximations toward accuracy, and they should 
therefore -be used only when approximate results will answer the purpose, 
or where the ordinary processes of arithmetic cannot be applied. 


Multiply: 4 

2. 2.3 by 3.7. 10. .034 by 26. 18. 3.04 by .003. 
3. 25 by 3.5) 11. .057 by 5.7. 19. 468 by 34.5. 
4. 216 by 3. 12. .068 by 7.2. 20. .002 by .008. 
5. 812 by .24.\ 18. .0018 by .25. 21. 3456 by .035. 
6. 123 by 3.4. \ 14. .0432 by .082. 22. 2874 by .836. 
7 
8 
9 


. 2.24 by 2.6. | 15. 856.7 by 1.38. 23. 41.03 by .507. 
. .0023 by .26. |/ 16. .0796 by .152. 24. .0009 by .708. 
. .0015 by .015.' 17. 4876 by 37.5. 25. 8976 by 2.04. 


402. Division by logarithms. 

Since in multiplication we add the logarithms, or the 
exponents, of the constant quantity, how may division be 
performed ? 

1. Divide .05475 by 15. 


PROCESS. f ExpiLanation. — We find 


a the logarithm of each number, 

108 otaeee = kee and then subtract the loga- 
Log. ot 15 is 1.17609 rithm of the divisor from that 
Difference of logs. is 3.56230 of the dividend. The number 
a ; corresponding to this differ- 

3.56230 is log. of 00365. ence petween- the logarithms 


.. .05475 +15 = .00365. is the quotient. 
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322 
Divide : 
2. 2.45 by 9.8: 9. 
3. 18.312 by 24. 10 
4. 105.7 by 3.5, 11 
5. 135.05 by .037.. 12. 
6. .04905 by 327. 13. 
7. 69854 by 217. 14 
8. 823.68 by 307. 15. 


34.43 by .011. 16. 3.485 by .205. 


. 259.2 by .012. 17. 7.865 by .013. 
. 87.36 by 2.1. 18. 8925 by 42.5. 


97.24 by .022. 19. 3250 by .52. 
13.696 by 32. 20. .21084 by .042. 


. 216.83 by 2.3. 21. 2938. by 14.2. 


38142 by 3.7. 22. 3685 by .273. 


403. Involution by logarithms. 


Since logarithms are exponents, how may quantities, whose 
1ogarithms are known, be raised to any power ? 


1. What is the second power of 25 ? 


PROCESS. 


ExpLanation. — Since in involu- 
tion we multiply the exponent of 
the quantity by the exponent of the 


Log. of 25 is 1.39794 power to which it is to be raised, 


2 in involution by logarithms we may 
find the logarithm of the given 


Log. of the power is 2.79588 quantity, and multiply it by the 
2.79588 is log of 625. 


"(25)" 


= 625. 


exponent of the power to which it 
is to be raised; the number cor- 
responding to the resulting loga- 
rithm will be the power sought. 


Find by logarithms the values of the following: 
f 


eros PF wD 


65°, 


9. 

10. 
p/11. 
y 12. 


14 
15 


13.4 


{yr ) 


gL. / 16.4 6./75°. 23. 3.040°. 
102%, a7. T23t 24. .0065%. 
1074, 18. 799. | 25. 08622. 
146 19. 8.762). 26. 768.42. 
lass 20. 960% ar, 4.1892, 
| 6122, 21. 3.544. 28. 5.1842, 
| BBA2, 22. 29.3% 29. 37.25%. 


‘ 
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404, Evolution by logarithms. 


Since in involution the logarithms, or exponents, are multi- 
plied by the index of the power to produce the power, what 
must be done when roots of numbers are to be extracted ? 


1. What is the square root of 625? 


EXPLANATION. — Since in evolution 

we divide the exponent of the quantity 

-4 by the number corresponding to the 

eee pee eeres root to be extracted, in evolution by 

Dividing by 2, 1.39794 logarithms we find the logarithm of 
8 DY 4; 8 

% the given number, and divide it by the 

1.39794 is the log. of 25. index of the required root; the num- 

Sieh (625)? —25, ber corresponding to the resulting 

logarithm will be the root sought. 


PROCESS. 


Find by logarithms the indicated roots of the following: 


2. 196%. 6. 16812. 10. 138243. 
3. 2562. 7. 39692. 11. 15.625* 
4. B62, 8. 4096%. 12. 740883. 
5. 1156?. 9. 51842, 13. 911253. 


Find the values of the following to three decimal places : 


14. +/29. 18. 15. 22. N/97B. 
15. »/65. 19. »/67. 23. 3.27. 
16, V87. 20. 105, 24. /9.181. 
17. »/96. Bev ill Sy. W8: 62.73. 
Bim v4 ‘ 5 
26. Wey? betes so IB. BNA ees 
ja NAA ) VIZ-VIT 
3 is ce / ra 3 
27 V5 V8. ] 29 VO4V9_ 


V7 44/2 BBS 2/30 4/49 
J 
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405, Logarithms applied to the solution of problems in compound 
interest and annuities, 


1. What is the amount of $1 for 1 year at6%? By what 
must the amount for 1 year be multiplied to find the amount 
for 2 years at 6 % compound interest ? 


2. By what must the amount for 2 years be multiplied to 
obtain the amount for 8 years compound interest? By what 
must the amount for 3 years be multiplied to obtain the 
amount for 4 years compound interest ? 


8. Since the amount of $1 at 6% compound interest for 
1 year is 1.06 times the principal; for 2 years, 1.06 x 1.06 
times the principal; for 3 years, 1.06 x 1.06 x 1.06 or (1.06)? 
times the principal, what will be the amount (A) of any prin- 
cipal (P) for n years at any rate per cent (7)? 


FoRMULA. A= P(1 +r)". (I) - 
Expressing the formula by logarithms : 
log A = log P + n x log (1+ r) d) 
*. log P= log A— n x log(1+ 1r) (2) 
also, ned ene eee (3) 
n 
log A — log P 
and = 
nee log (1+ r) (2) 
EXAMPLES. 


406. 1. What will be the amount of $650 loaned for 5 years 
at 7% compound interest ? 
So.urion. — To find the amount formula (1) is used: 
log of (1 + r) or 1.07 = 0.02988 
Vs 5 
nm X log (1 + 7) = 0.14690 
log of P or 650 = 2.81291 


*. log of A = 2.95981 


The number corresponding to eS 2,95981 is 911.62. 
. The amount is $911.62. 
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2. What will be the amount of $800 loaned for 4 years at 
6 % compound interest ? 


3. How much will $580 amount to in 5 years at 5% com- 
pound interest ? 


4. Find the amount of $475 for 8 years at 5% compound 
interest. 


5. What principal will amount to $500 in 7 years at 6 i 
compound interest ? 


6. What principal at 5% compound interest will amount 
to $800 in 8 years ? 


7. What must be the sum of money loaned that will amount 
to $1000 at 4% compound interest in 10 years ? 


8. What is the rate per cent when $ 500 loaned at compound 
interest amounts to $680.30 in 7 years ? 


9. A man agreed to loan $1000 at 6% compound interest 
for a time sufficiently long for the principal to double itself. 
How long was the money on interest ? 


407. An Annuity is a sum of money to be paid annually 
for a given number of years, during the life of a person, or 
forever. 

Payment upon annuities is often deferred for a number of 
years, and interest is allowed upon the sums due and unpaid. 


408, To find the amount of an annuity left unpaid for a number of 
years, compound interest being allowed. 


1. Suppose an annuity of a dollars is left unpaid, how 
much is due at the end of the first year ? 


_ 2. Upon what sum will compound interest be computed 
at the end of the second year? What will be+the amount of 
that sum when the rate is 7? What will be the whole sum 
due at the end of the second year ? Ans, a+a(1+r). 


3. Upon what sum will compound interest be computed at 
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the end of the third year? What will be the amount of that 


sum at the given rate? Ans. a(1+r)+a(1+7r)*. 
What will be the whole sum due at the end of the third 
year ? Ans. a+a(i+r)+a(1+r)?. 


4. What will be the whole sum due at the end of the 
fourth year? At the end of the nth year? 


Let a represent the annuity, n the number of years, r the 
rate, and A the amount. Then, 
A=a+a(1+r)+a(1+r)’+a(14+r)?+---+a(1+4+r)"" 
=ajfli+(14r4+047)’+04r)*+--4+047r)"%}. 
These terms form a geometrical progression in which 1+7r 
is the ratio. By Art. 358 the sum of the series is obtained, and 


(l+r)"—1 
- Cie 
Sometimes annuities, drawing interest, are not payable until 


after a certain number of years. It is often necessary, there- 
fore, to find the present value of such annuities. 


A=a 


409. The Present Worth of the annuity is a sum which, if it 
were put at interest at the given rate for the given time, 
would amount to the value of the annuity at the end of the 
given time. 


1. If P denotes the present worth of an annuity due in n 
years, allowing r % compound interest, to what sum will P be - 
equal in that time at the given rate ? Ans. PA+r)". 


2. Since the amount of the present worth put at interest 
for the given time and rate is equal to the amount of the 
annuity for the same time and rate, equate the two sums and 
find the value of P. 


Patrjesa. CTO} 
a2) Pd rin ad 
r(d+r) 
a (+r)2-1 

r (+n (IIT) 
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EXAMPLES. 
1. What will be the amount of an annuity of $650 re- 
maining unpaid for 10 years at 5% compound interest ? 


Soxtution. Use formula (II). 
log 1.05 = log (1 + r) = 0.02119 
§ 403, log (1.05)! = 10 log 1.05 = log (1 + r)” = 0.21190 
*, (1.05)?° = (number whose log is 0.21190) = 1.62904. 


log 62904 = log [1.62904 — 1] = log [(1 +r)” — 1] = 1.79868 
log .05 = log r = 2.69897 


dif. of logs = log C+" = 1 — 1 09971 
r 
log 650 = log a = 2.81291 
sum of logs = log [¢: =e ae = log A = 8.91262 


Hence, A= $8177.55. 
2. Find the present worth of an annuity of $650 to con- 
tinue 10 years, allowing compound interest at 5%. 


Soxution. Use formula (III). 


As in Ex. 1, log [(1 + r)* — 1] = log .62904 = 1.79868 
and log (1.05) = log (1 + r)” = 0.21190 
dif. of logs = log Tae ae — 1.58678 

Lr n 


log 2 = log = = log 13000 = 4.11394 
a 


sum of logs = log [¢ ‘dasr). = log P = 3.70072 
i n 
Hence, P= $5020.23. 


3. What will be the amount of an\ annuity of $700 re- 
maining unpaid for 12 years at 4% compound, interest ? 

4. To what sum will an annuity of $144 amount in 20) 
years at 6% compound interest ? 

5. What is the present worth of an te of $1000 for 
5 years at 4% compound interest ? 

6. What will be the amount of an annuity of $1200 remain- 
ing unpaid for 6 years at 6% compound interest ? 

7. What is the present worth of an annuity of $800 to 
continue 8 years, allowing compound interest at 4% ? 

8. What is the present worth of an annuity of $1000 to 
continue 20 years, allowing compound interest at 5% ? 


ed! 
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PERMUTATIONS AND COMBINATIONS. 


410. Permutations of things are the different orders in which 
things can be arranged by placing them in every possible order. 

In forming the permutations a part or the whole of the things’ 
may be taken at a time. 


411, To find the number of permutations, 


1. Find the permutations of the letters a, 6, c, taking 2 at 
a time. 


2. Since they are ab, ac, ba, be, ca, cb, in forming them what 
letters are written after a? after b? after c? 


3. Since each of the other letters is written after a, 6, and 
c, respectively, with how many letters is each letter arranged 
when the letters are taken 2 at a time? How may the number 
of permutations be found when three letters are taken 2 at a 
time ? 


4, What will be the number of permutations of 4 letters 
taken 2 at a time? Of 5 letters taken 2 at a time? Of 6 
letters taken 2 at atime? Of n letters taken 2 at a time ? 


Ans. n(n—1). 


5. Find the permutations of the letters a, b, c, taking 3 at 
a time. 


6. Since they are abe, ach, bac, bea, cab, cba, how may they 
be formed from the permutations of the same letters taken 2 
ata time? How many letters are remaining to annex to each 
of the permutations taken 2 at a time ? 


7. Write the permutations of 4 letters taken 2 at a time. 
How many other letters are left to annex to each of the per- 
mutations when 2 are taken at a time to form permutations 
taken 3 at a time? How many letters are left to combine 
with each of the permutations of 2 letters at a time to form 
permutations taken 3 at a time when there are 5 letters? 
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When there are 6 letters taken 3 at atime? When there are 
n letters taker 3 at a time ? Ans. n — 2. 


8. Since with each of the permutations of n letters taken 

2 at a time, n — 2 other letters are annexed to form the per- 

mutations of the letters taken 3 at a time, how many permuta- 
tions are there of n letters taken 3 at a time ? 

Ans. n(n —1)(n— 2). 

9. How many permutations are there when n things are 

arranged 4 in a set, or taken 4 at a time ? 
Ans. n(n —1)(n — 2) (n — 8). 
10. How many permutations are there when m things are 


arranged 7 in a set ? 
Ans. n(n —1)(n — 2) (n — 8)+-n —(r—1). 


412. Principie 1.— The number of permutations of n things 
taken r at a time is equal to the continued product of the natural 
numbers from n to n —(r — 1) inclusive. ; 


Formuta. f =n(n—1)(n—2)---n—(r—1). 


When all the letters are taken together, then ris equal to n, 
and the last factor becomes 1. Therefore 


413, PrincreLE 2. — The number of permutations of n things 
taken n at a time is equal to the continued product of the natural 
numbers from n to 1 inclusive. 


Formura. P,=n(n—1)(n—2)--1. 
414, To find the number of combinations. 


415, Combinations are the different ways in which a selection 
of a certain number of things can be made from a given number 
of things without regard to the order in which the things are 
placed. 

Thus, a and b admit of two permutations when taken 2 at a time ; viz., 


ab and ba, but only one combination ab; a, b, ¢ admit, taken 3 at a time, 
of 6 permutations, abc, acb, bac, bea; cab, cba, but one combination abe. 
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1. How many permutations are there of 4 things taken 2 
at atime? How many combinations are there ? 


2. How many permutations are there of 4 things taken 3 at 
atime? How many combinations are there ? 


3. How many permutations are there of 4 things taken 4 at 
atime? How many combinations are there ? 


4. Since the number of permutations of n things taken 2 at 
a time is twice the number of combinations, the number of 
permutations of n things taken 3 at a time 6 times the number 
of combinations, etc., how may the number of combinations of 
n things taken 7 in a set be obtained from the number of per- 
mutations of n things taken r in a set ? 


416. Principte. — The number of combinations of n things 
taken r at a time is equal to the number of permutations of 
n things taken r at a time divided by the number of permutations 
of r things taken altogether. 


FormMuLa. ga m1) @—2)---n— OT). 
: r(r—1)(r—2)-+-1 


EXAMPLES. 


1. How many different permutations may be formed of 9 
different letters taken 4 at a time ? 


2. How many different permutations may be formed of 8 
things taken 5 at a time ? 


3. How many different combinations may be formed of 8 
things taken 4 at a time ? 


4. How many changes may be rung with 6 bells out of 8? 


5. How many different integral numbers may be expressed 
by writing the first five significant digits in succession, each 
figure to be taken once, and only once, in each number ? 


6. The colors of the rainbow are violet, indigo, blue, green, 
yellow, orange, and red. In how many different orders may 
these colors be arranged ? 
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7. From 12 books, how many ways can a selection of 4 
books be made ? a 


8. How many different sums of money can be paid with 
a cent, a three cent piece, a half dime, a dime, and a twenty- 
five cent piece ? 


9. From a company of 18 persons, how many different 
parties of 6 each can be formed ? 


10. A family consisting of father, mother, 3 sons, and 5 
daughters occupied a row of seats at a concert. In how many 
different orders might they have arranged themselves ? 


11. If a single combination of 6 things is formed from 10 
different things, how many things are left? 


12. Since, whenever a combination of 6 things is formed 
from 10 different things, a combination of 4 things can be 
formed from those that are left, how will the number of com- 
binations of 10 different things taken 6 at a time compare 
with the number of combinations of 10 different things taken 
(10 — 6) or 4 at a time? 


13. How, then, will the number of combinations of n things 
taken r at a time compare with the number of combinations of 
n things taken n — r at a time? 


14. Express the conclusion in the form of a principle. 


The application of this principle will sometimes abridge the 
process employed in finding the number of combinations. 


Thus, if it is required to find the number of combinations of 18 things, 
taken 16 at a time, the solution by Art. 416 will be 


18-17-16 -15.14-13-12-11-10-9-8-7-6-5+4-3_ 59 
16-15-14-18-12-11-10-9-8-7-6-5.4-38-2-1 


But by the principle just established, the number of combinations of 
18 things taken 16 at a time is equal to the number of combinations of 18 
things taken 2 at a time, consequently the solution will be 


18 - 17 _ 453, 


1.2 


THE BINOMIAL THEOREM. 


417, The Binomial Theorem derives a’ formula by means of 
which any binomial, whether its exponent be positive or nega- 
tive, integral or fractional, can be expanded without employing 
the ordinary process of involution. 


POSITIVE INTEGRAL EXPONENTS. 


418, From the binomials whose powers are given in Art. 
202, certain Principles were derived. 
_ Assuming that those principles or laws are applicable to 
the expansion of any binomial, as (a+ 2), having a positive 
integral exponent, as n, we have 


(a+ 2)" =a" + name + eer aed 


42 2 =?) adem ade a (1) 


This formula is called the Binomial Formula, 


419, We know that the laws are applicable to the expansion 
of binomials to the third, fourth, and fifth powers; we shall 
now show that they are true for any power. 

It is plain that if they hold true for the (n + 1)th power, they 
hold true for the sixth power, since we know that they hold true 
for the fifth; and if they are true for the sixth power, they are 
true for the seventh, and so on for any power with a positive 
integral.exponent, inasmuch as the (n + 1)th power is a power 
whose exponent is one greater than any assumed power. 

332 
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420, Assuming formula (1) to be the expansion of (a+ x)", 
if each member is multiplied by (a+), we shall have the 
expansion of (a+ 2)"*. Multiplying, we have 


(aa) =a" 4 nate + MOD) arta? MD?) ara. 


n(n—1) 


bys n, m—lond 
+ + a"e + na 1.2 


ome acl EF (2) 
Uniting similar terms, 


=a" (n+ 1)a%e+ Cae ¢ = as n) a"? 


eo —1)(n—2) 4 n(n — art 


eee tee 


=a"ttt+(n+1)a%w+ vet Cra 


=arttt+ (n+ 1jare+ OD giut 
+ Grin —) ae 1) gn-typ Sete [ 


By examining the formula as it is given in its last reduc- 
tion, it is seen that it has the same form as the expansion of 
(a+2)", n+1 simply taking the place of n. Substituting 
n+1 for n in equation (1), it reduces to the form of equation 
(2) as expressed in its last reduction. Therefore, if the formula 

/is true for the nth power, it holds true for the (n+1)th power. 

Since the formula (1) is true for the fifth power, it must be 
true for (n + 1)th or sixth power, and for the power next higher 
or the seventh power, and so on, and, consequently, for any 
power, whose exponent is a positive integer. 


421, When (a—~) is raised to the nth power, it is evident 
that the terms containing the even powers of x will be positive 
and those containing the odd powers will be negative; that is, 
the second term will be negative because it contains the first 
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power of a, the third term will be positive because it contains 
the second power of x, etc. Therefore, 


(a —a”)"=a"— na” *x+ n(n — 1) gn 22 


_ n(n—1)(n—2) 


3993 Sie 
MRR Gs 


422. In the binomial (a + 2), if and a be interchanged and 
the binomial be expanded, the coefficients of the terms will be 
the same as in formula (1). Hence, the coefficients of the latter 
half of a power of (a+) are the same as those of the first half 
written in the reverse order. 


EXAMPLES. 

Expand the following : 

1. (a+2)°. 5. (c? + d-*)8. 9. (a +~Vy)*. 
2. (a—z)!. 6. (ai —aty4 10. (Vai + 2V2)°, 
3. (a? +b°)4 7. (wt+y)s «1. (3 2” — gv 2)*. 
4. (tte) 8. ce = oa 12. fie va “ei 


423, To find any term. 


Exponents.— From formula (1) it is apparent that the 
exponent of # in the second term is 1, in the third term 2, 
in the rth term 7 — 1. 

Since the sum of the exponents in any term is n, the expo- 
nent of a in any term will be n—r+1. 


- 


Corrricients. — Since the coefficient in the third term is 


bs 2}, in the fourth term “4” = *) a 2), the coefficient 


in the rth term is n(n —1)(n—2 n—3)--(n—r4+2 : 
1-2-3-4...(r—1) 


a RB ww 


14. 
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PereihS 
Find the sixth term of (a+ 6)%. 
Find the fifth term of (a — x)”. 
Find the seventh term of (a +c)". 
Find the ninth term of (a+0?)” | 
Find the fourth term of (3 — 2°)’. 


9 
Find the fourth term of ¢ — 4 : 


. Find the fifth term of e at = 


x a 


Find the fourth term of (a? —Va)*®. 


Find the fourth term of (La —yVy)’. 


Find the sixth term of G + oe 


. Find the fifth term of (Wa—~Va)8. 
. Find the eighth term of (Wa? — Vc) ° 


. Find the seventh term of (aa?+ 2V/a)® 


D \6 
Find the fourth term of (3 a V2 ») ’ 


835 


494, A polynomial may be expanded by the binomial 
formula by grouping its terms in the form of a binomial. 
Thus, (a+b+c)"=[(a+6)+c]" and (a+0+c+4+d)"= 
[(a+e)++a) - 


Expand: 


1. (w+y+z2)’. 
2. 1+a"—2'). 
3. (2 —a#%+2)*. 


4. (a?+ax +27)’, 
5. (a+a2’?+2+1)%. 
6. (14+22—a%42)4 
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UNDETERMINED COEFFICIENTS. 


into a series, by dividing 


\ 


425. 1. Expand the fraction i : 


the numerator by the denominator. How many terms are 
there in the quotient? What name may, therefore, be given 
to the series ? 


2. If ~=1, what is the value of the fraction? What does 
the series become when ¢ is substituted for #? What is the 
sum of the first 2 terms? Of the first 3 terms? Of the first 
4 terms? How will the sum of the largest conceivable number 
of terms compare with 2, the value of the fraction ? 


3. If «=1, what is the value of the fraction? What does 
the series become when 1 is substituted for 7? What is the 
sum of the largest conceivable number of terms ? 


4. If x =—1, what is the value of the fraction ? What does 
the series become when — 1 is substituted for «? What is the 
sum of the first 2terms? Of the first 3terms? Of the first 4 
terms? Aneven number ofterms? An odd number of terms ? 
How does the sum of the terms correspond with the value of 
the fraction ? 


5. If «=2, what is the value of the fraction? What does 
the series become when 2 is substituted for «? What is the 
value of 3terms? Of nterms? What relation exists between 
the sum .of the terms and the value of the fraction? 


426. A Oonvergent Series is an infinite series, in which the 
sum of the terms, however many may be taken, can never 
exceed a certain finite value. This finite value is the sum of 
the series as determined from the value of the fraction. 


Thus, the fraction ; u = expanded into a series by division, becomes 


1+a+ 47+ 93+4.... Whether the series is convergent or not depends 
upon the value of x If «= }, the series becomes 1+441+41+4..., 
and the sum of any number of terms, however great, is less than 2, the 


value of the fraction 1 Hence, under that supposition, the series is 
convergent. er 
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1. It is evident that as the number of terms is increased, their’ Sum 
approaches.2, the sum of the series. 

2. It is evident, also, that when « = 1, the series becomes 1 +14+1-+ 
1+---, and hence is not convergent, because the sum may exceed any 
finite value. The same is true when % is equal to any positive quantity 
greater than 1. : 


427, A Divergent Series is an infinite series in which the sum 
of the terms is greater than any definite finite quantity, if 
enough terms are taken. 

Thus, the sum of the terms of the series 1+ %-+ «2+ 43+ --. may be 
made larger than any definite finite quantity when x = 2, or 3, or any 
-value not lying between + 1 and — 1, if enough terms are taken. 

Since the sum of the terms of a divergent series has no limit, and 
since the sum of the terms ig not equal to the value of the fraction from 
which it was expanded, it is evident that it cannot be used in discussions 
of series. Hence, in all discussions concerning series, the series must be 
understood to be convergent. 


428. An Identical Equation is an equation in which the mem- 
bers are identical, or may be reduced to identity. 

Thus, az + b = ax + b is an identical equation. 

Also, a a+. is an identical equation. 

429, Undetermined Coefficients are unknown coefficients assumed 
in connection with quantities. 


Thus, (1 + «)? may be assumed equal to A + Be + Cx? + D2? in which 
A, B, C, and D are undetermined coefficients of x°, x1, «?, and «3. 


430, Coefficients in identical equations. 


Assume A+ Ba-+ Ox?+ Da? +ete. = A'+ B'e+O'2’ + D'e?+etc., 
in which both series are convergent, and in which A, B, A’, B’, 
etc., are constant quantities, independent of «, and # a quan- 
tity to which various values may be assigned, or a variable 
quantity. ; 

Transposing A — A! + (B— B')a#+(C—C') a+ (D—D')# 
+ ete. = 0. 

If A— A! is not equal to 0, let their difference = p. 

Then (B— B!)x+(C— C')2*+(B — D') 2 + etc. =— p. 

: ALGEBRA. — 22, 
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Now since A and A’ are constant quantities, their difference 
p must be a constant quantity. But the value of —p in the 
equation (B— B') a +(C— C') 2? +(D—D') x + ete., is varia- 
ble since it depends upon the values of #, which is a variable 
quantity. Consequently the value of « is both fixed and vari- 
able, which is absurd. Hence, it is impossible that there is a 
difference between A and A’. 

« A—A'=0 and A= JA! 

Hence, (B— B')x+(C— C')2’? + (D— D')a? =0 

Dividing by x, B— B'+(C— C')a#+ (D— D')#” =0 

Reasoning as before, B =B); Om Oy De Do ete: 


481, Principle. — The coefficients of the same powers of x 
in two equal and identical convergent series are equal. 


432. Expanding fractions into series. 


EXAMPLES. 
1. Expand ae into a series. 
1+a-+ 9? 

SoLuTion. 


1~*%=2 _ 44 Bet Cx2 + Dad + Beato. 
1l+a+4 22 


Clearing of fractions and collecting terms, 


Assume 


1-—-2-@=AiBlx+C|224+D|2e84 E| at 
+Ala+ Bl} 2?4+ C| 284 D| at 
+A) a?+ B| 284+ C} at 


Equating coefficients of like powers of « (Prin. 1) and remembering 
that the coefficient of any power that is wanting is 0, we have 


eh ek 
Bt+A=-1 ees 
C+B+A=-1 so ot Oe (1) 
D+C+B= 0 oD = 2 
HiD+C= 0 « A= —2 
_ l-«z-2 


: =1-2 Ox? ine 
eat xe + Ox? + 2x 2 x4 


The same result may be obtained by division. 
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a 
a+ ba 


into a series. 


2. Expand 


SoLurion. 


Assume * im =A+ But Cx2+ Dart +... 


+ br 
Clearing of fractions, a= Aa+ Ba|x+ Ca| 22+ Da| 2+ 
+ Ab + Bb + Cb 
Equating coefficients of like powers of x erin!) 5 
Aa=a a eared 
Bee Apso Be 
a 
Galt nh 20% tspoS42 
@? 
Date 20 4. p= — = ee: 
as 
a b>, 02 63. bt 
zany (ipa ae <A ay 
a+ bx Oe a" ogo 
The same result may be obtained by division. 
Expand the following to five terms : 
3. 1=*, Po pigs. Pore oe Seen 
i) 1 —37-—227 gp St 
4. 1 —2e- ra 2—30 | 12. 2G 
3a op ee Te hae re! 
1+. ‘abi 1 ears 1 
2432 T= 8a poe Se ee ior. 
es 2 
gel ee. ieee 2 eS 140 ee" 
1—2—2 heap oe 1— 4-42? 


433, To resolve a fraction into its partial fractions. 


_ To resolve a fraction into partial fractions is to separate it into 
fractions whose sum is equal to the given fraction. 

It is evident that the denominators of the partial fractions 
must be factors of the denominator of the given fraction, 
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EXAMPLES. 


5a —14 


— == into partial fractions. 
Pe any oe 


1. Resolve 


SoLurTIon. 


The factors of the denominator are (2 — 2) and (x — 4); consequently 
the denominators of the partial fractions are (w@—2) and (# —4) re- 
spectively. 


Assume ri ao etre = 2 + - B ? an identical equation. 
Clearing of fractions, 6e2—14= Axr—4A4+ Beu-—2B 
=(A+ B)ue—4A-2B 
By Prin. Art. 4381, A+B=5 
—4A-—-2B=-14 
Solving the equations, A=2 and B=3 
= LS tow. See + 3 
w—62+8 *x-2 x«-—4 
2. Resolve sent into partial fractions. 


SoLvuTion. 
The factors of the denominator are 2, («—1), and (v#+ 1). 


Assume sa = A B C . 


—4 e e€—I +1 


0G 
Clearing of fractions, 
8024+ 0¢%—1= Axv?— A+ Bo?+ But Cx? — Cx 
=—A+(B-—0)x+(A+ B+ 0)x#? 


By Prin. Art.481, —A=-—1 ys bo 
B-—C=0 pO 

A+B+C=38 oat 

« $8 - V1 ae 
C— E> ew w= eet 
3. Resolve sty into partial fractions. 
SoxuTrion. 

742 + o A B 


Assume a + = 
2e@+e—-] w2+1 2-1] 
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Clearing of fractions, T?@+ea=2A+B)x+B-—A 
= 0a? + QA+ B)z+ BHA 
.. 7=0, an absurdity. 


Therefore the numerators of the fractions cannot be A and B. 
Assume the numerators to be Ax and Bx. Then the fractions are 
readily found. 


4¢?°—9e2+8 


4. Resolve 
(@+ 1? 


into. partial fractions. 


SoLvution. 
Here the factors of the denominator are equal. 


fie Oey A 4 B eee ees 
(x + 1)8 («+1)? (+1)? w+1 
Clearing of fractions, 
4027—944+8=A+ B(x +1)4+ C(#?+2%+41) 
4¢°—94+8=A+4B4+ C+(B4+2C)ua+ Cx? 


Assume 


By Prin. Art. 431, S=A+B+C 
—-9=B+20 
COs eB, 2 A 
, 4027-9448 21 17 4 


@+1l?  G@t+i® @+hi’ @t) 


Resolve into partial fractions : 


3e—3 10. 11la+13 
ey ey Pett ST tig SAG 
6. ODA § 11. 0 Sa 
e+ se2 x — a — Qo 
7. 26 — OT: 12. SS Fogo UP a) 
xe? —5a+6 —3xe 2a 
Ta+4 paces et . 
“4228 (@— 2) 
2 
9. 9a — 35 5; 14. a@ + 5a 


a —S8a+15° (a —1)8 
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REVERSION OF SERIES. 


484, To Revert a Series is to express the value of the un- 
known quantity in it by means of another series involving ' 
some other unknown quantity. 

Let it be required to revert the series in the equation 


y = ae + ba? + ca? + dat+--- (1) 
that is, to find the value of x in a series involving y. 
Assume x= Ay + By? + Cy’ + Dy*+-:- (2) 


in which the coefficients of y are undetermined. 


Substituting this value of « in (1), and disregarding all 
terms of the series involving a power higher than the 4th, 
we have 


y=aAy+aB \y’+aC y+aD yi tee 
+ bA?|. +26AB + 5B? 
+ cA +2bAC 
+3cA°B 
+ dA‘ 


Equating the coefficients of like powers of y (Art. 431): 


aA = 1. eit eN4 
a 
. ee 
iP bao. ope. oe 
ea One a2 ote 
a0 + 2bAB + cA®=0. Oa — 20AB— cA? _ 2b —a0 
a a? 


aD+bB?4+2bAC+3cAB+dA‘=0. «. D=— sale EL 
a 


Hence w= ty D yy A an. ee ae 
as ae a’ 


yt + es 
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EXAMPLES. 
1. Revert the series in the equation 


Y=e+ 22? +49? + Sat... 


So.ution. — In this series a= 1, b= 2, c= 4, a=8. 


Substituting these values for the values of A, B, C, D, etc., as deter- 
mined above, the coefficients of the reverted series are found, and the 


equation is 
Sty PAB AS re 


Revert the series in the following equations: 
2. y=etertoertat+... 
3. y=ut+3e'+ 5+ Tat+..o 


4 
4. Y=2X Soil raed 


5. y= 2u4+ 32? 4+ 407 + Bat 4 0 
6. y=2ua+4e'?+ 6a? + 8at+.. 
7. Revert the series in the equation 


4° 62 8 at 


Less Dig 
L=22 


and find the approximate value of w. 


So.turion. — Put y for 4. 


4a? , 6x? 8 
Then y x 3 + 5 7 


: zl ee 13y? | 5y' 
Reverting, at + S60 + 1B 
Pestoring the value of y, 


ete oanaloch es eOG)s 
m= 34 GY 4 360° 1512 7 


.125 + .010416 + .000564 + .000015 + --- 
= .185993 + 
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Find the approximate value of # in the following equations: 


2 iva art 
qos BM Bien eet. Stok 
8. debe tg tag © 
Sint gh mew 
pieeenaa =e me, 
Sa 2 Sigal ang a 


RECURRING SERIES. 


435, A Recurring Series is a series in which every term 
sustains a fixed relation to one or more of the preceding 
terms. 


Thus, 1+ 20+ 1122+ 5023+ 23324 +... is a recurring series in 
which every term is formed by multiplying the first of the two preceding 
terms by 3a? and adding to that product the term immediately preceding 
multiplied by 4a. 


436. The Scale of Relation is the expression by means of which 
any term of a series may be formed from the preceding terms. — 


Thus, in the series 1 + 2% + 11%? + 5023 + 233 a4 4+ ---, 3x2, 4% is the 
scale of relation. 


437, A recurring series in which each term depends upon 
the one preceding is termed a series of the first order; when it- 
depends upon the two preceding:terms, it is of the second order ; 
when upon the three preceding terms, it is of the third order, etc. 


438. To find the scale of relation of a recurring series. 


First. When the series is of the first order, and each term 
depends upon the one next preceding, we have simply a 
geometrical progression. If the series bea+b+c+d+te+-. 
and m represents the scale of relation, 


R2io 
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Second. When the series is of the second order, let m and 
m represent the scale of relation. Then, if the series be 
at+b+c+d+e4-.., 

E c=ma+ nb 
d=mb+ ne 
Finding the values of m and n 

2 
Bee — bd and 7 ee 
ac — 6? ac — b* 


Third. When the series is of the third order, let m, n, r 
represent the scale of relation. Then, if the series be 
ae Oe he Pepi +, 
d=ma-+ nb + re 
e=mb+nce+rd 
f=me+nd-+ re 


From these equations, m, n, and r may be found, and in a 
similar manner the scales of relation for series of the 4th, 5th, 
6th, and nth orders. 


EXAMPLES. 
Find the scale of relation in the following series: 


1. 146241207 + 480? +1200 +-.. 


Soturion.— Assume m, n to be the scale of relation. 
Al} 


Then, 120¢2=m+6nu vf | 
48 22 = 6 ma + 12 nay/ 
Solving, m=62% andn=x 


pos 


.*. 6x2, « is the scale of relation. | 


14204 3a%+ 5a B8at+ 13ah+-./ 
14304 5a?+ile+ Aat+ 430+ of 
14724172? + 55a? +1610! + 487 0° +’... 


1+2a+ 827+ 282° + 100a* + 356a° + -.- 


7 8 2 wy 
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439, To find the sum of an infinite recurring series. 


First. Assume that the series is an infinite series of the jirst 
order, and that it is convergent. 


’ 


Leta+b+c+d+e++--- be the series. 
Let m represent the scale of relation. 


Then, b=ma 
c= md 
d= me 


e= md, etc., ad infinitum. 
Adding, b+ce+d+e+--=m(at+b+c+d+e4--) 


Representing the sum of the series by s, the first member of 
the above equation becomes s— a, and the second, ms. That 
is, 


s—a=ms 


Whence s= (1) 


Since a recurring series of the first order is simply a geometrical pro- 
gression, the scale of relation is the ratio, and the sum of the recurring 
series the same as the sum of an infinite geometrical progression. 


Second. Assume that the series is an infinite series of the 
second order, and that it is convergent. 


Letat+b+ec+d+e++--- be the series. 
Let m, n represent the scale of relation. 


Then, c= ma-+ nb 
d=mb-+ ne 
e=me+nd 


f=md + ne, etc., ad infinitum. 


BINOMIAL THEOREM— ANY EXPONENT. 347 
Adding, 


ctd+te+tf+--=m(a+b+c+d+te+ft w+) 
+n(b+c+d+e+f+-) 
Representing the sum by s, the equation becomes 
s—(a+b)=ms + n(s—a) 


Whence s= teen (2) 


1. The sum of a series of any higher order may be found by a similar 
process. 

2. Every infinite recurring series may be assumed to arise from the 
development of a rational fraction; hence the swm of the series will be 
the generating fraction. 


EXAMPLES. 
Find the sum of each of the following series: 


1. 14204302450 + 8a'+130%4-. 


Soxution. — The scale of relation is found to be x?, x, and the series is 
therefore of the second order. 

Substituting 1 for a, 2% for b, x? for m, and x for n in formula (2) for 
the sum 
—~142¢4-a_ 14% 
Seay Ske ae 


Psa Aat se Tae 1aty a8 ab ps. 
1+3e¢+50? +11a?+ Q1at+ 480°+... 
14+ 244+ 8a? + 282? + 100a*4+ 356a°+--. 
teow oa Te Oot dae ee 


s 


7 PF @ © 


BINOMIAL THEOREM—ANY EXPONENT. 
440, It has been shown (Art. 418) that when nis a positive 
integer, 
(Lt a)yratt nwt MOD op 4 MOR DOR) gt eo 


since any power of 1 is 1. 
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It is yet to be shown that this formula is true when the 
exponent n is a positive fraction, a negative integer, or a nega- 
tive fraction. 


441, First. Let n be a positive fraction f 


Let (1+ x)! =1+aaz+4+--- and let Ax represent all the terms 
after the first. 


 (At2)§'=14 Ax 


also (1+ 2)?= (1+ Az)? 
Expanding, 1+pe+---=1+gAr4+-. 
=1+gar+--- 
Equating coefficients, p= qa 
ee 
Pin ed 
; PB Pp 
and (hha) tbo hea 


That is, the formula is true for two terms when n is a posi- 
tive fraction. 


442. Second. Let nv be negative, and either integral or frac- 


tional. 
at 
4 { Spe oe a el “tb. =~ 
(1+ #) Gay (Art. 226) 
ee a 
ree + Sassi se (Art. 418) 


Dividing the numerator by the denominator, 
(1+a)"=1—ne+.-.. 


That is, the formula is true for two terms when n is nega- 
tive and either integral or fractional. 

Therefore the formula is true for two terms whatever be 
the exponent, and the coefficient of the second term is n. 
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443, The general law of coefficients is yet to be determined. 

Let (14+ 2)"=1+ne+ Ax’? + Bai + Cxt+... (A) 
‘in which A, B, and C, etc., are the undetermined coefficients 
of 27, x, 2%, ete. 

To find the value of the undetermined coefficients, we involve 
them in an identical equation, so that the coefficients of like 
powers of x may be equated (Art. 429). 

To do this, put t=a+z. The expression (1+ 2)” then 
becomes (1+a+2)”, in which (1+2) or («+z) may be 
regarded as one term. 

[ad+2)+2}=(14+2)"+n(14+2)""% 
ACA + 2)"> 2 + BA fa) 4 «.. 
[1+ (+2) P=1lt+nw+z2z)+ A(x+z)?+ B(x+2z)? +> 
=1-+ne+ Ae’? 4+ Bo?+... 
+(n+ 2 Au + 3 Ba? + ---)zte- 


Equating the two right-hand members, we have an identical 
equation, when both members of the equation are convergent. 


Therefore, 
(A+a)"+n(1+a)"%+ AA +2)" %2? 4+. 
ees eee ps tn DiAe 4 BB )a fi 
Equating coefficients of z, 
n(l+e)*t=n+2Ar+3 Ba’?+--. 
Multiplying each member by 1 + 2, 
n(i+2)"=n+(2A+n)e+ (8 B+2.A)2* + + 
Eq. (A) xn, n(1+2)"=n 4+ ne + nAx’ + nBa ++ 


*n+na+nAe’+nBer+--=n+(2A+n)e 
+(8B+2A)a°+-- 
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Equating the coefficients of like powers of # (Art. 429), 


2A+n=v7 A="G—)) 
38B+2A=nA - 3B=nA—2A=A(n—2) 


_n(n—1)(n=2) 
Pa 1-2-3 


Substituting these values in equation (A), 


(1ta)rattne+*G—D ge 4 MOH DORA) a4... (B) 


444, The expansion of (1+ 2)” is not the expansion of the 
most general form of a binomial, since the first term is 1; 
consequently the equation must be changed so as to express the 
expansion of (a+ 2)" for the general form. 


Putting “ for « in (B), then 
a 


(1+ “y= L4n2- fee MG—N 2 + 2@-Va-? ae 


1-2-3 ne 


Multiplying both numbers by a", observing that, 


a” (1 + ‘y= a(S 8)'— a" (a + 2)" =(a+2%)* 


a 


(a+2)"=a"+ na" ty 4 MD) 


anna 
n(n—1)(n—2) 3 
F ara CO ete We 


Therefore, the general formula has been shown to be appli- 
cable for the expansion of any binomial with any exponent, 
provided the second member is convergent when it forms an 
infinite series. 


BINOMIAL THEOREM— ANY EXPONENT. 


EXAMPLES. 


1. Expand (a+ b)# to four terms. 


SOLUTION. 
The coefficient of the first term is 1 


The coefficient of the second term i 


The coefficient of the third term is 


ine 
The coefficient of the fourth term is — = G@— 2) or 


3 


15 


384 


3 3 -} = 5 pte) 
tae (a+ b)*=a*+2%a b— 4 4H24 Ja £68 +... 


Expand to four terms: 


2. (a+b)?. 6. (a—b)-, 10. (14+ 32)%. 
3. (a+b)4, 7 (a—d)4. 11. (2a43b)* 
4. (a+b) 3; (a--b) 12. V1i22e, 

5. (a+b). 9. (a+b). 


14. Find the approximate square root of 11. 


SoLurion. 


Wil = VO43 =V3F +E = (8? + 2)! 


13. —————_-- 
Vv (a — 6) 


1 zt =e 
Expanding, (3° + 2)? =(8%)* + 4(8*)"?-2 — 4)? 2? 4 = 


= 8p £871 Q hs 8-84.22 4. 


1 al 
BeGy bt a oes at aed tins 
OS 3 8. 88 y 
Soh eg — opr 
= 3 + - 3333 — - 0185 + 
= 3.3148 4+ 


Find the approximate values of the following: 


15. V7.- 17. V26. 19. 85. 
16. V18. 18. »/29. 20. ~/245. 


35] 
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THEORY OF HQUATIONS. 


445, The object of this discussion is to discover methods of 
solving equations of a higher degree than the second, and’ 
the processes of approximating to the roots of numerical 
equations. 

It is impossible to solve general equations of a higher degree than the 


fourth ; but if the equations are numerical, approximate roots may be 
found. 


446, Equations containing one unknown quantity may. be 
reduced to the general form, 


e+ part qu? 4+... +s+ta+u=0 (1) 


In equation (1) p, q, etc., are positive or negative, integral or frac- 
tional, real or imaginary, and n is a positive integer. 

It is sometimes called the reduced equation. The reduction is effected 
by transposing, collecting the terms of the same degrees, and by dividing 
by the coefficient of the highest power of the unknown quantity. 


447, A Root of an equation is any expression which, upon 
being substituted for the unknown quantity, satisfies the 
equation. 


In the reduced equation, a root of the equation reduces the first ‘mem- 
ber to 0, when it is substituted for x. 


448. Divisibility of the members of equations. 
Suppose a is a root of the reduced equation, 
x" + part + gar? +... sa’? tetu=0 
Then, x=a, and x—a=0 
Divide the members of the equation by x —a, representing 


the first member of the reduced equation by X, the quotient by 
Q, the remainder, if any, by R; then, 


Inasmuch as a is a root of the equation, it may be substi- 


tuted for x, and then by the definition of a root, X, the first 
member of the reduced equation, equals 0 and (2 —a)= 0. 
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Since (# —a) oaths 0, Re éqaals 0. That is, there is no 
remainder, and «—a is an exact divisor of the first member 
of equation (1). Hence, 


449, Princrpie 1.— Jf a is a root of the reduced equation, the 
Jirst member of the equation is exactly divisible by « — a. 


450. Suppose the first member of the reduced equation to be 
exactly divisible by x—a. Then, 


X= Q(x—a) 


Now, whatever value of x reduces X to 0 is a root of the 
equation, and since, when «=a, an is equal to 0, a is a root of 
the equation. 


451. Principe 2. — [f the first member of a reduced equation 
is exactly divisible by x — a, ais a root of the equation. 


EXAMPLES. 


1. Show that 2 is a root of the equation e—Tx+6=0. 


2. Show that 3 is a root of the equation 2? —6a?+ 11% — 
6 = 0. ‘ y 

3. Show that 4 is a root of the equation #7? —5a?—8a+ 
48 = 0. 

4. Show that 5 is a root of the equation 2? —15a?+ 66% 
—80=0. 


452. Number of roots of an equation. 
Suppose a to be a root of the reduced equation, 
et part gut? ... + se’?+tu+u=0 


then by Prin. 1 the first member of the equation is divisible by 
xz —a, and the quotient may be expressed as follows, if p’, q', 
etc., denote the coefficients of the powers of # in the quotient, 


gett plan? 4 tle + ul = 0 


ALGEBRA. — 23. 


a 
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Suppose 6 to be a root of this last equation. Then it may 
be factored as follows: 
(a — b) (a? + plan 4... ta + w'!) = 0 
It is evident that this process may be continued until the 
highest power of w in the second factor is #”~”, or until x dis- 
appears from the second factor. The process will then have 


been performed n times, each time giving one root. Hence 
the equation has n factors, and, 


(@—a) (@—d) (@—e) -- (w#—)=0 


Consequently the equation has n roots. 
Since the first member of the equation has only the factors 
2 —a, «—b, w—c,+--%—l, it can have no other roots. 


453, PrincipLe. — Every equation of the nth degree contain- 
ing but one unknown quantity has n roots, and no more. 


EXAMPLES. 


1. One root of the equation 2° ~2a°+7x2—30=0 is 3. 
Find the other roots. 
SoLurion. 
8 — 2074 7% —30=0 
Art. 446,"Prin.1,  (« — 8) (a2 + x+10)=0 
.ev+e+10=0 
Solving, 2=—}4+1V—39 and — }—1\/—389, the other roots. 


2. One root of/the equation e—4e+e4+6=0is2. Find 
the other roots. 

8. One root of the equation a—2a?—x+4+2=0 is —1., 
Find the other roots. 


4. One root of the equation 2° — 3a?—10%+424=0 is 4. 
What are the other roots? 


5. One root of the equation 2 —152°+ 66a—80=0 is 5, 
What are the other roots ? 


6. Two roots of the equation a*+ 32?--16”%—60 are —2 
and 3. Find the other roots. 
} | 


\ 
\ 
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454, Coefficients of the terms of an equation, 


64 
Suppose Van ay b, c,d ty 
ae 4 hy 
Then, 2-30; 2 Ve =0;#=¢=0; e«—d=0 Te, f 
— . (% — a) (x—6) (% —c) (a —d)=0 \S- 
ae —a|eé+ab | «’—abe | «+ abcd =0 
—b/} +ac| —abd| i 
mae +ad|}| —acd |; 


—d} -+t0| Paez 


uo this equation Pestolloying principles may be deduced: 


AB “Princreres: —1. The, Dosericien of the second term of 
OL equation of “the nth degree’ in its reduced form is the sum of 
3 - wee roots with their signs changed. 
2. The coefficient of the Oe term is the sum of their products 
Mf iiten two and two. 
Oa “ 8. The coefficient of ih pourth term ts equal to the sum of their 
products taken, three and three with their signs changed, ete. 
4. The last term is the product of all the roots but with its sign 


changed. Z) / 


From the preceding equation and principles, it is evident 
that: 


1. If the roots are all positive, the signs are alternately 
positive and negative. 

2. If the coefficient of the second term is wanting, the sum 
of the roots is 0; for otherwise the sum of the roots would be 
some quantity. 

.8. If there is no absolute term, one root must be 0; for 
otherwise the term would not be wanting. 

4. Every rational root is a divisor of the last term; for the 
last term is the product of all the roots. 
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EXAMPLES. 


1. Form the equation whose roots are 2, 3, and 4. 

2. Form the equation whose roots are 3, 1, and 5. 

3. Form the equation whose roots are — 1, — 3, and 2. 

4. Form the equation whose roots are 1, 2, 3, and —4. 

5. Form the equation whose roots are 1, 3, and 4 

6. Form the equation whose roots are 2, —4, —3, and 4. 


7. Tworoots of the equation v — 102° + 352? — 50x%+ 24=0 
ere Land 2. Find all the roots. 


8. Find all the roots of the equation yt — 5y8— 2y?+12y+ 
8 = 0, if two of the roots are 2 and —1. 


456. Positive and negative roots of equations, 


457. A Variation of Sign is the change of sign in two succes- 
sive terms. 

Thus, in x — y, there is one variation of sign; in « — y + 2, there are 
two. 


458, A Permanence of Sign is the continuation of the same 
sign with two successive terms. 

Thus, in x + y, there is one permanence of sign; ina+y—z—v, there 
are two. 


459, Assume the signs of the terms in a complete equation 
to be + +—+— ++ +, and suppose a new factor, « —a = 0, 
corresponding to a new positive root, to be introduced. 


The signs of the product may be found as follows: 


+4+—+-4++4++4 
+— 
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In the original equation there were 4 variations, and in the 
product there are 5, whether the ambiguous signs are con- 
sidered positive or negative. Hence, the introduction of a 
positive root has caused at least one additional variation of 
sign. 

Since this is true for any positive root, there must be as 
many variations of signs as there are positive roots. 

By introducing the factor « + a= 0, in which a is a negative 
root, it may be shown in a similar manner that there are as 
many permanences of sign as there are negative roots. 


460. PrincipLtes.—1. An equation cannot have more positive 
roots than it has variations of sign. 

2. An equation cannot have more negative roots than it has 
permanences of sign. 

3. A complete equation whose terms are all positive can have 
no positive roots, and one whose terms are alternately positive 
and negative can have no negative roots. 


461. Since the roots enter into the coefficients, two imaginary 
roots, by multiplication, give a real quantity. If, however, 
there is an odd number of imaginary roots, some one of them 
will appear in the coefficients. Hence, 


- 462. PrinctptE.— When the coefficients of the reduced equa- 
tion are all real, if there be imaginary roots, they exist in pairs. 


EXAMPLES. 


463. The roots of the following equations are all real. 
Determine their signs. 


1. = 32? —4e4-12=0. 4. 2 a? —4 220) 
O #62 ide -18—0. 6. &—~32—2=0. 
Ss, 2 — a —10%+24=—0. 6. e—a2?—Te?+2+6=0.: 
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TRANSFORMATION OF EQUATIONS. 


464, To transform an equation into another in which the roots are . 
equal to the roots of the given equation but have opposite signs. 


Let the given equation be 
a” + pa) + gar? +... + sa®?+ie+u=0 
Substitute —y for # Since y has the same value as x with 
the sign changed, the equation becomes 
(Say pag a ye 9 
When n is even, the first term is positive, the second nega- 
tive, the third positive, etc., and equation (1) becomes 
FPP yp Se SP a (2) 
When n is odd, the first term is negative, the second posi- 
tive, the third negative, etc., and equation (1) becomes 
—y" + py" —qy? +--+ sy —ty+u=0 (3) 
Changing all the signs, equation (3) becomes 
yf — py ay — + 99? ty — w= 0 (4) 
By comparing equations (2) and (4), the truth of the fol- 
lowing principle is apparent. 


465. PrincipLe.— An equation may be transformed into 
another having,the same roots, but with opposite signs, by chang- 
ing the signs of the alternate terms, beginning with the second. 


If the equation is incomplete, the missing terms must be supplied by 
writing the missing quantity with 0 for its coefficient. 


EXAMPLES. 


1. Transform the equation a + 2° —42?1+3%2—6=0 into 
another having the same roots with contrary signs. 
Soxurion. 
Supplying the missing term, 25+ 0v!+ 23 —4¢2432%-—6=0 
Substituting — y for a, ye FO0y+ y8+4y24+38y7y+6=0 
: =yo+y84+4y24+3y74+6=0 
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In like manner transform the following: 
2. ov +3a* —2e7?4+ 384—6=0. 
8. a —3at—40? 4+ 724+13=0. 
4. 2 +2e*—5e—3e+4=0. 
466, To transform an equation into another whose roots are some 
multiple of the roots in the given equation. 


Let the given equation be 

e+ par tt gar ?4t... + se?ttatu=0 (1) 
Let y = mz, a multiple of «; then «= 2. 
For x substitute z Equation (1) becomes 


yn yt? y? y e 
meat + Uigaaa t i ie ee eee 


ie, 
Since m” is the L.C.M. of the denominators, we multiply 
the equation by it, obtaining 
y" + pmy" + gmy"? +--+ + sm™*y?+tm™ ly + um™ =0 (2) 
Hence, 


467. Princreie. — An equation may be transformed into an- 
other whose roots are a multiple of those in the given equation by 
multiplying the successive terms by 1, m, m*, m*, etc., m being the 
given factor of the multiple. 


EXAMPLES. 


Transform the following equations into others whose roots 
are three times the roots of the given equation : 


Is ve+t4de —16=0. on 8 —2e?—9=0. 
2. moe — 3=0. 4. —32 —2=0. 
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468. To transform a given equation into another whose coefficients 
are all integers, 1 being the coefficient of the first term. 


By the principle (Art. 467), when m is the L.C.M. of the, 
denominators of the coefficients, the transformed equation will 
have integral coefficients, but often a smaller number will 
remove the denominators. 


Thus, transforming 2° — 2a?—1la—53=0 by putting re for 
x, we have 
pi a ear 0 


Apso, Sea age 
and y — 8y’ — 36y — 10080 = 0 
But a= x will transform the equation, and it becomes 
y —4y —9y—1260=0 


In general, take for the denominator of y the smallest number whose 


power corresponding to the highest exponent of « is a multiple of the 
denominators. 


Thus, 216 is the smallest multiple of 12 which is a cube, and its root is 
6, the denominator of y. 


Transform the following equations into others whose co- 
efficients are all integral, 1 being the coefficient of the first 
term. 


1. 5 -"42 9=0 
2. &—Toe+Hae—25=0 
$. Bate oe Pag 

4 
4, & —llo?—32e+3i=0. 
5. Medicis —4e+ 7, =0. 
6. 130% 4+ 180? —lia + 2 =0. 
7. of + 20° a? + a=, 
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469. To transform an equation into another whose roots are greater 
or less than the.roots of the given equation by a given quantity. 


It is obvious that the equation «t— 3a?+ 5a—6=0 can be 
transformed into another whose roots are less by 2, by 
substituting y+2 for x The equation then becomes 


Y+ 8y+ 21 y+ 25 y + 8=0 

The process of expanding the binomials and reducing the 
equation is so tedious that a shorter and simpler method has 
been devised. It is determined as follows: 

Assume the general equation with one unknown quantity 

et pur! + ga"? 4+... + s+ tatu=0 (1) 

For x substitute y+~7r. It will then be transformed into 
another equation whose roots are 7 less than those of the given 
equation. It will become 


Yr) +py+r)*+---+8ytryrtig+r+u=0 (@) 


Expanding and reducing, (2) becomes 


y+ ar gt Ra Dr yr? fe wee em 
+P +(n—1)pr cpr 
can gute sx): 40) 
+ ir 
+u 


Indicating the coefficient of y*' by p', the coefficient of 
y" by q' and the absolute term by u!, (3) becomes 


P+ py + yy? + sty? + tly +l =0 (4) 
Restoring the value of y, which is ~— 1, (4) becomes 
@ary tele + ear tle)? 
+t'(a—r)+u'=0 (5) 
The first member of (5) is identical with the first member 
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of (1), for the process by which (4) was deduced from (1) 
is simply reversed. Hence, 


a +t par) + gar + «+ 4+ sa? 4 ta + u 
= (2-1) tpl (ery tg (ery + sear) 
+t'(a—r)+u! (6) 
is an identical equation. 


Dividing the second member by «—7, the remainder w! is 
obtained, which is the absolute term in (4). 

Dividing the quotient by «—7, the remainder ?@’ is obtained, 
which is the coefficient of x in (4). 

Hence, if we continue to divide by x—vr, the successive 
coefficients of w in (4) will be determined from the remainders. 

Since the first member of (6) is identical with the second 
member, the coefficients of (4), the transformed equation, 
may be found in the same way. Hence, 


470. Princrpte.— To transform an equation into another 
whose roots are greater or less than the roots of the given 
equation by a given quantity, 


Divide the first member of the equation by «+7, and con- 
tinue the process until a remainder is found which is indepen- 
dent of x; then divide this quotient by the same divisor until n 
divisions have been performed. The successive remainders will 
be the coefficients of the transformed equation. 


The result may be obtained more readily and more simply 
by the use of Detached Coefficients and Synthetic Division. 


471. Division of polynomials may be readily performed by 
the use of the coefficients alone, provided care is taken to 
restore the proper literal quantities in the terms of the 
quotient. 

Let it be required to divide a —5a?+13 by #—2. 

Since the coefficients of the quotient depend upon the coeffi- 
cients of the dividend and divisor, and not upon the Jiteral 


factors of the terms, the process by detached coefficients may 
be employed. 
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1—540+4138]1-—2 
1-2 1—3—6 


.. The quotient is ~? —3%—6-+ Rem. 1. 


1. Since the first term of the divisor is 1, the first term of the quotient 
is the same as the first term of the dividend. 

2. The other terms of the quotient are the same as the first terms of 
the successive partial dividends. 

3. Each remainder is found by subtracting the product of the first term 
of the partial dividend by the second term of the divisor from the succes- 
sive terms of the dividend. 

4. Since the first term of the divisor is 1, it may be omitted, and if the 
sign of the second term of the divisor be changed, the products may be 


added. 
The process given above may, therefore, be abridged as follows: 
Dividend, 1—540+418|/+42 
Partial products, 2—6-—12 
Quotients, 1—3—6+4 1, Remainder. 


.. The quotient is x2 —3a—6-+ Rem. 1. 


472, The method of division illustrated above is called 
Synthetic Division. 


Divide by synthetic division : 

4, af — 1408 + Tia? — 15424120 by #—5. 
2. a + Gat — 100? — 1120? — 207a—110 by #42. 
3. vw —120°+ 472? — 727+ 36 by x— 6. 


EXAMPLES. 


1. Transform the equation #—72+7=0 into another 
whose roots are 1 less than those of the given equation. 
Soxurion. : 
Using synthetic division, and applying the principle (Art. 470), the 
dividend and successive quotients are divided by x — 1, or changing the 


sign of the second term, by + 1. 
The coefficients of terms of the polynomial that are wanting must be 


supplied by + 0. 
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1+0=7+7 {+1 

+1+1-—6 

Dividing by +1, +1-—641 ..41= 1st Rem. j 
+142 

Dividing by +1, +2-—4 , —4= 2d Rem. 
+1 
+3 “. +38=3d Rem. 


Hence, the required coefficients are 1, +3, — 4, and +1. 
. p+3y?—4y+1=0 is the transformed equation. 


2. Transform the equation «* —27%—36=0 into another 
whose roots are less by 3. 


SoLurion. 
14.0597 —.86 p48 
+84 9—654 
+8—18-—90 .. 90 = 1st Rem. 
+3418 
+6+4+ 0 “. O=2d Rem. 
+3 
+9 “. 9=8d Rem. 


Hence, the required coefficients are 1, + 9, +0, and — 90. 
-. y+ 9y? — 90 = 0 is the transformed equation. 


3. Transform y*+8y* + 217?+ 25y+8=0 into an equa 
tion whose roots are 2 greater than the roots of this equation. 


4. Transform the equation y*—15y?+9=0 into an equa- 
tion whose roots are greater than the roots of the given 
equation by 5. 


5. Find the equation whose roots are less by 10 than those - 
of the equation a + 5a’ —3a—5=0. 


6. Find the equation whose roots are less by 8 than the 
roots of the equation at — 3a? — 1527+ 494 —12=—0. 


7. Find the equation whose roots are less by 10 than the 
roots of the equation a + 323 —3a?4+7a2—317 =0. 
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8. Find the equation whose roots are less by 2 than the 
roots of the equation y° + 37y*?— 94y+13=0. 


9. Transform the following equation into another equation, 
whose roots are less by 3 than the roots of the given equa- 
tion a#* — 220° + 1792? — 638 a 4 840 = 0. 


10. Transform the following equations into others, whose 
roots are less by 2 than those of the given equations: 
1. & —4a'+ 39% — 22? +2—1=0. 
2. w+ 402° — 20a? + 35 =0. 
3 y—1=0. 
4, 2 —807+90=—0. 


COMMENSURABLE ROOTS. 


473. Gommensurable Roots are the integers or rational fractions 
which are roots of an equation. 


ie 


They may be either positive or negative. 


EXAMPLES. 
What are the commensurable roots of: 
1. a —92’?+ 26~—24=0. 

SoLuTion. 


First. There are three roots (Art. 453). 
Second. There are no negative roots (Art. 460). 
Third. Their product is 24 (Art. 455). / 
The moderate increase in the coefficients as we pass from left, to right 
indicates that the roots are not the largest possible factors of 24-— 
Try 2 as one of the roots. Then by synthetic division 
$29 4 26 — 24(4-2— 
2—14+ 24 


= 7 + 12 ’ 
x? — 74+ 12=0 is the equation which will give the other roots. 


Solving, x2=4 or 8 
*, The roots are 2, 4, and 3. 
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2. 62?—11a?+6e—-1=0. 
So.urion. 
Transforming so that the first term shall have 1 for a coefficient by 
substituting i for x, ; 
ys —11y? + 36y — 36 =0 


First. There are three roots (Art. 453). 

Second. There are no negative roots (Art. 460). 

Third. Their product is 36 (Art. 455). 

Solving, as in Example 1, the roots of the transformed equation are 
2, 3, and 6, Consequently the roots of the original equation are 4, }, and 1. 


3. vf —140°4+ 732? —170”%+ 150=0. 
SoLurTION. 


Try 8 as one of the roots. Then, by synthetic division, the quotient is 
«“? — 1102+ 40% —50=0. 

Try 5 as another root. Then the quotient is <7—-6%+4+10=0. 

Solving, the other roots are found. 


1—144 73 — 170+ 150|+48 = 
3 — 33 + 120 — 150 


—114+40— 50 [+5 
5—80— 50 


— 6-10 
-. 2—62+10=0 
Solving, e=8+V—1 


. The roots of the equation are 3, 5, 3+ V—1 and 8 —V—1, and the 
commensurable roots are 8 and 5, ; 


Find the commensurable roots of the following equations : 


4. #®—1027+ 29a = 20. 

5. 62° —11e?—452+72=0. 

6. w+ 5a — 282? — 12224 60=0. 

7%. wf'—5a?— 460? + 152a+4 192 —0, 

8. Gat — 250° +4 31a? — 254425 <0. 

9. 2 — 162° + 892? — 206a + 168 = 0. 
10. a*— 4823 + 827 a — 6048” + 15876 = 0. 


REVIEW EXERCISES. 


REVIEW EXERCISES. 


474, Find the value of x in the following equations: 


ile 


10. 


11. 


12. 


13. 


14. 


9a —T7 py EER LM Defers, 


ire 2 x 
x — bx Md ete 
x—-1 b(#—1) b 


a — 3be« 


; ee al a be ee 
4 a 


- ¢(@+1)+4(e+4+ 2)=16—-—1(@+3). 


Sar Geta eee 
ie - ~ ww 
PETC U@tT)  fo~6 


Sa—4 , 12e+2_102+17, 

9 ttaS87-* 18 

AOE pe ee 
Vax +3 


Ve+5+Ve+12=7. 


Te oN A = ae 


2e— 1 Su—1_ be—11 
+1 x+2 x—1 


Va+e+Va-—%_ 
Va+e—Va—% 


Vae+Vb _ Va—vo, 
Vae—Vb Vb 
Vb —Vo— VP be _ 


Vb + Nb — Vb" — ba 


Ce 


atae=Vatave + 


22 


6 ba — 5a? 
2a 


(7 


2 
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15. gx —1 i as / 
csi 2 
16. 2’ — oy pen pr ee 


1%. GA ee 3m. 
x 
18. (8e0+.5)?+(5a—.5)?=6(34 —.5)? +42. 
19. Reduce to its simplest form the expression 
VB 4 VV Ve 

‘Solve the following equations: 

38e—2y+32= 26. 

Sy +22 = 22. 

6u—4a=14, 


20. 


4e—5y+32+4v—5u=12. 
Ty—2z2+u—2v=10. 

21. 92+ 38u+4v—4e =6. 
42 —8y4+2z2—3u=10. 
5u—4v4 38a —2y=T7. 


a2, Vaitar+ea_ 0d. 
Vaei+at—a ¢ 

93, VIe—4_15+V9e 
Ve+2 Va+40 

24, e hnenae ee 

Va? + 

25. @—4_ (w—5)(w™+5)_ gy 
12 eo+4 

ag, V@—V—VU+e eo 


Ve—e@4+Vetoe a 
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a7 a4+Vepea Et? 
Vo ee 
Oe ee es CO 


26:6 se 
1-Vvi-« Lae ieee ee 


-~ aa ; ps ee 
Bat Dy? = 65 Y+3yto=44, j 
nay i e+ 2 ay = 441 — arty? 
39. 
epty=at+s. 
2a —4y)?+-¢—2y = 
wy = (0 + y) ay. 40. a 2 ee ee 
ety=4. | 
2 oy = 19: 
82. * Sop edo 3 ig ee 
(@+9)(@ 9) =f}, co 
A ; 292 — 
aN ye) hee pe 
33. ag z 
ee! 34 y? = 35 
eye D ..}} 4 ) 43. + Lear 
hye x’y + ay? = 380. 
ya +vVy = 21. Ti 
meat Mil 
xy? + y = 333. / net. ay? = 12. 
a eas 
ee ay +y ar 
. at? es ; 
ost ey? = o. a5. | (ee i 
ay + y°w = 160. 
a — > = 56. 
36. 6 9 16. | a6 eh a ; 
* Laby + ay? = 78. 
Be. pala Pen 7 
a 6 2ay = 12. } ARS sai! x ae | 
y' — 12a? = 482. ay +oty=71. 


a, ee ek 
~ lay—y’ =8. 
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aire de fie 
9 . 


ey =48. 
Ba+4y)(Ta—2y)+3e+4y = 44. 


5a (= oe y’) ry = 300. ‘ 
Ry eee 


\ 


57. 

Ko 58. 
\ 

59. 

60. 

61. 


~\ pe 
x 
x 


wae + y + 2) = 60. 


4 4 y= 84. 
y 


56. 


on He eh Ba 
yt a cad 
Ear ace as 
A (at — y*) (a? — y*) = 45 27y?. 
(ee aa 
sauptireeatre t 
Be een } 

(a? + y*)a?y’? = 468. 
RR 50 
e+ y?+a+y = 62. i 
C+") (@ + y") = 455. 


Osan es 
ao? + y? = 100. ‘ 


( 
Uiga4 4y)(Ta—2y) — Te + 2y = 30. 
= 1 alge } e+ oy ty 44 
 UWVe+Vy=5. Ep ory 
shes . |e te 
53 jyte"* ae 
; a+ y= 6. wo 


2 
ope py ald 
y 


a? +o? +. 2% = 125. 


64. 4 y¥(@+y+z)=75. 65. 2e¢+y+2=69. 


a(a+y+2z)= 90. 


(@+y+z2)y=152. 
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66. { i 67. } : 
x + y= bd. y+t+vVay = b. 


LS eat alee 
(@+y@ty)=b)5 

69. Insert 6 arithmetical means between } and 2. 

70. Insert 3 geometrical means between 9 and }. 

71. Find the arithmetical mean between $ and — 12, 

72. Find the geometrical mean between 23} and 42. 

73. Expand by the binomial theorem (a — a)? to five terms. 


74. Expand by the binomial theorem (a+ 6*)"*? to five 
terms. 


75. Expand (1+ 2a —2’)® by the binomial theorem. 


76. Find the fifth term of (a-'+2a?)” by means of the 
binomial theorem. 


77. Find the approximate value of 125 to five decimal 
places, by the binomial theorem. 
1—«2 


Me re to five terms in ascending pow: 


78. Expand 


ers of &. 


a4 
_ 79. Separate a 1 into partial fractions. 


5a? +10a4+4 
e+ 30 +24 

81. Show that 2 is a root of the equation 2° —72’?+14e— 
f=), 


82. Show that 3 is not a root of the equation 2° —32°+ 62 
+8=0. 


80. Separate into partial fractions. 


83. One root of the equation «* — 112’°+ 37#—35=0 is 5. 
Find the other roots. 


84. Form the equation whose roots are 1, — 2, and —- 4. 
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85. Given 8¢+5y+7z=100 and 82+4y+5z2=100. 
Find all the different possible values of «, y, and z in whole 
numbers. 


86. Separate 590 into two parts, so that their product shall 
be 80464. 


87. Divide the number 327 into three parts proportional to 
the numbers 2, 6, and {. 


8s. A gentleman bought a horse for a certain sum. He 
afterward sold him for $144, and gained as much per cent as 
the horse cost him. How much did he pay for the horse ?. 


89. An engraving, whose length was twice its breadth, was 
mounted on Bristol board, so as to have a margin 3 inches 
wide, and equal in area to the engraving, lacking 36 inches. 
What was the width of the engraving ? 


90. There is a stack of hay whose length is to its breadth 
as 5 to 4, and whose height is to its breadth as 7 to 8. It is 
worth as many cents per cubic foot as it is feet in breadth ; 
and the whole is worth at that rate 224 times as many cents 
as there are square feet on the bottom. "What are the dimen- 
sions of the stack ? 


91. I let fall a stone into a deep pit, and I hear it strike 
the bottom in seven seconds. Granting that a falling body 
falls 16 feet the first second, four times as far in two seconds, — 
nine times as far in three seconds, and so on, also, that sound 
travels 1100 feet per second, how deep is the pit ? 


92. The hypotenuse of a right triangle is 24 feet more 
than the base, and 3 feet more than the perpendicular. 
Determine the sides of the triangle. 


93. A farmer had two flocks of sheep, each containing 147. 
From the first flock he sold a certain number, and from the 
second a number expressed by the same digits reversed. The 
first flock then contained twice as many sheep as the second. 
How many did he sell from each flock ? 


ee ee eS ee ee ee ee ee 


fi \ 
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94. There are two vessels, one holding a gallons of wine 
and the other 6 gallons of water. Find the capacity of a third 
vessel, such that if a quantity sufficient to fill it be drawn from 
each of the first two, and then the liquid taken from each be 
poured into the other, the resulting mixtures shall contain like 
proportions of wine and water. 


95. The base of a right-angled triangle is 20 inches, and is 
a geometrical mean between the hypotenuse and the per- 
pendicular. What is the hypotenuse ? 


96. It is required to find three numbers, such that the 
difference of the first and second shall exceed the difference 
of the second and third by 6, the sum of the numb¢s shall be 
33, and the sum of the squares 441. 


97. A piece of cloth, by being wet in water, shrinks one 
eighth in its length, and one sixteenth in its breadth. If the 
perimeter of the piece is diminished 44 feet, and the surface 
5% square feet by wetting, what were the length and breadth 
of the piece ? 


. 98. A rectangular lot is 119 feet long and 19 feet broad. 
How much must be added to the breadth, and how much taken 
from the length, in order that the perimeter may be increased 
by 24 féet, and the contents of the lot remain the same ? 


99. From two towns, 396 miles apart, two persons, A and 
B, set out at the same time, and traveled toward each other. 
After as many days as are equal to the difference of miles 
they traveled per day, they met, when it appeared that A had 
traveled 216 miles. How many miles did each travel per day ? 


100. Find two numbers such that their sum, their product, 
and the difference of their squares may be all.equal to one © 
another. 


101. Find two numbers, such that their product shall be 


equal to the difference of their squares, and the sum of their 
squares shall be equal to the difference of their cubes. 
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102. A miner bought two cubical masses of ore for $820. 
Tach of them cost as many dollars per cubic foot as there 
were feet in an edge of the other; and the base of the greater , 
contained a square yard more than the base of the less. What 
was the price ot each ? 


103. A May-pole was broken by the wind in such a manner 
that 4 times the upper or broken part, added to 6 times the 
remaining part, was equal to 5 times the whole, and 28 over 
and the proportion of the former to the latter part was 9 ta 
16. Required the height at first. 


104. Two messengers start from the two towns, A and B, 
to travel toward each other, but one started 2 hours earlier 
than the other. They meet each other 2;, hours after the 
starting of the second messenger, and they reach the towns, 
A and B, at the same instant. In how many hours did each 
messenger perform the journey ? 


105. A ship, with a crew of 175 men, set sail with a supply 
of water sufficient to last to the end of the voyage; but in 30 
days the scurvy made its appearance, and carried off 3 men 
every day; and at the same time a storm arose, which pro- 
tracted the voyage 3 weeks. They were, however, just 
enabled to arrive in port without any diminution in each 
man’s daily allowance of water. Required the time of the . 
passage, and the number of men alive when the vessel reached 
the harbor. 


106. What are the dimensions of a rectangular court, which, 
if lengthened 7 feet and made 4 feet broader, would contain 
363 feet more; but if made 4 feet shorter and 3 feet narrower, 
would be diminished 208 feet ? 


107. A vintner has two casks of wine, from each of which 
he draws 6 gallons, and finds the remainders in the proportion 
of 4to 7. He then puts into the less 3 gallons, and into the 
greater 4 gallons, and the proportion is that of 7 to 12. How 
many gallons were there in each at first ? 
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108. A and B traveled on the same road, and at the same 
rate, from Cumberland to Baltimore. At the 50th milestone 
from Baltimore, A overtook a drove of geese, which was pro- 
ceeding at the rate of 3 miles in 2 hours, and 2 hours after- 
ward met a wagon which was moving at the rate of 9 miles 
in 4 hours. B overtook the same drove of geese at the 45th 
milestone, and met the same wagon 40 minutes before he 
came to the 31st milestone. Where was B when A reached 
Baltimore ? 


109. In one of the corners of a rectangular garden there is 
a fish-pond of similar shape, whose area is } of the whole 
garden, the perimeter of the garden exceeding that of the pond 
by 200 yards. If the greater side be increased by 3 yards, 
and the other by 5 yards, the garden will be enlarged by 645 
square yards. What is the length of each side of the garden ? 


110. The number of deaths in a besieged garrison amounted 
to 6 daily; and, allowing for this diminution, their stock of 
provisions was sufficient to last 8 days. But on the evening 
of the sixth day 100 men were killed in a sally, and after- 
ward the mortality increased to 10 daily. Supposing the 
stock of provisions unconsumed at the end of the sixth day to 
support 6 men for 61 days, it is required to find how long it 
would support the garrison, and the number of men alive 
when the provisions were exhausted. 


111. A wall was built round a rectangular court to a certain 
height. The length of one side of the court was 2 yards less 
than 8 times the height of the wall, and the length of the 
adjacent side was 5 yards less than 6 times the height of the 
wall. The number of square yards in the court was greater 
than the number in the inside face of the wall by 178. 
Required the dimensions of the court, and the height of the 
wall. 

112. Find the value of -/% to within .001. 


113. Find the value of v.35 + -V 115 v113 to within .001. 


V355 —V/113 
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475. When related quantities in a series are to be compared, 
as for instance the population of a town in successive years, 
recourse is often had to a method of representing quantities _ 
by lines. This is called the graphic method. 

By this method, quantity is photographed in the process of _ 
change. The whole range of the variation of a quantity, pre- 
sented in this vivid pictorial way, is easily comprehended ab, & 
glance; it stamps itself on the memory. \ 


476. In Fig. 1 is shown the population of a town throughout 
its variations during the first 13 


years of its existence. LL YC 
The population at the end of 2 HHH A \ 
years, for example, is represented 2 we a 
by the length of the heavy black \ ‘ athe | 
line drawn upward from 2, and is HAH z 
4000; the population at the end él HA | 
of 6 years is 7000; at the end of 74> HHH = j 
10 years, 6300 approximately; and. LL yeni TO a 


so on. 


477. Every point of the curve shown in Fig. 1 exhibits a 
pair of corresponding values of two related quantities, years 
and population. For instance, the position of ZH shows that 
the population at the end of 4 years was 6000. 

Such a line is called a Graph. 


Graphs are useful in numberless ways. The statistician uses them to 
present information in a telling way. The broker or merchant uses them 
to compare the rise and fall of prices. The physician uses them to record 

Graphic Algebra by W. J. Milne. i 1906, by American Book Company. 
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the progress of diseases. The engineer uses them in testing materials and 
in computing. The scientist uses them in his investigations of the laws 
of nature. In short, graphs may be used whenever two related quantities 
are to be compared throughout a series of values. 


478. Let x and y be two algebraic quantities so related that 
y=22—3. Itis evident that we may give a series of values, 
and obtain a corresponding series of values of y; and that the 
number of such pairs of values of x and y is unlimited. All 
of these values, however, are represerited in the graph of 
y=2a—38. 

Just as in Fig. 1 years are represented by horizontal lines 
_ and population by vertical lines, so in the graph of y=2 #—3, 

Fig. 2, values of « are represented by Y 
lines laid off on or parallel to an 
x-axis, X/X, and values of y by lines 
laid off on or parallel to a y-axis, Y’Y, 
drawn perpendicular to the a-axis. 

For example, the position of Q,, 
shows that y=5 when a=4; the 
position of & shows that y=7 when 
ie) 5 etc. : 

Evidently every point of the graph 
gives a pair of corresponding values 
of # and y. Fic. 2. 


479, Conversely, to locate any point with reference to two 
axes for the purpose of representing a pair of corresponding 
values of « and y, the value of « is laid off on the a-axis 
as an a-distance, or Abscissa, and that of y on the y-axis as a 
y-distance, or Ordinate. From each of the points on the axes 
obtained by these measurements, a line parallel to the other 
axis igs drawn. ‘The intersection of these two lines locates the 


point. 


Thus, in Fig. 2, to represent the corresponding values x= 3, y=3, a 
point P may be located by measuring 3 units from O to WM on the z-axis 
and 8 units from Oto WN on the y-axis, and then drawing a line from M 

parallel to OY, and one from WN parallel to OX until they intersect. 


ee SS — 
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480. The abscissa and ordinate of a point referred to two 
perpendicular axes are called the Rectangular Ooérdinates, or 
simply the Ooordinates, of the point. 

Thus, in Fig. 2, the codrdinates of P are OM (=NP) and MP(=ON). 


‘ 


481. By universal custom positive values of x are laid off 
from O as a zero-point, or Origin, toward qq. 


the right, and negative values toward [1111 eo 
eal Goihe cles Hat 
BREED 
j 


the left. Also positive values of y are 
laid off upward and negative values 
downward. 

The point A in Fig. 3 may be desig- 
nated as “the point (2, 3),” or by the 
equation A= (2, 3). Fic. 3. 

Similarly, B=(—2, 4), C=(—3, —1), and D=(1, — 2). 


The abscissa is always written first. 


482. Plotting points and constructing graphs. 


EXAMPLES. 
Nore, — The use of paper ruled in small squares, called codrdinate 
paper, is advised throughout this chapter. 
Draw two axes at right angles to each other and locate the 
following points: 


i A= (5; 2). 5. E= (5, 5). 9. Ne 4). 
2. B=(3,-2). 6. F=(—5,5). 10. M=(0,—5). 
3. C=(4, 3). 7 G=(—2, 5). Li N= GPO, 


4. D=(4, —3). 8. H=(—3,—4). 12. P=(—6,0). 
13. Where do all points having the abscissa 0 lie? the 
ordinate 0? 
14. What are the codrdinates of the origin ? 
15. Construct the graph of the equation 2 y—a=2, 
SoLuTion. 
Solving for y, y=t(@4+2). 


Values are now given to x and computed for y by means of this 
equation. 


ges C 
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The numbers substituted for # need not be large. Convenient numbers 

to be substituted for x in this instance are the even integers from —6 to +6. 
When x =—6, y=—2. These values locate the point A = (—6, —2). 
When «=—4, y=—1. These values serve to locate B = (-4, -—1). 
Other points may be located in the same way. 


A record of the work should be kept as follows: 


y=32(@+ 2) 
‘6 
ey “A Fl f 
AAE 
“40 
{Cc pf BAe 
Fig. 4. 
A line drawn through A, B, C, D, etc., is the graph of 2 Fe ee 
Construct the graph of each of the following: 
16. y=3 4—T. 19. 3e—y=4. 22/3 B= Dy. 
D7. iss 2-4-1. 20. 4a—y=10. 28. 2efy=1. 
18. y=2a—1. 21. x—2y=2. 24. 24+3y=6. 


It can be proved by the eae of the similarity of tri- 
angles that: 


483, Princreie.— The graph of a sieeple equation is a straight 
line. 

For this reason simple equations are also called Linear Equa: 
tions. 


484, Since a straight line is determined by two points, to 
plot the graph of a linear equation, plot two points and draw a 
straight line through them. 

For the sake of greater accuracy, the points should ve taken some dis. 
tance apart. Thus, in Fig. 4, the line would be more accurately deter- 
mined by the points A and G than by C and D. 
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EXAMPLES. 


Construct the graph } each of the following: 


1. 2a—3y=6. 4. Te—y=14. 7. 5ea+3y=T4. 
; tn, 

2. 8a+4y=12. / 5. foyad. 8. w—iy=sd. 

3. 5e—2y=10./ 6 4-¢=2y. 9. da+iy=2. 


485. Graphic solution of simultaneous linear equations. 
I. Let it be required to solve graphically the equations 
Shape SO 


\ BEERRSEEE - 


gf i Sak 
Lpspp WS ©) EERE 
Construct the graph of each equa- SHEMET 
tion, as in Fig. 5. BEL 468S5o 
: PNET ae 
1. When «=—1, the value of y in BeCo NR 
(1) is represented by AB, and in (2) A Na 
by AC EE aNe 
7a aa TTN 
Therefore, when «=—1, the equa- aw Bes 
tions are not satisfied by the same Fic. 5. 


values of y. 


2. Compare the values of y when x=0; when a=1; 2. 
3. For what value of a are the values of y in the two equa- 
tions equal, or coincident ? 


4. What pair of values of # and y, then, will satisfy both. 
equations ? 

The required values of x and y, then, are represented graphi- 
cally by the coérdinates of P, the intersection of the graphs. 


II. Let the given equations be Sec 
r+ y= 6 NCCC Ee 
CUNCE Eee 
2a+2y=12. E-AY Senn I | 
5. What happens if we try to elimi- HH 
nate either w or y? a 


6. Since y=6—z2 in both equations, 
what will be the relative positions of 
any two points plotted for the same 
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value of x? What will be the relative positions of the two 
graphs ? 


7. The algebraic analysis shows that the equations are 
indeterminate, for neither x nor y can be eliminated without 
eliminating the other. 

The graphic analysis also shows that the equations are in- 
determinate, for their graphs coincide. 


III. Let the given equations be 


Y= C= x, (1) 
y=4—a4. (2) 

8. When «=—1, how much 
greater is the value of y in (1) than 
in (2), as shown both by the equa- 
tions and by their graphs ? 


9. Compare the y’s for other 
values of «. 


10. For every value of # the values of y in the two equations 
differ by 2, and the graphs are 2 units apart, vertically. 

In algebraic language, the equations cannot be simultaneous ; 
that is, they are Inconcistent. 

In graphical language, their graphs cannot intersect, being 
parallel straight lines. 


486, Principtes.—1. A single linear equation involving two 
unknown quantities is indeterminate. 

2. Two linear equations involving two unknown quantities are 
determinate, provided the equations are independent and simul- 
taneous. 

They are satisfied by one, and only one, pair. of common 
values. 

3. The pair of common values is represented graphically by the 
codrdinates of the intersection of their graphs. 


Nors. — In solving simultaneous equations by the graphic method the 
same axes must be used for the graphs of both equations, 
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EXAMPLES. 


1. Solve the equations 4y—3%=6 
and 2a4+3y=12. 

So.utTion. — Plotting the graphs of both 
equations, it is found that they intersect at a 
point P, whose codrdinates are 1.8 and 2.8, 
approximately. 


Hence, 2x%=1.8 and y=2.8. 


The codrdinates of P are estimated to the 
nearest tenth, 


Construct the graph of each of the following equations 
Solve, if possible. If there is no solution, tell why. 


o—y=1 |” oe W 
10 
ee y=2—2 \~* 
La a {2=20+0. ie 
e+2y=4 F 21=2(2%+y). 
=44+y. = 

4, e = 12. eee 
y¥=3+eu, 2x—6y=—Y, i 
2e—y= = 

5. | x—y=d. eis (2ea—5y=5. / 
4u+y=16. 10 y¥=2e-+1. 
3 oe ‘ = 

, 6. { x=y+9 Ag Sia 
2y=6x—18 : 2%=6+43y. 
69 aul N 4 

6 eae 9 be os. rae: 
x—y=3 6(y+6)=92a. 
[en ia+9. pare (ee 

16. 

y =2 (a@— 2) 8x—5y=— 2. 
e+y=—38. e a 

». | ; dd ee eee. 
e—-2y=—12. (8e+2y=8. 


ee ee ee ee 
1 ee {ff f LT , 
bs 


Vy 
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487. Graphic digion of aiiets said in-x. 


Let it be required to solve graphically 2?—6ae2+5=0. 

To solve the equation graphically we must first draw the 
graph of a’ —6a”+5/ To do this, let 

The graph of y=2’?—6+5 will represent all the corre- 
sponding real values of x and #—6a+5, and among them 
will be the values of « that make #—6a%+5 equal to zero, 
that is, the roots of #—6x7%+5=0. 


y=x?—64+4+5 


Points 


It will be observed that: 

When x=3, x’ —6%”%+5=—4, which is represented by the 
negative ordinate PA. 

When x= 2 and also when x=4, 2? —6”4+5=— 83, which is 
represented by the equal negative ordinates MC and NC". 

When «= 0 and also when # = 6, x? —- 6+ 5=5, represented 
by the equal positive ordinates OH and QE’. 

Thus, it is seen that the ordinates change sign as the curve 
crosses the #-axis. 

At D and at D', therefore, where the ordinates are equal to % 
the value of ~?—62-+5 is 0, and the abscissas are x=1 and 
w= 5d, 

Hence, the roots of the equation are 1 and 5. 


488, In plotting, when the coefficient of 2 1s +1, it is con- 
venient to take for the first value of # a number equal to half. 
the coefficient of « with its sign changed. By Art. 288, this 
oumber will be half the sum of the roots, or their mean value. 
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Next, values of x differing from the mean value by equal 
amounts may be taken. These give ordinates equal in pairs. 

Thus, in Fig. 9, first take «= 8 and locate 4 =(3, —4). Next give x 
values differing from 8 by equal amounts, as 2} and 34, 2 and 4, 1 and 5, 
0 and 6. It will be found that y has the same value for «= 3% as for 
% = 24, for « = 4 as for x = 2, etc. 


The curve obtained by plotting the graph of 2? — 6+ 5, or 
of any quadratic expression of the form az’+ ba-+c is a parabola. 


of the equations 


#—8a+14=—0, (1) 

v—8x+16=0, (2) 

#—8x2+18=0. (3) 
The corresponding graphs are marked 


I, II, and III, respectively. 

The roots of (1) are seen to be la 0, 
OV=2.6, approximately, and OW=5.4, approximately. 

Since graph II has only one point A in common with the 
v-axis, equation (2) appears to have only one root, OK =4. 

But it will be observed that if graph I, which represents 
two unequal real roots OV and OW, were moved upward 2 
units, it would coincide with graph IT. 

During the process the unequal roots of (1), OV and OW; 
would approach the value OK, which represents the roots 
of (2). 

Consequently the roots of (2) are regarded as two in number. 
They are real and equal, or coincident. 

The movement of the graph of (1) upward the distance JK, or 2 units, 
corresponds to completing the square in (1) by adding 2 to each member. 
Since the roots of the resulting equation, #2 —8%+16 =2, differ from 


those of (2) or from the mean value OK=4, by + V2, or + VJK, it is 
evident that the roots of (1) are represented graphically by 


OK+VJK=4+4V2 = 5.4144, 
and OK —VJK = 4 —v2 = 2.586-. 
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Since graph III has no point on the z-axis, there are no 
real values of « for which x?—8a+18 is equal to zero; that 
is, (3) has no real roots. Consequently, the roots are imaginary. 

If graph Ill were moved downward 2 units, it would coincide with 
graph II. If the square in (8) were completed by subtracting 2 from 
each member, the roots of the resulting equation, x? —8x+ 16 =-— 2, 


would differ from the mean value by +V—2, or + VZK. Hence, it is 
evident that the roots of (8) are represented graphically by 


OK4+VIK=4+4+V-2, 
and OK —VLIK=4-V-—2. 
The points J, K, and Z are called minimum points. 
When the coefficient of 2? is + 1, it is evident that: 


490. Prinoiptes.—1. The roots of a quadratic in x are 
equal to the abscissa of the minimum point, plus or minus the 
square root of the ordinate with its sign changed. 

2. If the minimum point lies on the x-axis, the roots are real 
and equal. 

3. If the minimum point lies below the x-axis, the roots are 
real and unequal. 

4. If the minimum point lies above the x-axis, the roots are 
imaginary. 


EXAMPLES. 

Solve graphically : 

1. @& —4e7+3=0. 10. 2? =6a—10. 

2. 2 —6ae+.7 =0. 11. a’? +4e24+2=0. 
3. 0 — 4a =— 2. 12. #42e4+4=0. 
4. #& —102+27=0. 13. 2?+62+12=0. 
b. ao —2e¢+5=0. 14. #+8a+17=0. 
6. w= 2(¢+1). { 15. 2? —6a7+13=0. 
7. w+2(¢+1)=0. 16. #—22+6=0. 
8. 2—4e+6=0. 17. o?—4a—1=0. 
9. 22—2e4—2=0. 18. 7+82+14=0. 
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19. Solve graphically 42 —22?+1=0. 
Sucerstion. — Dividing both members by the coefficient of a, 
x2—2e%—34=0. : 


~ 


The roots may be found by plotting the a RS y =x? — 24 — 3H. 


/ AZ patties, a 
“ot 1 te tee 


a3. 11+ Be 12ers ( 


. — 


Solve graphically: S 7 
20. 2a7+8e2+7=0. 
21. 22?—-124%4+15=0. 


ip — 


491. Graphic solution of simultaneous quadratic equations. 


EXAMPLES. 2 
i 
pat f= 25. @) 
ea hicall | 
1. Solve graphically Ne-ysade (2) 


SoLuTIoNn. — Spling for y; 
f y=4+V25—2, 


and y=a+l. 


2 UNEE 
PT SAS 


In the graph of + V25 — x, or of the equation 4? + y? = 25, each 
value substituted for x gives two values of y, and values of « that are 
numerically equal give the same values of y, 

Thus, when % = 2, y = + 4.6, and also when 7 — — 2,¥=+46. 

The values given in the table serve to locate twenty points of the graph 
of 22+ y?=25. On plotting these points and drawing a smooth curve 
through them, the graph is apparently a circle. It may be proved by 
geometry that the graph is a circle whose radius is 5, and that the graph 
of any equation of the form 2? + 4? = r2 is a circle whose radius is r 
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The graph of (2) is a straight line. The straight line intersects the 


circle in two points, (— 4, — 8) and (3, 4). 
Hence, there are two solutions,  =— 4, y =— 3, anda = 3, ¥ = 4. 


The student should construct the following graphs for him 


self. Roots are expected to the nearest tenth of a unit. To 
obtain this degree of accuracy, numerous points should/be 
plotted and a scale of about 4 inch to. unit should, be used, 


2. Solve graphically ie, ey icy raga y } 
L 
SoLurion. — Constructing the graphs, it is 
found that they intersect at the points x= 3.7," 
i= Zee —— Oeil. Yi 7 i 
Since the graphs have these two points in 
common, and no others, their coérdinates 4 
are the only values of x and y that satisfy the cn 
equations, and are the roots sought. 
Observe that the pairs of values «=3.7, One SS P 
y=2 and x«=—3.7, y=2, are real, and eel 
different, or unequal. 


The graph of 9a?+ 25y?= 225, or Fie. 12. 
of any equation having the form 
bx? + a’y’ = a7b’, is an ellipse. 


9 a? + 25 y? = 225. 
3. Solve graphy ee . 2 


SoLurion. caapine the straight line y= 2 in Fig. 12 to move upward 
until it coincides with the line y=3. The real unequal roots represented 
by the codrdinates of the points of intersection approach equality, and 
when the line becomes the tangent line y= 3, they coincide. Hence, the 
given system of equations has two real equal roots, %= 0, y=8, and 
T= 0; = 3. 

9 wo? + 25 y? = 225, 
4. Find the nature of the roots of { yon 


Sorurion. — Imagine the straight line y=2 in Fig. 12 to move upward 
until it coincides with the line y=4. The graphs will cease to have any 
points in common, showing that the given equations have no common real 


values of x and y. 


eeeitestromiiis 
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It is known from the numerical solution of the equations that there are 
two roots and that both are imaginary. 4 


A system of two independent simultaneous equations in x and . 
y, one simple and the other quadratic, has two roots. 

The roots are real and unequal if the graphs intersect, real and 
equal if the graphs are tangent to each other, and imaginary if the 
graphs have no points in common. 
4a? —9 y? = 36. 

x + y? = 25. 

So.ution. — The graphs in Fig. 13 show 
that both of the given equations are satis- 25 
fied by four different pairs of real values aA A 
of x and y: ay = iK 

a= 4.5, 4.5, —4.5, —4.5. ; s 
{ y=2.2, —2.2, —2.2, 2.2, SI ; 


The graph of 42°—9 y?=36, or of [<1 
any equation of the form 0°x?— ay? 
=a’b*, is an hyperbola. It has two Fic. 13. 
branches. 


5. Solve graphically { 


6. What would be the nature of the roots in example 5, if 
the second equation were a+ y°=9? 


A system of two independent simultaneous quadratic equations 
in wand y has four roots. 
An intersection of the graphs represents a real root, and a point 
of tangency, a pair of equal real roots. If there are less than four 

real roots, the others are imaginary. 


Find by graphic methods the real roots of the following, 
and the number of imaginary roots, if there are any. 
Discuss the graphs and the roots. 


. ype as pee 
x—3y=1. 4y=2"— 16. 
etek oy * eae Pe 
4a? +9 y* a 86. "l8a+4y=12, 


GRAPHIC ALGEBRA. 389 


ag (9e416A— 14 af eves 
a+ y= 49 ly=e—5 a6. 
a ya 4, (er +ytg, 

12, { v 16. | oe & 
x=y—d. e=y+dy+6. 
a? — 4 = = — a 

ee y e a? — 4, < 
ee. w= (y+1)(y+4). 
—y=2. ae = 

14. a Y= is. {2 vw —5a+4. 
ey =—1. e=y?—A4y+3. 


492, Relation between the units + 1, —1, V—1 and —-/—1. 

The use of rectangular axes is a device for representing 
simultaneous values of two varying numbers. In the preced- 
ing discussions only real numbers have been represented. But 
by confining real numbers to the g-axis, it is possible, in 
harmony with established algebraic laws, to devote the y-axis 
to the representation of imaginary numbers. 

in the accompanying 
figure the length of any 
radius of the circle repre- 
sents the arithmetical unit 
1. The line drawn from O 
to A, called the line OA, 
‘ represents the positive unit 
+1, and the line O.A" repre- 
sents the negative unit —1. 
Every real number lies 
somewhere on the line X'X, 
which is supposed to ex- 
tend indefinitely in both directions from O. X'X is called the 
axis of real numbers. . 

The direction of any line drawn from O, as OB, that is, the 
quality or direction sign of the number represented by that line, 
is determined with reference to the fixed line OA by find- 
ing what part of a revolution is required to swing the line 
from the position OA to the required position. By common 


Fig. 14. 
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consent revolution of the line OA is performed in a direction 
opposite to that of the hands of a clock, as shown by the arrows. 
OB is reached after } of a revolution, OA' after 4 of a revolu-, 
tion, OA" after 4 of : revolution, ete. 

Since OA", or —1, represents 4 of a revolution of OA, the 
square of OA", or (—1)’, represents 1 revolution of O.A, which 
produces OA, or +1. Hence, OA'', or —1, represents the 

Au 
square root of +1, or (+1). 

Similarly, since O.A' represents 4 of + of a revolution of OA 
and OA" represents 4 of a revolution of OA, OA' represents 
the square root of OA"', or of —1; that is, OA'=V ke 

If OA" is swung } of a revolution from the position O.A" to 
the position OA", O.A" will be multiplied by V —1 just as OA 
is multiplied by ~—1 to produce OA'. Hence, the result 
OAnie |. W=Te=v Sse 

+1, represented by-OA, and —1, represented by OA", are the 
units for real numbers, that is, are real units. Just as the real 
number +a is represented by a linea units long extending from 
O toward X, and the real number —a by a line a units long 
extending from O in the opposite direction, so the imaginary 
number +av—1, or (+V—1) xa, is represented by a line a 
units long extending from O toward Y, and the imaginary 
number —aV—1, or (—V—1) xa, by a line a units long 
extending from O in the opposite direction, toward Y’. Hence, 
+V—1 and —V—1 are the units for i eee numbers, that 
is, they are imaginary units; +aV—1 is called a positive 
imaginary number and — aV aa a ee imaginary number. 

Hence, it is seen that imaginary numbers have as much 
reality as real numbers. Imaginary numbers were named 
before their nature was understood. 


493. The algebraic sum of a real number and an imaginary 
number is called a Complex Number. 


Thus, 2+38V—1 and @+6V—1 are complex numbers. 


494, Graphic representation of a complex number. 
The sum of 3 positive real units and 2 positive imaginary 
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units is found by counting 3 units alon 
direction from O and from that point, 
upward at right angles to 
OX in the direction of the 
axis of imaginary numbers. 
The line OP represents by 
its length ana diréeside: the ~~ 
combined effect or sum of 
the directed lines OD and 
DP, that is, the complex 
number 3 +2 —1. 

The same result may be 
obtained by counting 2 units 
along OY upward from O 
‘and from the end of the second division measuring 3 units 
toward the right at right angles to OY in the direction of the 
' axis of real numbers. 

Hence, the line OP represents either 3+-2-V/—1 or 2V—1+4. 

Similarly, the line OP’ represents by its length and direc- 
tion 21 -—./—1 or —V—1+ 21, and the line OP" represents 
—4+$vV-—1 or $V—-1-}3. 


EXAMPLES. fee 


Fic. 15. 


See 1. 5. 1 — 3/ —T. 
Qelab\/ 1, Go. Daan = 1. 
Ae) — 1, Ya) 8, 
S2y —1. Sao — 1 — 5, 
13. Represent graphically —2+4+-~~/—18. 


Succersrion. — The given expression may be written 
The approximate value of V13 is 3.6. 


poe op 


Represent graphically : 
M7945) / (a6. 24—+/—T0. 
15. 3—V—6. 17. —2+~7—13. 


ANSWERS TO HIGH SCHOOL ALGEBRA 


\ 

Page 10.—2. Vest, 86; coat, ‘B24. 8. Henry, $9; James, $27, 
4. 8 bu.; 16 bu. 5. B, $200 ; A, $ 600. 6. Ist, 50; 2d, 100; 3d, 
300. 7%. Charles; 70 ; William, 280. 8. 180. 9. Cow, $50; horse, 
$200. 10. B, 105; A, 315. 

Page 11.— 11. Sister, 120; brother, 360. 12. Less, 90; greater, 
450. 13. B, $350; A, $1400. 14. Wheat, 220 bu.; corn, 1100 bu. 
15. Rye, 150 bu.; corn, 300 bu.; wheat, 900 bu. 16. A, $80; B, 
$160; C, $320. 17%. Ist,S 2d, 395 3d, 117. 18. $7260. 
19. ist yr., $3450; 2d yr., $6900. 20. Ist, $75; 2d, $225. 21. A 
owns 2000; B, 6000; C, 2000. 22. 3. 

Page 12.— 238. 2 ducks. 24. Younger daughter, $1000; elder, 
$2000; son, $3000. 25. 15 slate pencils. 26. Ist part, 2; 2d, 16; 
3d, 6; 4th, 12. 27. 15. 28. 4. 29. 18. 30. B, $3100; 
A, $12,400. 81. Daughter, $1200; son, $3600 ; widow, $9600. 
82. Barley, 4; oats, 12; wheat, 16. 88. 1st, 12; 2d, 36; 3d, 96. 

Page 13.— 34. Cherry, 20; peach, 60; apple, 480. 35. John, 67; 


James, 36%. 36. Fiction, 4500. 37. Sarah, 10%; Mary, 50¢. 
88. Ist, 62; 2d, 124; 3d, 31. 89. Ist yr., $1000; 4th yr., $8000. 
* 40. A, $3000; B, $2000; C, $1000. 41. ist class, 50; 2d class, 


100; 3d class, 150; 4th class, 300. 
Page 18.—1.5. 24 311. 4 15°55. 6.1. 4% 1. 


8.9. 9.3. 10.1%. 11.4. 12.70. 18.240. 14. 36. 15. 6. 


16.18. 17.2 18.8. /19.9. 20.3% 21. 47. 92. 34. 28.9. 

24.8. 25.25. 26.5 97.6. 28.12. 29.18. 80. 27,%, 

82 16. 33. 87-84. 81. 35.2. 36.0. 87.9. 38.4 

Page 21.— 8. 266. 4. 19 ax. 5. 25 xy. 6. — 23 22y2. 
%. —18c23. .8. 380ax. 9. 26 mn. 


Page 22.—10. — 26 xy”. 11. 19 43y3. 12. 4a. 13. a®x. 
14. 6V ay. 15. — 4(ay)3. 16. (7+ y)*. 17. 11(@ ~ y) 
18. 3(@ + b). 19. 91a — &). 20. 5(a — 6)?. 21. 16(” + y)?. 
22. 10Va? — x. : 

Page 23.—3. 6a+4b—6c. 4. 7x%—6uy+z. 5. 8%4+92—2¢z. 
6. —2y+4+ 62. 7. 2ay+62—6y+ 4a. 8. 4ac + 4ay. 


- 9. 166+5cd—9e—4e. 10. —32%y+6ay+z2. 11. —8a+8c+8d. 
12. -—5y+5w+ez 18. 10020? -—7c8y3 4+ ce. ees 
Page 24.—14. 7ab+9Vay1+25. 15. 12234+3%+6. 16. 513 x24 
62q?-+ 53 ay — 2s 63, 17. 2ab?++4 +3 abe+1i wot d?41) Be-+0%, 
Ab. 6(a— 2) +300 19. 20(a-+b)2+b2c2, 20. 4(a—a") +4 a%— 
(ab+c). 21. —6(a+c)?—4a(@+y). 22. 6a(~+1)—2(y—2) +6 o. 
23. Va—2+9e%. 24. 10a—15(b4+c)—4. 25. 5(v+8)+y*+2 ab% 
26. 2 ax(a—1) —2(b?-2) —4y”. 

Page 25.— 27. 12Va+b—24Va—3b—7 abe. 28. 8aVvb—ct 
5Ve+4y. 30. (2a—3b+4c+3d)z. $1. (2a+4b6+38c0+4)2% 


il ANSWERS. 


82. (645a)(a+b). 33. (8a+2b+7)(a+3). 84. (5a+5)Va+y. 
35. (at+b+1)(a+y). 386. (b+0?+b%)(a—y). 87. (4a4+6 c)Va—d. 
88. (a+b+¢)(a?+y?). 39. (11+5 a) Va—c?. 40. (2+5b) 
(x+y+1). 41. a+2 b+2¢) Vax —Y. 

Page 26. —2. 2. 3. 4. 4, 2. 5. 4. 6. 4. 7. 4. 
8. 9. Oe. 10. 4. 11. Harvey, 7; Henry, 21; James, 42. 
12. C, age B, $40; A, $80. 18. Samuel, 5; Henry, 15; William, 
30. 14. B, $200; C, $400. 

Page 27. wre 10. 16. Fiction, 2000; reference, 20000 ; histori- 
cal, 6000. 17. A, $20000 ; B, $2000; C, $6000 ; D, $8000. 18. A, 
612 ; B, 306; C, 204, 19. Board, $36 ; wages, $60. 20. 1st man, 


$60 ; 2d, $90 ; 3d, $120; 4th, $150. 21. Men, 11; women, 22; 
children, 44. 22. Library, $10000 ; hospital, $20000 ; school, $ 40000. 
Page 29.—3. 9a. 4. Bay. 5. —2 a3y?, 6. —3 xyz. 


%. —120%y82. 8. —3a%b3c. 9. 4~+4y. 10. a—b. 11. —2ay+2z2. 

Page 30.—12. 2x7y?—32. 18. —2ay3z—ay. 14. pgs+3pq?s. 
15. 2m?nx=mnx. 16. 4a27-+5y2. 17. —2ay2—3z. 18. —4p?9?—pg. 
19. 14 42y2z2—2 y?, 20. — 5yzt+2 yz. 21. 6 p2g2—2 qs. 
22. —9xyz?—3 xyz.~ 24. 6 atx. 25. 8 x3y3. 26. 4a+3 y. 
27. 8y—62. 28. 4ax+5 by. 29. at+66b6-—8c. 80. 24+7y+22. 
31. 2ay+62—3224+y. 

Page 31.— 82. —b+2c. 83. 2+5y—7 2. 84. 3a?+5 6745 c?. 


35. 6a3—6c28—6 @. 36. 1lat—7 y?. 87. 13 p?+6 g?—2r%. 
38. —ax+4 ay. 39. 8yz+T7 xz. 40. —6 a8y?+24 xy2+414 xy. 
41. 923y3—11 yz. 42. 2?+d5ay+522+w. 43. 1523+5y3+ 


48-773, 44. 3a5y4+7a+4. 45. 5ba3+3ay2—2cy4+9. 46. x?yt+ 
5aey—Qa-+5. 47. 2 ay?—9 xy'—9 24#—9. Pe 4 ar?—6 63 -37rs— 
p—T. #49. 1495-39 a3y3—11 yt—4 2, — 4™S6 ery™ + 4 ym + 
4am, 51. 7294 ximym 4 ym-1, 59, vatheitge 68. 6(a+b)*— 
Adat+6c. 54. 5Vat+P—9Vatyt+TVaety. 55, Vatb8—5 Vet. 

Page 32.—57. (a—c)y+(d+2)a. 58. (c+3a)e+@Qa—3d)z. 
A. (2c—2a)d—6 ab+ (e+ 2 de. 60. (a—b)x+ (a+b)y+ (c—1)z. 
61. (5a—c)y+(a+2c)z+ (d—6)a. 62. (d—2b)#?4+ (8a+2¢)y+ 
(8+ ¢)ady. 63. (2p— ee Gare: 64. (c—9)a+ 
Ta?—15)b2. 65. (8—be)a+(7+a +q)z. 66. (2a—b—c)a+ 
fy, 67. (d—c)u+2 ay. 68. (4 b—4c)(@—y)+ (4 ed—a)za. 
69. 2V%+(8-2a)Vy. 70. (a?-+62)a0-+ (B24 0p. 1. (a—b)Va+y+ 
Se ee cue Mas Se ae cag acy —y?. 

Page 33.--1. — 8. 2a+0. 4. 2a+b. 5. 0b. 
6. x+2y. Ms ee “y. oe “ed y. 

Page 34.—9. T%— Ty. 10. eon iae ll. w—2% «612. —ay+ 
8 ey — a, 12, 747+4y24 22, 14. 6ab?+4 ac? 15. 206. 
16. x—a. A Gan & 18. 2 a?x—19. 19. 8ab. 20. 84+1—22. 
21. 2 62+ 11. 22. a—b+2c—d. 28. 4c. 24. a. 25. -a--c. 
26. 8a—2b+4+c—2d. 27. 6y—522+7 23, 28. —da%y4+4y+1. 
29. ab—2be+4 bd—6c. 

Page 35. — 30. 6ay+11z. 81. 5. 32. y?—c?. 33. b. 
34. a. 35. a—10. 36. 1. 

Page 38.—2. 4. 3. 8. 4. 12. beste 5. 10. V4: 
Sores > Oy. 10. 3. lla 12523 13. 3. 14. 4. 15. 5. 
Tor lt, 27.6. 1854. 1ONzs .20. 8. 21.53. Faoeiie meseo: 
24. 17. 25. 8. 26. 25. 27. 46, 28. 18. 29. 43. 30. 15. 
31. 18, 82. 10. 83, 12. 84, 11. 


‘ 


e 
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Page 39.—85. 13. 387. John, 20; James,30; Henry, 35. 38. Ist 
110; 2d, 130; 34,155. 39. 48. 40. $1500; $ 1650; 8 1800; $1950. 
41. $2000; $2250; $2500; $2750. : 

Page 43.— 3. 24. 4, —12. 5. 21a. 6. —12%. 7% —202. 
8. 628. SG’: 10. 82>y?. 11. 6 xy, 12. —1223m?y3. 
18. —40 a3 y2°, 14. 16 x4y3z3. 15. —20a8b3, 16. —24 a3b3c4. 
17-6 | ey, 18. 15 a®btx2y?, 19. —12cd?y. 20. —20 axy. 
21. —ldatety3z, 22. —20u3ytz. 28. Q4atytz2, 94, —12 Cx7ytz?, 
25. —leubatyz. 26. 2(x+y). 27. —12(a+b). 

Page 44.—28. 15(y+2)?. 29. 4(a—b)%. 30. 6(¢+d)5 
81. —10(@+y+z)7, 82. 1202", 383. —20 ai, 84. —15 a8gentl, 
35. 8a’a™t™, = 86. 1b. ama. 87, 2Q0amtnymin, = - 38, — 15. 2nt2, 
39. de7y—6 y?. 40. 2 eyz—42%, 41. 12038y—6a2y?, 42. —6aty— 
4a7y?, 48. —l6aty?2?—8a'z!. 44. 9x3y22—6ay2z%, 45. 4 arty 


2 xy?+3 xyz. 46. 6 28yz+2 vyz—6 2222. 47. 18 a3y*+ 12 ay*. 
48. 12a?bcd—9a%e"d. 49. —25 a7c¥x7+30a%cx, 50. —20 a2b2c?d+ 
12-a7bc?d?. 51. —6 a®afy+4 arbcx?. 52. 6 x8y224 14 x2y2. 


53. 12 ab?c?—9 bet. 54. 15 atx5—12 a8at. 55. 20 ar+4y34 15 ary, 
56. 18 atx?—27 aa. =. Ga +5g8_ 9 qgemtlynrt], 58. 35 a2bc2dy?+ 
20 d2xy?. 59. 1 a>a?— 9 atat. 60. 14 a2”bmt1+421 qrtipmt2, 

Page 45.—4. ey, §. 8a?+10ac+8c%. 6. 12a?—18ab+6b2. 
7. 6y2+yz—12 22. 8. 44?46ay+2 2. 9. 94?—24 vy+16 v2. 
10. 15 a2—29 ac—14 c?. 11, a@a?+2 ab«y+ b?y?. 12. 4 a?c?—9 b2c?. 
13. 6 62d2+ b2cd—12 Bc?) «14. Gartyttary22z2—1224. 15. 6 x8y2e2+ 
4 ay? +3 072342 yz. 16. 8a2b?+6 ab2c?+8ab3c2+6b2ct. 17. 25atyt— 
15 ax?y?—10 axty+6 aa. 18. a?4+307b+3ab7+0% 19. 22460424 
12448. 20. a—2ay?+y3. 21. 6a3—3 a2b—9ab?+6b%. 22. aS—a% 
23. zy. 24. 64?—5 xy+2 xz—6 y?+ 28 yz—20 22. 25. 6at+ 
11 a@b+ a2c?—10 a?b?+31 abc?—15 ct. 26. 21 «4-34 wy +434 a2y2+ 
2 «y?—15 y*. 27. 1—544+112?—1223+6 xt. 28. at+a%x?+ a4. 
29. 2243 xy—3 w2+2 y2—5 yz+2 2%, 80. a2"—b2", 31. x24 2a" y", 
32. gmt ony amy” ynrn, 33. g2m+2n 1.2, gmtnymn + y2m-+ tn: 
34. qzm—2n _ h2m—2n, 

Page 46. —35. 2?+2ay+y?. 86. 422—4ay+y% 387. 94?—-16 77. 
38. 162?—36y2. 89. 9a%x?+6axryt6arz+4yze. 40. 42?—8a2y— 
4az+8ayze. 41. 9at—4b%c2, 42. atab+a7b?+b% 48. a@—b?— 
2bce—c*. 44, 0? +307b4+3ab?+b3. 45. at—2a7b?+64. 46. xt—22?+1. 
47. at—2@7b?+b% 48. 142a—2a2—a*. 49. 28-4 a%y?+ 6 atyt— 
4 yo + y%. 50. a6—2 a2b4+2 atb?—b*, 51. a6>16—2 qg¥olb+ 
2 a*b16 — 5186, 52. —at+2 w2y242 0222 yt +2 y22?— 24. 53. 1—x6 
54. 1604-81. 55. 64 y?—9 y®. 56. m’—min+2 m>n?—min?+ 
men? —m2n3+ mnt + mnt+n'. 57. 2°—a2t—27 «3 +10 «2-30 x—200. 
58. —2?—39t+8—234+627+405—42% 59. a2+3ab+63—1. 60. 2°— 
BaP 12 at+o8—2o2+e+1. 61.3 m>—5 mip+8 m3p?—6 mp?+4 mp*—p'. 
62. a?—4 b?+12 bc—9 es 63. at—3 a®c—b?+bc+2c*, 64. m*— 
2 m2n?—-4 mnp*+ nt— 

Page 47.—65. rt— ee 478—t4. 66. mP—mnP1—mPn+n. 
67. a2e+2 — arpyp—se+2 ae gp+2eqy2p+4—8e __ apt 2—2eyp+so—2 ao ep—2ey%p == ypet?, 
68. DE ea 1_ ga-lyl—b ary —4. 69. 3p — 432, “0. at 
2 a2e?—bt—-2 DdP2+ct—dt. 71. a™tn+arb™+ambntomtm, 72. ak— 

203 a 3_y!4 73. a+ty?, 

2 8. de ve Drea lite 6 7. 7.2. 8.12. 9 —1. 10.8. 11. 2}. 

Page 48. —12. 38. 13. 4. 14. 10. 15. 14. 16. 25. 
Paris 218, C4 BV orer +20. QUOT. 23. 4. 24. A, 
10538; 10: 25. Henry, 9; John, 12. 26. Ist, 20; 2d, 35. 


bs ANSWERS. 


e 49.—27. ©, $5; B, $10; A, $20. _ 98. Smaller, 10; 
ieee 40. 29. B, $1400; A, $2800. 30. Amount wanted, 46 
Ib. ; in 1st firkin, 40 lb. ; in 2d firkin, 60 Ib. 81. $120. 32. Ist, 
24; 2d, 25. 83. 8 doz. at 25%; 5 doz. at 30¢. 34. B, 12; A, 36. 

Page 50.—1. ¢?+2cd+@. 2. m?+2mn+n2. 3. r+2rs+s. 
4, +4444. 5. a+6a+9. 6. 9a?+6 ax+x. 7. 402+ 
4bc+c?. 8. 4y?+4y+1. 9. m?+4mn+4 n*. 10. 4c?+ 
Scd+4d2. 11. 4424+1224+9. 12. 422+16ay4+16y. 18. 9a?+ 
12ab+4b% 14. vt+2a%y+yt 15. 16474+24ayt+9y?, 16. 9p?+ 
12 pq+4 q?. 17. 404+20 x?y?+4 25 y}. 18. 4 y§+12 23y3+9 2%. 
19. x42 any yon, 20. xin42 ginym+4 yin, Q1, arp 2 wP—ayP + yP, 
99. g2m+in 4. 2 gmtn ant. an, : 

Page 51.—24. 484. 25. 529. 26. 1681. 27. 2704. 28. 5041. 
29. 6724. 80. 8281. $1. 10201. 82. 10609. 83. 40804, 
34. 42849. 35. 91809. 37. 30}. 88. 724. 39. 563. 40. 1564. 
41. 110}. 42.903. 48.625, 44.12.25. 45. 20.25. 46. 2025. 
47. 56.25. 48. 5625. 49. 72.25. 50. 7225. 51. 1225. 

“Page 52.—1. a?—2ac+c%. ~— 2 y®—2yz+2%. 3. r?—2rs+s*. 
4, b?-2bc+c%. 5. 227-2241. 6. 2@—4ayt4y% 7. 2? —4ayz4+ 
4y?z2,> 8. 4¢2-12924+922% 9. 4a2?—4ac+c?. 10. 9y2—12 yz+ 
4 22. 11. 9a?—24ay+16 y?. 12. 4a?+8ad+4d?. 18. 472— 
127rs+9s% 14. 48?—-4sq+q?. 15. 9m?—24mn+16n2, 16. 40?— 
4vwtw. 17. 40!—S8a2y2+4yt. 18. 4e2?-12¢749. 19. 9 a?a?— 
12 ax8+40%. 20. x2™—Zamyrt ym, 21. g2m—2n_ 2 gm—nym-tn + y2mtan, 
22. 4a4—12 g2tnryn+Q gp2ny2n, 24, 324. 25. 841. 26. 1521. 
27. 1444. 28. 2401. 29. 2304. 380. 3481. 81. 3864. 82. 6241. 
83. 6084. 34.9801. 35.9604. 36.994009. 387. 996004. 38. 998001. 


Page 53.—1. c?—a@. 2. r2—s8?, 8. m?—n?. 4. ?—@?. 
5. 2-1, 6. 4—22 7. P—4@. 8. 402-9. 9. 9m?—16 n?. 
10. 4a2—25y?. 11. a2b?—c?@2. 12. 4a°-16. 18. 4a4—y?. 
14; xt—y4 15. 28—y8, 16. 9v?—4 w?. 17. 25 2y?—9, 


18. 4a*—9b*. 19. 9 a2b*—25 B2ct. 20. 16 a%yS—25. 21. 2542"— 
16 y?", 22. 49 aty?x5 —36 22, 24. w2—y242 yz—22. 25. a?— 
b?—2 be—c?. 26. a?—2 ab+b?—c?. 27. m?—n?—2 nr—r, 
28. «!—24?+1. 29. 16—2?+2 xy—y?. 30. xt+22y?+ yt. 
81. 16 a?—9 b?+6 bc—c?. 82. 4224120249 22-16. 88. 4mt+ 
12 m?n —m?n?2+ 9 n?. 

Page 54.— 35. 399. 86. 899. 87. 891. 988. 8584. 39. 4884. 
,40. 8099. 41. 6396. 42.9991. 48. 884. 44. 1596. 45. 3591. 
46. 2475. 47. 9999. 48. 9996. 49. 9984. 50. 9964. 53. 361. 
54. 841. 55. 961. 56. 1521. 57. 3481. 58. 2401. 59. 9604. 
60. 9216. 61. 8836. 62. 6084. 68. 6241. 64. 4624. 65. 10609. 
66. 11449. 67. 12544. 68. 994009. 

Page 55.—1. w#?+7%4+12. 2. x2—-24—165. 8. ?—x—12. 
4. w—100+24. 5. a?+(b+c)a+be. 6. a?+(m+n)a+mn. 
7%. 402-2 %—20. 8. 9227-92-10. 9. 24+4 727-21. 10. 26+ 
ax’—2a7, 11. 927-33 "+80. 12. 402+ (@+y)2a+ay. 18. 2552+ 
10 be—3 c? 14. 9 a*—3 a?—6. 15. 16 d?+28d+10. 16. 49 y?— 
49 y+12. 17. 942-6 a”—365. 18. 4y2?—14y412. 19. 16a2+ 
(6+¢)4a+be. 20. 25 a?+(2b—2c)5a—4 be. 21. 9 a2 
9 ax —28. 22. 4atx?—8 a®—12. 23. 4 xty® +22 a2y3+ 28. 
24. 9 a®ct—6 ac?—15. 25. 25 cid’ + (w>—y)5 2B—ay. 26. 9 aah + 
33 aa2+28, 2. 25 c°d?a?-20cde—5. 28. 16 c+ (ab—d) 4 8 —abd. 
29. a?x2?—4 aw—46. 30. 4 a%x?+ (4—b)2 aw—4b. 81. Dam+ 
(m+ n™)3 amg 82. atdtx® —13 ad?x?+ 30, 
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Page 56. —1. 22+y?+22+2ay—242—Qyz, 2. w%+y24 22-2 ey + 
2xz2—2 yz. 3.. a?+62+ c?—2 ab—2 ac+2 be. 4. a#+6?+¢2?+2 ab— 
2 ac—2 be. 5. w72+y?+9+42 0716446 y. 6. 4a?+y?+4944 xy— 
28 u%—14y. 7. 40?+y?+22—4 vy—4 0212 yz. 8. 9ar?+y?4164 
6ay—24u—8y. 9.42749 y?436+412 wy—240—36y. 10. 22436 2+ 
25—12 xy—10%+60 y. 11. 947449749 2-12 xy4+18 xz—12 yz. 
12. a74+-0?4+-C4+@+42ab+2 act+2ad+2be+2bd+2cd. 18. a?+b2+ 
c+ d?—2 ab—2 ac—2 ad+2 be + 2 bd+2 cd. 14. 2?+y?+224 d2+- 
2 ay—2x2—2dx—2Zyz—Ady+2dz. 15. w+ y24+2?416+2%ay4+2uze+ 
8a+2yz21+8y4+8 2. 16. 94?+4 72492249412 ay+18 22+18 e+ 
12 y2+12y+18 z. 17. 42?+9 y?+4 22+ 25—12 ay—8224+20 4+ 
12yz—30y—20z. 18. 442425 y?4224 w2+ 20 ay+4 e244 we+10 yet 
Wwyt2we 19. 92?+y?4422+2546 cy+12 22+30 044 yz+10y4+ 
20 z. 20. 44749 9242544 22412 wy—20%+8 xz—30 y+ 12 yz—20 2. 
21. 94?449+44 2425 2% — 42 & + 12 xy — 80 wz — 28 y + 70 2 — 20 yz. 
22. 1622+47?+42?+36—16 xy—1642+48%+8 yz—24y—24z2. 28. 4a2+ 
962+4c?—-12ab—8ac+12bc. 24. 16a?2n?+9 a2b?+36+24 a2bn+48an+ 
36.ab. 25. 9 a%et+4 6744 +49—12 abx?y?+42 ax2?—28 by. 26. 4a24 
9y?+4 224 16412 vy—8a2+16 w—12 yz+24 y—16 2. 27. Pn yen 
Zn + yn 2 grynt 2 gngn +2 anrynt 2 yngr +2 yrynrt 2 znayn, 28. xin+ 
Yr 22-4 64-42 g2nyn—2 g2ngz8n 16 y2n—2 ynzin—16 yr 4+ 16 28m, 

Page 59.—4. 2. 5. —4.. 6. —3ay. 7. 4ay. 8. —3 2%. 

Page 60.—9. —5ayz. 10. 2atbt. 11. 2f. 12.207. 18. —24xz. 
14. —3w. 15. —3 rz, 16. 7n. 17. 2y?. 18. —2 ax? 
19. 4s. 20. —18% 21. —24. 22. —9nry™ 28. —5a—y—lz, 

2 
24. a aie 25. pas 26. 4ayz. 27. aw—2y. 28. 8y—38x. 
2x m2 
29. 2a¢+y. 30. ab—2b2, 81. ab—c, 32. 8ay+z2. 38. a—3b4c2. 


84. e—y+ay?. 35. c—2y+ v. 86. z—3a4+32. 87. m-+2— 32 


38. o—3d4 52. 39. —a(b+e)—b(b+e)% 40. 3—2(a—c)% 
41. —2+5a—10%. 42. 10y2—T7a-ly4+4. 43. Ta-125+9 bat—8 ab2x%, 
44. 3d—192+4 cx—5 c2dz3. 45. y-+ca+daxy. 46. a(b—c)?+ 
b(b—c)®—c(b—c). 

Page 61. —47. —3(a#+y)—!14+9—6(a@+y)® 48. 448—}a?-1 a 
1-3. 49. m8 ym—24 gm—1_t ym, 50. 1—-y—y?-y?. 

x 

Page 63.—"%. a—b. 8. x+2. 9. 3+. 10. 2+y% 11. ai+y?. 
12. 2242 ay+y?. 13. r+s. 14. 224802713 ay?+y3,, 15, c?+4 
2cd+ d?. 16. 2?+5%+7. 17. a+4%. 18. a+b—c. 19. a?— 


Qay+y?. 20. «?—ax—b. 21. 5a?+2ab—3 62. 22. 32?— 
5y?+3 2% 23. 2a?—3a+1. 24. 2a4+30. 25. 27 a2+12ab+ 
662-1. 26. 503+4a?+8a+2. 27. 22@-—axy+y?—we—ye+ 2. 


28. 622—Tx+8. 

Page 64.— 29. 843412 ax?—18 a®x—27 a3. 30. a?—2 a~+4 22. 
81. w2tazte2. 32. 8+a2y+ay2+y3. 38. xt—a%yta?y?—ay3+ yt. 
34. 28—a5+at—a8tor—o+1. 85. 2243 02y4+9 ay?+27 43. 36. 27 a3— 
18 26-+12ab?—8b3, 87. a—1—ar-2y + a8, etc. 88. a? 42 ab+3 02. 
39. 40?—6ay+9y%. 40. a2+ax—a%. 41. a?—2ax+x% 42. 2?— 
Qa4+2. 48. 4m4+6min2+9nt. 44. 23—822y4+3ay?—-y?, 45. at— 
4+ o2—ax+1. 46. a—b. 47. a2 +2 a2b42 ab?+b3. 

Page 65.—3. c+3. 4. a—4. 5. 2a+8. 6. d—3a. 

Page 66.—7. a+b. 8. 2a+80. 9 a+c 10, 3a4+2b. 


vi ANSWERS. 


11. 7+5b. 12 5a+2b. 18. 2c?—d. 14. b—3c. 15. 2m?—3m-+1 
16. a@@—6a+9. 1%. 2m?+3mn+n2% 18. 8a2—b+b?. 19. $110. 
20. 1st, $1000; 2d, $2000; 3d, $4000; 4th, $3500. 21. 5 beggars; 
19 cents. 22. 6th, 10 years; 5th, 14 years; 4th, 18 years; 3d, 22 
years ; 2d, 26 years ; 1st, 30 years. 23. 7 gallons. 


Page 67.— 24. $7. 25. B, $1000; A, $1100; C, $1800. 26. In 
Ist, 200 ; 2d, 160. 27. $600. 28. Ist, $28; 2d, $48; 3d, $76. 
29. Ist, 12; 2d, 15; 3d, 10. 30. To Denver, 100; Omaha, 110; 
St. Paul, 335 ; Chicago, 670. 

1. 20ax+204+8Vx2+10x2. 2.2am+5a+38Vy+2—2%. 8. 4Va?—b?— 
6(a+y) —6. 

Page 68.—4. 8Va2—Vy—324+22+y. 5. (a2—b®)22—ay+ 
(c—3)y—34. 6. —4.22—6 242+ 6 x2yn—6y2+4 az+4a"-+ 62. 
ve e842 ay + o8y8+ 2 ay+4 8y2+ 2 u?yt — ty? —2 xy? — xy. 8. geen 
4 gPnyr t+ 2 onyn +4 grmy2nt 4 gony2n + y2n, 9, 82" 2 Bny2m _ gnyyn — 
4 gonyn aay a2nyin + yn 3 any” 2 ginydn, 10. Darts = 6 eryntm + 
8 a22m — 6 gnrt2yn—m — 442 — Qyn—mgm 4 Zant2z2m 4 2 yntmgem + zg3m, 
11. 22-3042. 12. 22+27-—6. 18. 2?—3a—18. 14. 2?—a2—90. 
15. a?—3 a—28. 16. 227—5%+6. 17. 22+%—30. 18. @+a—2. 
19. yt—3y?2—28. 20. c+7c—44. 21. m?@+3m—4. 22. p?4+23p+ 
182. 28. y24+7y—18. 24. d+35d+300. 25. 824-1627. 26. 99. 
27. w+4ay+4y?. 28. qr—h™, 29. 9m*t—4 m2. 80. 22"—4?. 
81. a?+2ab+b2—c%, 82. wt—2Qa2y2+y*. 38. l—al®.- 84. 25+ 5atyt 
10 w3y2+4 10.2?y3+5ayt+y®. 85. at—8a2+16. 386. 81a*—648 a?+ 1296, 

Page 69.— 37. p*—2p?q+4Q?. 88. 95+2 a8y?+ yt 39. 625. 
40. 4096. 41. 324, 42. 442420 xy+25 y?. 43. 9at—12 a?y24 
4y*. 44. 9a?—12ab+4b% 45. 4a2a?4+12 aay+9 ay, 46. 16 a*— 
24 a®y+9 a?y?. 47. 4q2™+4 arp2n+ pin, 48. ain 4 a2ny2n4 4 yin, 
49. gtt2n_Qartmr2tyt, 50. a2+b2?+c?+2ab+2act+2be. 51. a+ 
62 + c? —2ab + 2ac—2be. 62. a®+ 624+ c? + 2ab — 2ac— 2be. 
53. 402—y?, 54. 9 w2—49 y?, 55. 16at—4 74. 56. 9 atb?—4 bt. 
57. 49a4—40b2. 58. 25b4—36 ct. 59. 642a2y?—924. 60. 81 a2m?— 
64 a2y2, 61. a2a2n— y?n, 62. a?ain— ary. 63. a’—2, 
64. xl6_yl6, 65. 256 78—2592 x!+ 6561. 66. 2a?2+3ab+ 62. 
67. x+y. 68. m?@—4m—4. 69. w—202410a—24. 70. 2242 22—a, 
71. at—a+a—a+1. 72. w—3 x?y+38 cy2?—y3. 73. 20?—4ay+ 
2y?. 74. 0° —4 ety +11 xy?—2?y8 —ayt+3 yo. 75. a—b—ce. 

Page 70. —'6. —7. 77. 2a3+a*b—2 ab?+2 b°. 78. a?4+3 62. 
79. l+a. 80. 18+382. 81. 2a+30. 82. a+8b—4c. 83. 52. 
84. —5a. 85. —4 a. 86. lla—3s6y. 87. a—2b+3c. 88. x. 
89. 8c—4a—3b. 90. 42. 91. (a—c)x—(a+b)y+ (b—c)z. 
92. (2a—5)«“+ (4c—1)y+ (8 a—38b)z. 93. (4a—5b)x+(b+e)y+ 
(Ba—8d)z. 94. (8a—6b)a+(2a—4)y+ (6a—8d)z. 95. (46— 
4c—a)y—(8b42¢)x+(a+2e)z. 96. (a—4b—2 ¢)x—(a+2 b+ 
3c)y+(a+8e)z. 97. (6a—5c)a+(5a+2 b46c)y+(8c—6 b)z. 
98. (8a—4b—2c)a—(2042c)y4+4 cz. 

Page °71.— 99. 26+2 233+ y% 100. x9—2 a5y54-yl0, 101. 402+ 
4au+1. 102. 9at+424 wy3+16 yS, 108. 25 a2"—20 a7c?+4 ct. 
104. 4 a?d?+12 acd?+9 2d, 105. 36 xt— 36 wy3+9y% 106. 9 aty2n4 
12 a?c3ary"+-4 cha, 107. 4at—9y4. 108. 4a8—bt. 109. 942-4 a2. 
110. 25a4—9. 111. 49b%c?—d*. 112. 442+14446. 118. 422— 
16a+15, 114 aa?+abu—6b% 115. 22+ 242242 ay4+2 we+2 yz. 
116. 0?+49?+92°+4 vy—Oaz—l2yz. 117. a?49 y?+4 22-6 wy+4 xz 
—12yz. 118. m?+n2+ p+ G—2mn+2 mp—2mgq—2 np+2 ng—2 pq. 


ANSWERS. vii 


119. 5. 120. 1. 121. 5. 122. 6. 123. 2. 124. 10. 
125. 2. 126. 2. 127. 2. 128. a+b. 129. a?—2ab+ b%. 
180. a+b. 181. eee 182. b—a. 188. 2a—3b. 184. 34 
2at+c. 135. 2a+38c+d. 

Page 73.— 2. a?(5b4+6c). 8. me pees 4. 6xyz(1+2 xy). 
5. Day?2(a?+222). 6. arxyz(ayt+z). 7. c(a2+b?+cd*). 8. ay(4x 
+cey+8 y?). 9. 2ax(2b6+38 av+4). 10. 3 ay(a?—2 ay+3y’). 
11. ac(2a—2ac+8). 12. cd(6a—2cd+b). 18. c(4b%e—12ab—9c). 
14. ab(8a+c—d). 15. 5a°%(a—x%+22). 16. xy(6ay2z—3 yz2+1). 
17. 8acu(4a+5e—4). 18. 307b3(20a7b?+7a—-8b). 19. 5c%e(4cx— 
8e+2). 20. 8 x3y9(7+14 vy2—27 ay). 21. 5 xty5(18 wy3—17 23 
'+b1y7). 22. T5ay*(a2+2 ay2—3y?). 28. 48 b2c8(1—3 dtc? —4 bic), 

Page 74.—1. (a+b)(a+b). 2 (w+y)(a+y). 8. (6—c)(b-c). 
4 (rts)(r+s). 5. (+1)(#@+1). 6 (#+2)(@42).  7.-(y—1) 

—1l). 8 @y-1)@y-1). 9. @a+1)8e241). 10. 4242) 
(4442). 11. y—3)(8y—3). 12. (22+8)(22+8). 18. (4 ab?—be?) 
(4 ab?—bc?). 14. (8m+4+3n)(8m+38n). 15. (8+4%)(3+2). 
16. (1—x?)(1—2?). 17. (4n—1)(4n—1). 18. (44+24)(44+2a). 
19. (6+ a?) (6+<a?). 20. (7-2?) (7—#3). 21. Oe ee 


22. (2a"+36")(2a"+3b"). 28. (w—15)(~—15). 24. (242-16) 
(2 “?—16). 25. (Tx—-8y)(Tx—-8y). e, (14 abe+4 bed) 
(14 abc+4 bed). 

Page 75.—29. (8%—2y)(3%—2y). 80. (2+%—y)(2+%—y)- 
31. (@+06+3)(a¢+b+4+8). 32. (4+a—b)(4+a—5). 33. (8x—y) 
3x—Y). 84. Cet. 85. (64—3y)(5u—3y). 
36. (2a+y)(2u+y). 387. (a+2c)(a+2c). 38. boas be 
39. (#+2)(%+2). 40. (8%+2)(8%+2). 41. (a+5c)(a+5c). 


42, (2a+6c)(2a+6c). 48. 44¢04+4y)(4a+4y). 44. (5%+52) 
(54+52). 

Page 76.—1. (a+b)(a—b). 2. (e+d)(c—d). 3. (m+n)(m—n). 
4, (24+4+2y)(204—2y). 5. (84+y)(8e%—y). 6. («+38 y)(w#—3y). 
7. (44+4y)(44—4y), 8. (8¢644d)(8c—4d) 9. 6a+8b)(6a—35). 
10. (8y+1)(8y—-1). 11. (647+4 y3) (6 24 y3). 12. (6y+723) 
(6y—T7 2). 13. Qa+8y)(2xe—-3y). 14. (vy+2 yz) (xy—2 yz). 
15. (m?+n?)(m+n)(m—n). 16. (a'+b+t)(a?+b?)(a+b)(a—b). 
17. (m™-+n™)(m*—n™). 18. (8a"+2 6") (3 ar—2 62"). 19. (a? + 0%) 
‘(a*+ 6b?) (a@?+6)(a?—b). 20. (3 ab+2¢7)(3ab— —2¢?), 21. (@«#?+8 cd’) 
'(a?a2—3cd?). 22. (25+y°)(a®—y®). 28. (2bc?+5d3) (2 bc?—5 3). 
24. (9 b?+4)(86+2)(8b-2). 25. (11a+6 6b?) (11 a—6b?). 
26. (18c2-+ 7d?) (18c?—7d8). 27. (10ad?+8)(10ad?—8). 28. (8+ 5x7") 
(8—5x%y2), 29. (746 xy?)(7—6ay?). 30. (4m+n2™)(4m™—n2™), 
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Set. lle -—8e74+38e-—1. 12.14+3¢43¢82+4 ¢. 13. b= 
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827b +32b2+63, 16. xt —423c¢ + 6x2c?-—4ac3 + ct. 17%. at — 4a38y+ 
6 x2y? —4ay2+ y*. 18. at + 403d + 6 a2? +4 ab? + OF. 19. a — 
Sate + 10 a8c? — 10 a2c? + 5act—c. 20. at—4a38x+ 6 a2x? — 4x8 + at. 
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Page 172.— 33. a3 + 6a2b + 12ab?+86% 84. 2703 — 27 a2b + 
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l2a'c+6a%c?— 3. 89. 8a3+ 12a%?+ 6act+ co. 40. 27284- 54 arty? + 
36 x7yt+8y. 41. 256 a8—256 atc+ 96'atc?—16 a%8+ct. 42. 27a8+ 
108 atc? +144 a2c#+ 64c5. 43. 81 a°—540 x§c?+ 1350 xtc! — 1500 x2c8+ 
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+8 ad?+3 b2—6 bed + 3b + C-—3 d+ 3ced?—G. 4%. 28-3 a2y + 
8 ay —+3 22—6 eyz+8 ye+3 22-3 y2+23. 48. 23 =392y43 ay? 
—P—3 Pet 6 cyz—3ye2+3 22-3 y2—2. 49. B+4+307b484b2+B3— 
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53. «=9, . i= Pp SSE y=8, 9, 1(—-18F V—39). 54. a=6, 
—6; y=+3, $3. 

Page 246. 5b. 2=(a2+ 0?)+(a—b), —(8+40%)+(a—)b); 
y=2ab+(a—b), —2ab+(a—b). 56. x=a—b, b—a; y=a+b, 2a. 
57. c=a+b, —atb; y=aFb, —aFb. 58. «=5, 4,2, 48, 10; y=4, 
48, 5,6. 59. 2=4, —4,3, —8, V3(81429V—7, —V4(81429V—7; 
y=+38, £8, 4,44, 4V401F 20V—7, 4V4(81 £29V—T. 
60. «<=38 a; y= 34a. 

1, 2; 6, R10, cB. 4, Oe Od Gla8) ae 62 a Oe 
8. 8,6. 9. 1(a4+ V2 b—a?), (at V2b—a?). 

Page 247.— 10. 6,4. 11. 48. 12. A, 36; B,24. 18. Linen, 16 


yd. ; cotton, 48 yd. 14. 24rd. long, 18 rd. wide. 15. 49 yd., $3 per 
yd. 16. 40 children, 10 cents. 17. 60 cows, $40 per head. 


Page 248. —18. 30, 20. 19. 8 miles. 20. J, 15; F, 20. 21. 67. 
22. 2,8. 28. $600, $1000. 24. 600, 504. 25. Fore, 12; hind, 15. 
Page 249. — 26. 3(84+.V5),1(14 V5). 27. A’s $192; B’s $224. 
28. Length, 31; breadth, 19. 29. 8 men; 12 women. Men, $3; 
women, $2. 30. Gold, 5, or 4; silver, 4, or 5. 81. 18,3. 32. 20 mi. 
Page 253. — 2. 22-—x2-— at: 8. 227—14%74+48=0. 4. 2?7—2—72=0. 


5. P+172+70=0, 6. a®—12¢—45=0. 7. a? +5-38=0. 8) oP 
Ot _4= 0. 9. @-642491=0. 10. 204+ 8=0. 11. 224 
Se455—0. 12. #-624+7=0. 18 22—4e41=0, 14, 22— 
2xe—4=—0. 15. «?—2 ax+ be4+a?—ab=0. 16. 22-2 ax~—be+ a?+ 
ab—20?=0. 17. 22—2ax+a?—at=0. 18, 22— —an-+ £2 = 0, 
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Page 2552-5) 4 8 4G 8/7 gs 8. 9: 
% —4,-2 6 —4,-8 9. 13,—3 10. 16,4. 41. 1, 1p 


1a tee ag 8g = ee 1 = 5? = 20. 17. +V—3, or 5, 


ee ore. 19. 4-5/6, +22 120. 8, 21, 22, St. 5; 7, 2a: 
ms rae iV). 4 

Page 266.—2. 41. 3. 14. 4.22. 5.46. 6 11. 7.8 8. 16. 
9.8. 10.11. 11.2,or—6. 12.4. 18, $12, $28 14 12,18 
15. 12, 20. 16. 200 bu., wheat ; 300 bu., oats. 


Page 267.—19. 5,3. 20. 5, 2. al. 8,6. 22. 8,4.. 28. 4,2. 
24. 4,3. 


Page260 86, 4222 5 gg, 288. ae 


a we+1 + i: 
g, Wve — 1)? 9. a(b— Cc). 
2Vb 2Vbe 

Page 272.—2. 55. 3. 47. 4.6. 5.3. 6. —68. ¥%. 30a. 8. 9. 
9. 2n—1. 10. $1.72. 11. 2097, ft. 

Page 273. —2. 144. 3. 108. a 124. 5. 523. 6. 80a. 7%. 9a+ 
906+ 6c. 

Page 274.—8. nx. 9. —12. 10. 830 mi. 11. 78. 12. $3360. 
18. $676. 14. 488 mi. 15. 11024 mi. 16. 36 mi. or 120 mi. 
17. 3720 ft. 18. 643834 ft. 

Page 276.—3. 17. 4.3. 5.13. 6.58. 1%. 216. 8. — 43. 9. 192. 
10. 6. 11. —11l. 12. 4 18. —y. 14. 18. 16. _ 

SeOn9 12, Lon os, 20, al ot 41, 48, a) 62, 69. 4. 4, 42, 88, 124. 
5. 243, 293, ae 393. 6. iD P es 34,3 23, z, 8, 43. 7. — 8, at 
—4f, —44, —40 rere 4, 8--3,-37 4 o 0, —4, —% — 3, —#- 

Page 278.2, 30. 3. 10. 4. 8. 6. 355, 7. G6. 1,3,5. %.3,6,9) 
Bae, Os Ooo, 1. 10.1, 2,8, 4. 11.3, 67,9. 12: 2,4,:6,28) 

Page 279. —18. 2, 5, 8, 11,14. 14. 1,3,5,7,9. 15. 1, 4, 7, 10. 
16. 234. 

Page 280. —2. 160. 8. 512. 4. 2187. 5. 512. 6. 128 a’. 
7. 768 a8e8. 8.2"-1. 9.3x 4-1, 10. 745. 11. $2187. 12. $82000. 
13. $512. 

Page 281.— 14. $196.83. 15. $31.25. 16. 67108864 bu. 
17. $2928.20. 

Page 282.— 2. 2047. 3. 9841. 4. 16380. 5. 265719. 6. 2046 a. 
7. 59048 22, 8. 2(27—1). 9. 3288. 10. 103863. 11, 1864. 12. 1022. 
13. 4. 14. 12. 


iz 
Page 283.—15. 3. 16. < 7 17. -% 18. $510. 


a+ y 
19. $ 1048575. 20. $60500. 21. $255. 22. 50 ft. 28, $42949672.95. 
Page 284.—2. 2,4, 8,16. 3. 62, 124,248. 4. 3, 9, 27, 81, 243, 
5. 6, 18, 54, 162, 486 1458, 4374. 6. Ay 2,8) 8 7. 8; — 16, BA 
— 162, — 486, — 1458. 8 — 3, 2%, — $4,948 9.12 10. 15. 
11. 28. 12. 21. 
Page 285.—18. 8. 14. 3}. 15. 20 x%y. 


XXVlll ANSWERS. 


n—1 
lL. ote De. 82.2% 21. -4 r= f 5. 4. 6. r=3; 
3, 2, 6, 18, series. 7. a=—~. 8. a=5; 5, 15, 45,135, 405, 1215, 
rn 


series. 9. 7 i ee 10. r=; 2, 1, 4, 4, 4, fs, dp Series. 11. 2, 


12. p= t@— D8. 18, 1215. 


Page 287. - 7 1 4, 5 5 6.1, 3,9. 
8. 1,3,9, 27. 9. 1, 2 4, Te. 2, 4,8. 11. 4, 6, 9, 13}. 
13. 2, 6, 18. 

Page 288.—15. $629.38+. 1. 10a%y—2. 2 (5—5e)aty2+ 

8 
Qa-ny? +3027 4+2a+ cy+ 223. 


Page 289. —3. 10cy 3+12m+16ax—3b. 4. 10 ay®@—az+10a— 
UO oe 5. a —b. 6. 6a™—4ay2—-Damlyr2+6y% 7%. Ix t— 


Aa tikes 
12. 2, 6, 18. 


ays, 8. Fen! Pym", 9. win 4+2 o2ny2m4 ydm 10. x3 —a2y + ay? — v8. 


11. v8 — aby + vty? — a3 y3 + vPyt — avy? + y®. -12. ert gen—2y 4 gn—By2 + 
gnr—sy3 4 gn—dyt 4 yn— 679, 13. «+3. 14. 2Qx2+y)(2 eS 
15. (a2 +y")(a@+y)(a—y). 16. (x—7)(%+5)- 17. (w—9) (w+). 


18. (att gee ao y). 19. 2—y. 20. 24?+3. 21. x—3. 
22. x2—5x—-8. 3. 12 a2a2y3. 


Page 290. — 24. y(a?—y?). 25. -5 99 t—2. on a—b—c. 


2448 "eee @ pase 
2 2H2 
gg, 22). 99, 1. 90:0, 4 31. 0. 9a. wats > gah eee 
e2—1 x+2 at at— bt 
Mx. 36, ety? 
at + yt 
Page 291. — 36. roe 37.2—-1. 88. Vy—Vz. 89. 27+ 
wety+zZ 
Tay +21 aby? +35 wty3 + 35 x3yt+21a?yo+Tay'ty?. 40. 32a5+240atb+ 
720 0362+ 1080 a2b3 +810 abt +2435, 41. a +1009 +45 .a8b2+4 
120 a7b3 + 210 abt + 252 a5b® + 210 atb® + 120 a3b7 + 45 a2b8 + 10 ab9 + B10, 
42. «3 +4+302y+3ay?+y3. 43. (w+y)2Vay. 44. (w—y)V3z. 
45.1094. 46.2—y. 47.a+2Vab+b. 48.7. 49. 2h. 50. a?—b, 
51.24. 52.6.. 58.12. 54, oom, 
be m—n 


Page 292.—55. 5. 56. +2,or+V—6. 5% +V7.° 58. 81. 
59. 25. 60.4. 61.% 62. v=3, y=4,2=5. 63.2=11,%, y=—7}, 


=742, 64. c= 2,97 =4. 2=8, w=3,2=b 65. a=, y=ac, z=". 
ak . 


[=r] 


6. e=+2, y=4+4. CT. R= 2,08 3 y= SF sore: 68. «=4, or 5; 
y=5, or 4: 69. «=9, 25, 15; y=25, 9,15. 70. w=—4, or —2; y=2, 
or—4. 71. w=5, -—5; y=t4, 44. 72. c= 48, FIAVB; y= 4, 
+}3V3. 78. 2=8,2,-34V8; y=2,8,-8F V3. 174. x=2, or 16; 
y=2,or}. 15. a= 4, 2, 84. V21; y= 2,4, 8FV21. 16. x=6, 4, 
8+4,V—2505; y=4, 5, 8 AV — 2506. 17. w=4, orl; y=8. 


ANSWERS. xxix 


Page 293. — 78. x=8, 6, 10,0; y=6, 8,0, 10. 9. x=3, or —2; 
y=2, or —3. 80. 21, 28. 81. 20 minutes past 5. 82. 20. 
83. 9,12. 84. 9,3. 85. 17, 14, 27, 8, 33. 86. 2,3. © 87. 276. 
88. 50 apples, 150 pears. 89. 42 miles. 90. A’s age, 21; B’s age, 39. 


Page 294. —91. 333. 92. 8 cents. 93. 2. 94. 144 sq. yd. 
95. 40 horses. 96. $180, $120. 97. 357. 98. 30 shillings. 
99. 27, 13. 

Page 295. —100. 24000 men. 101. Ato B12 mi.; BtoC4mi.; 
CtoDi8mi. 102. +(1—V2). 103. 8 persons. 104. 27,2, minutes 
past 11. 105. 40 rd. and 16 rd. 106. 10, 8. 107. $577.18-+. 
108. Length, 118.48+ feet ; breadth, 88.86+ feet. 109. x=18, or 6; 
y=6, or 18. 

Page 296.— 110. x=+20, +16; y=+16, 420. 131. 7,18, 19, 25. 
112, 2yd.andiyd. 118. $40. 114. 1,3,9. 115. z=+8, +4Vv6; 


y=+1, +4v6. 116. 5ft.and4ft. 117. 2,4,8. 118. axz?+ba+e. 
119. 10, 20, 40. 120. $1200, $600, $300; or $1600, $400, $100. 


Page 297.—121. 38 gal. and 62 gal. 122. 24 bales or 72 casks. 


123. 18 acres; $12peracre. 124. 4, or 25. 125. 5,3. 126. A, 96; 
B, 108. 127. 15 pieces. 128. 2,5, 8. 129. B, 15 days; C, 18 days. . 


Page 298. —130. 4(34V—3), 4(8-V—83). 131. 1 (54+ V5), 

+iv5. 132. A, 55h.; B, 66h. 133. 6 days. 134. 3,2: 
4(14+V—19). 185. 1,2,3. 186. c=4, —4,3, —3,.V 4(81429V —7), 
—~V4(81429V—7);  y=43, 43, 44, 44, 4 -V1(81F29V—7), 
+V4(81429V—7). 187. x= 42, +1, 42V—1, + V—1; y=41, 
eo; ov 1, 4-2x/—1.. -- 138. 300 miles. 
» .Pace.300; —2. 6V—1. -- 3.-65/—2,. 4 200V—1. . 5. 6V=3, 
6-8V =6.%. 8aV—1. 8.10bv/—1,. 9. llaxV—1. 10. —aV=1. 
11. —2mav—3. . 2 
_ Page 301.—2. —-2V5. 3. —-12V@. 4. —86. 5. —6@v2. 
6.2. 4. —2V—1. 8. —6V6. 9. 15V10. 10. —30V3. 11. —8V—1. 
£290 121s 18. tN = 1 +9 —1, 

Soyo oe we. Sb ga. - 6. AAV 1. ASV H=1. 2 8..4-V8. 

Page 302. —9. 24+ vV—2. 10. 2aV —x. LsGw=1. 
Poy 1 1628 5. = 14 BV 1. 16. 144-1. 16, V1. 

Page 303.—1. o. 

Page 304.—2. o. 3. Indeterminate,?. 4.8. 5.0. 6. 2. 

Page 307.— 2. land4;2and3. 8. 1and6;.2and 5; 3 and 4. 
4. 1and4; 5and 3; 9and2; 13 and 1, 

Page 308. —7. 272, 228. 8. 2=8; y=5. 9. w=3; y=7. 
10-0 =—48-—19) 1 g=8; y=3) 12. v=115 y=18. 18. e=87 ; 
y=18. 14. Cows, 5, 10, 15, etc.; sheep, 83, 66, 49, etc. 15. Calves, 
lor 4; sheep, 27 or 8; geese, 72 or 88. 

Page 309.—16. 63. 17. 31. 18. 59,119. 19, 215. 20. 1147. 
21. Calves, 17, 16, 15, etc. ; sheep, 2, 4, 6, etc. ; lambs, 21, 20, 19, etc. 
22. Oats, 15, 88; barley, 75, 30; rye, 110, 132. 28. Calves, 4, 9, 14, 
etc. ; sheep, 78, 60, 42, etc. ; lambs, 72, 85, 98, etc. 
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Page 310. — 24. Least number, 253. A, 89; B, 73; C, 61; D, 26. 
25. Histories, 6, 13; lexicons, 17, 7. 26. Calves, 11, 12, 13; sheep, 
15, 10, 5; pigs, 4, 8, 12. 27. Ist part, 6, 12, 18, 24; 2d part, 56, 42, 
28, 14; 3d part, 8, 16, 24, 32. 28. Sheep, 37, 36, 35, 34, etc. ; pigs, 
4, 12, 20, 28, etc.; lambs, 59, 52, 45, 38, etc. 29. Sheep, 5, 10, 15; 
turkeys, 42, 24,6; geese, 53, 66, 79. 

Page 313.—3.4>7. 4.¢>8. A. 4>a. 6. 2>6. “T. o> 38. 
S276, 9. ok Ss = 0408 NSH 2. Ys, 10. «<<. 24; y>7?. 
%=23 Y=. LU eo y <2 t= y=%. Wea ia 
a=4;y=8. 18 o> Myys y <M w= 12; y=10. 14 2 < 588; 

Sent Ely yaad oa ype 
y > 333%. w=5; y 16 7 PLP 
Page 319. —2. 2.50243, 8. 2.45484. 4. 2.68664. 5. 2.52504. 


6. 1.52634, 7. 0.42813, 8. 1.58438. 9. 3.68404. 10. 3.58501. 
11. 8.44483. 12. 3.50098. 18. 3.27802. 14. 0.37015. 15. 0.22636. 
16. 3.823823. 17. 3.17883. 18. 3.48487. 19. 3.36160. 20. 3.49914. 
21. 3.47481. 22. 3.61679. 28. 3.56170. 24. 3.70234. 25. 3.57461. 
26. 3.61983. 27. 3.54196. 28. 0.75725. 29. 1.79553. 30. 3.95260. 
81. 3.89471. 32. 3.54666. 33. 3.67320. 34. 3.92237. 35. 3.96727. 
36. 3.69854. 387. 3.82775. 38. 0.76246. 39. 1.79851. 40. 2.62726. 
41. 3.88195. 42. 1.92133. 48. 0.93257. 44. 2.73287. 45, 1.89758. 


46. 0.94221. 47. 3.79782. 48. 2.04532. 49. 4.00000. 50. 1.47726. 
51. 2.15229. 52. 2.30320, 58. 3.38935, 54. 3.64019. 55. 3.93399. 
56. 3.89209. 57. 2.15229. 


Page 320.—2. 241.31. 8. 158.55, 4. 1.704. 5. .19339. 
6. .09652. 7. 1528.6. 8. 731.72. 9. .001765. 10. 965.06. 
11. 385.85. 12. 8886.9. 13. 1.6464. 14. 631.95. 15. .16882. 
16. 326.02. 17. 1887.04. 18. .04448. 19. 63339. 


Page 321.—2. 8.51. 3. 87.5. 4. 756. 5. 74.88. 6. 418.2. 
%. 5.824. 8. .000598. 9. .0000225, 10. .884. ll. .3249. 
12. .4896. 13. .00045. 14. .0035424. 15. 1182.19. 16. .0120989. 
17. 182863. 18. .00912. 19. 16147. 20. .000016. 21. 120.9. 
22. 2402.7. 28. 20.8023. - 24. .0006872. 25. 18311. 


Page 322.—2. .25. 8. .763. A. 30.2. 6. 3650. 6 .15. 
7. 321.9. 8. 2.683. 9. 3130. 10/ 21600. 11. 41.6. 12. 4420. 
13. .428. 14. 94.27. 15. 10808.44. 16. 17. 17. 605. 18. 210. 
19. 6250. 20. 5.02. 21. 206.89+. 22. 13499.06+4. 

2. 4225. 8. 7055.94, 4. 4218824. 5. 16776045+. 6. 658500. 
7. 506524. 8. 5765000. 9. 7535684. 10. 1061183-+. 
11. 131077639+. 12. 81121014. 18. 2256214. 14. 8745434. 
15. 199170403+. 16. 307.585+. 17. 2732531645564. 18. 5100952384. 
19. 76.735+. 20. .88473+. 21.44.3614. 22 858.494. 28, 28.0954. 
24. .0000002746. 25. .0074305+. 26, 5904524. 27, 17.0754. 
28. 26.8724. 29. 51684.52+. 

Page 323.—2. 14. 8. 16. 4.24. 6. 34. 6. 41. 7%. 63. 8 16. 
9. 72. 10. 24, 11. 2.5. 12, 42. 18. 45. 14. 3.072. 15. 4.0204. 
16. 3.0544. 17. 2491+. 18. 1.4724. 19. 1.6914. 20, 1.6774. 
21. 1601+. 22. 1.5814. 28.°1.4844. 24. 1558+. 95. 1.4564. 
26. 1.047+. 27. .0072+. 28. 7.964. 29. 9.814. 


Page 325.—2. $1010. 8. $740.26. 4. $701.79. 5. $332.51. 
6. $541.46. 7. $675.62. 8 44%. 9. 11.89 yr. 
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Page 327. —3. $10515.70. 4. $5298.19. 5. $4454.69. 6. $8376.15. 
7. $6383.82. 8. $12462.35. 


Page 330. —1. 3024. 2. 6720. 8. 70. 4. 20160. 5. 120. 6. 5040. 
Page 331. —7. 495. 8. 31. 9. 18564. 10. 3628800. 


Page 334. -—1. a + 5a4a+ 10 a?a? + 10 ae? + 5 awt +45. 2. at 
7 ae+21 aba? —35 ata3+35 aat—21 web +7 ax? —27. 8. 0414 ad3 + 


6 a4b§+4 a2b9+b%. 4. a-4+4 a 8c? 4.6 a 20444 a 1¢ 64678. 6. chy 
Bcd-24+8ctd4+d%, 6. a®—4a%et+6ain—4atat+a’, 7. 224 
5 a~2y3 + 10 2 2y8-+10 xy +5 oo Byl2 4 yl, 8. — + ae - au" 
9. «#44 asy? +6 wy +4 aye y2, 10. a9+12 a? x3 +60 asx’ +160 atx + 
240 ofa +192 ax 4.64 a2 11. 243a!—135 07 48027304 2 + 
bat oF = gy 16.0? 82% 24 oyt 
27 ~~. 243 ys yh ys AP 

Page 335. —1. 56a%b°, 2. 210 a®x4. 3. 462a'c® = 4. 495 416, 
6. —28352%. 6. —10}a’e?. 7. 852. 8, —20 a?. 9, —§Raty?. 


10. Fate, 11. 700%. 12, —36a%c2. 18. 642%. 14. — aye. 


1. 2343 42y4 8aey?4 y3+3 02246 vyz+3 y22+38 42243 y2?+28, 2 1+ 
444227823 —57448 74+ 2e5—4a7 4x8 38. w8—447+14 29-28 vd + 
49 24— 56 13+ 56 x?-—3824+16. 4. a+8a'x+6ate2+7 a323+6 a2att+ 
Bae+e% 5. a 4+3.07x?+3 axt+08+3 a2+6 ax2z+3 az+38 a?+6 ax? - 
+3 2443 a2?+6 a24+3043 022216 722138 92423243 243241. 6. 28— 
8a'+1205440 2° —744¢—120 72 +108 %? +216 %+4+81. 


Page 339.— 3. 1—24%120?—20342a4. 4, 14443 02+923+27 at. 
5. 3—-Latier—2o8+tiot 6. 1482744274741] a4. 7. 1420 
+8 4?+28 22+ 100 x4. 8. 2—544302+2 -—5et. 9. 1438047074 
~ 1548+ 31 xt. 10. 34+-2—2277—38 23 —xt4. 11. e—2?+022+ 44-25, 
12. 2434744 02+503+6at. 18.1—202+04+4 7-11 48. 14. 7+94?4 
82 43 + 92 244-240 x. © . 


Page 341. —5. ates 6. sats 1. a ytoy 
& ses era | oe Ken 3) B= = = 
mate 12. 143445 Bommantacge: Sra 
ae i 


wt ee ay ey ae oe = 8, w=y—3B y? +13 y3 —67 y4* 
aa re Gt j P44 pak ys f y 5. x=} 7 é P+ te p- vs 
Hee Be ey Fy EY — Ey ts. 
Page 344.— 8. .45463. 9. 274649 +. 
Page 345.— 2. m=2?; n=x. 8. m=2a?; n=", 4 m=82?; 
Mma2xn. 5. m=2x2; n=3e. 


Xxxii ANSWERS. 
142% — 1422. 1-2 : 
paee SAT eee * [7a * [-3e—228 
1+ ; 
"1-22+2? 
} Pt —$ pe -F 23 3 
Page 351.—2. a?+4a *b-}La *b?+44 7b3-..., 8. a§+ 
ga tb—ha 8b24 Aa 8 be... 4. a2@—2 0-84 8.4-+AD—4 D4, 
5. aha b+ ha ta Bt. 6. a-843a-4b +6075 B+ 
0a*be4., 7. at—fa tb ga tga tte. 8 qt 
=. a 
ha tb+ ya # BAe a F O84, 9. a ?-$a 7644 a 7B 
a4. 10 14504+5e—Far4-.. 11, VEab~—22__ 


4V2a 


: 27 02 * 135 68 12. 1 —42— 38 — eee 


64av2a 512a2V2a 


18. @ > 4+ $075b 4 hea P bt + Bea PBs +, 15. 2.609-+. 
16. 4.2424. 17. 5.0994. 18. 3.0724. 19. 3.036+. 20. 3.0049+4. 
Page 354.—2. —1,3. 8.1,2. 4. —3,2, 5.8,2 6 —d4 
4V—39. 
Page 356. —1. 23—9 77+ 267—24=0. 2. 28—9 224+23¢—15=0. 
8. 28+20?-5ae—6=0. 4. at—228—132?+38%—24=0. 5. x3—4}h42 
+5xe—14=0. 6. et+428—622—Ja+1=0. 7. 1,2, 3,4. 8. 24+2V2, 


Page 357. —1. Two positive and one negative. 2. Three pos- 
itive. 3. Two positive and one negative. 4. One positive and two 


negative. 5. One positive and two negative. 6. Two positive and two 
negative. 


.Page 359. —2. y—3yt+2y?+3y4+6=0. 38. y—3yt—4 y®—Ty4 
T==0- 4. y—2yt—5 y—3 y—4=0. 

1. y8+36y—432=0. 2. -y846y2—81=0. 8. y8 6 y2-243=0: 
4. y8—27 y—54=0. 

Page 360. —1. y—y342y—288=0. 2 y3—14 4.11 y—75=0. 
8. y®—18 y?4+27y—120=0. 4. y8—11ly?—12y+4+31=0. 5. yt—12 8 
+150 y?—13500 7 +23625=0. 6. yt—6573+1170 y? — 1538000 y +- 162000 
=0. 7% yt+4y'—75y2+500y=0. 8. y°—36 y3+ 18824 y—5971968=0. 

,Page 363. —1. 23—97?+4+26 4-24. 2. x#+4 48-18 22-76 4%—55. 
8. e—6 a? +11 2-6. 

Page 364.— 8. x!—32724+527-6=0. 4. #2— 30 22+ 225 x—491—0. 
5. y°+50 y#+ 1005 y+ 10150 y2+ 51497 y+ 104965=0. 6. yt +9 y+ 
12y—l4y=0. 7. yt +48 y3 +687 y2+ 4847 y412458=0, - 

Page 365. —8. #5410 24+77 23 +302 224430 %+4+153=0. 9. yf— 
109° +35 y°—50y+24=0. 10. (1) 54694411 y®—19y—15=—0. (2) yf 
+48 y+ 244 12-+-432y4+291=0. (3) 25410 24440 48480 22480 2431 
=0. (4) y3+6 y2—68 y—62=0. 

Page 366.—4. 4,5, 1. 5. $,3, —§ 6.5,°6. 7. —6,8 4 —1, 

Ph 10. 2,8) 4,7, 10. Tea Sere 


Page'867.—1.1. 2 0(b-1). 3, 2920-5), gis 58 64, 
4a—3b 
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71. 8&4 940. 10. 5,or—% 11, ao ig: 222 Boecn 
¢ (Va—2vb)2 
13. pfi(ave ie 14, a4 a2. 
1+ce 4a 


Page 368.—15. 3. 16. 1, or142Vi6. 17. 4, or 2/25. 18. 1, or 
po 19. 10V—-1. 20. c= =4; y=2; 2=6; u=5. 21. x=3; y=2; 2=4 


w=—2;v=-3, 22. x= ee eS gg agg: aa 4 o(m—1) | 
2 


be V2n—1 


2 2__f2 2 
25. 2=44.544,. 26. w= 4q/UC—d?-B(c+a 
+ x r 2(c? + (2) 


Page 369. — 27. x=42+Va?+4. 28. 2=4}. 99. CAB, Be 

=+2, +3. 380. c=a,b; y=b,a. 31. x= 2; y=2. 82. 2=5; y=3. 
33. 4=3,6; y=6,3. 34. x=4, (x5)? y=9, 324, 35. o=4, I ieeiek 
36. 7=4, —2; y= ve 87. w=2, V8—.V9' y= 61-940; : SB. 4, 
16, —124 V58; y=5, —7, -1F V58. 39. z= 3, —7, —24V—17; 
y=2, + ae }(6# Vat) 40. x=3, —¥, fy 4V409; y=1, —}, 3+ 
wy V409. 41. x=5, —368,; y=3, 30%). 42. w=4, 2,84 V21; y=2, 
4,3—V21. 48. 7=8,2;y=2,3. 44. 7- 2,8; y=2,—-5. 45.7=+4, 
+2; y=+2,44. 46. e=48, 42V—1; y=42, F3Y—1. 47, x= 8, 
1, —84 V —23; y=7, 8, S$ V—23. 48, 2=9, 6, —94 V5; y=1, 
4, ~8$ V5. 

Page 370. —49. c=+8, +8V—1; y=146, F6V—I1. 50, x=5, 4, 


84 yy V —2505 ; y=4, 5, 8F yyV—2505. 51. =I, 1773 y=2, —7. 
52. x=9, 4, 36, ; y=4, 9, 1,36. BB oh Bs 2, 4. 54. x4, 


aa 1, 4V—1, —4V—1; y= 48, +8, +4, 44, 
44V—B 44V—1 i ge ams 55. w=12; y=6. 56. x=4; 


y=8, 2. CRS Cae ee ; Y=2, 8, —4F4V—1. 58. e=2, 
1; y=1,2. 59. ¢=+4; y= ae 60S 2=3, 2); y—2, 38, 61. x=6, 


4, 4(—1745V11); y=4, 6, 4(—17F5V11). 62. x=3, 2, | § 4 iV — 300: 
y=2, 8, §F3V—309. 63. x=8, 6, 10, 0; y=6, 8,0, 10. 64. a=44; 
y=+5;.2=46. 65. x=6, 5, 4(—1084 V—3161); y=8, 8, —7, —7; 
Z=b, 6,.1,(—108$ V— pO: 


fAb-a 4b— ae 
Page 371. — 66. m= 24% Poa ae 5 Lae ——- 67, x= 


a. ie pe. 68 ‘pee ava. Ses. 
a+b’ a+b 2v/2b—a Z 2°/2b—a 
69. dt, 23, hy $8, +2, Tr 70. 3, 1, 4. 71. 3. 72. 10. 73. eae 

4a v— da ae” ia psa aaa ie a 294, "4, Qent+3 4 (n+1)a2"b2+ 


a Dscmgan ner The 1)(m=2) on—98 4, 
75.) cane ee 4238 ee 76. saat, UN. eer 


3 2 8 : pe GG ome 
oF 142448 42+ 28 x so ge 79 Pea es 0 24 ae 
a. 838. 8— V2, 384+ V2. 84. 7845 2242%7-—8=0, 
1 
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Page 372. — 85. 7=4; y=12; z=4. 86. 376, 214. 87. 28154, 
260378,, 87442. 88. $80. 89. 12inches. 90. Length, 20 ft. ; breadth, 
16 ft.; height, 14 ft. 91. 65675 ft. nearly. 92. Base, 15 ft. ; hyp., 
39 ft. ; perp., 36 ft. 98. 39, 93. 


Page 373. — 94. reas 95. 25.4in.+. 96. 4, 13,16. 97. Length, 
a 


16 ft. ; breadth, 2 ft. 98. Length, diminished 102 ft. ; breadth, 
increased 114 ft. 99. A, 36; B, 30. 100. (8+ V5) ; 4(1+4 V5). 
101. +3V5; 454 V5). 

Page 374. —102. $500, $320. 103. 100 ft. 104. 7 hours; 4 
hours. 105. 79 days, number of men alive, 28. 106. 40 ft. long: 
25 ft. wide. 107. 38, 62. 


Page 375. —108. 25 miles from Baltimore. 109. Length, 90 yd. ; 
breadth, 60 yd. 110. 6 days, 26 men. 111. Length, 30 yd. ; 
breadth, 19 yd. ; height of wall, 4 yd. 112. .655. 118. 1.8965. 


MILNE’S PROGRESSIVE 
ARITHMETICS 


By WILLIAM J. MILNE, Ph.D., LL.D., President of 
New York State Normal College, Albany, N.Y. 


THREE BOOK SERIES TWO BOOK SERIES 
First Book, . . . . $0.35 First Book. . . . . $0.35 a 
Second" Book’... *. = S40 Complete Book . . . .65 = 
pihicd: Bookwcnoe. 3. seve d'6 


N these series the best modern methods of instruction have 
been combined with those older features which gave the 
author’s previous arithmetics such marvelous popularity. 

4] Built upon a definite pedagogical plan, these books teach 
the processes of arithmetic in such a way as to develop the 
reasoning faculties, and to train the power of rapid, accurate, 
and skillful manipulation of numbers. The inductive method 
is applied, leading the pupils to discover truths for them- 


selves ; but it is supplemented _by model-solutions and careful’ 
explanations of each step. “\—_ LA 
. @ Each new topic,is first carefully elaped, and then en- 
forced by sufficient practice to fix it thoroughly in the mind. 
The problems, which have been framed with the greatest care, 
relate to a wide range of subjects drawn from modern life and 
industries. Reviews in various forms are a marked feature. 
Usefulness is the keynote. 
4] In the First and Second Books the amount of work that 
may be accomplished in a half year is taken as the unit of 
classification, and the various subjects are treated topically, 
each being preceded by a brief résumé of the concepts 
already acquired. In the Third Book the purely topical 
method is used in order to give the pupil a coherent 
knowledge of each subject. The Complete Book covers 
the work usually given to pupils during the last four years 
_of school. ——> 
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C ROOK ELT 
LR PGW O M BAP 


By C. W. CROCKETT,, Professor of Mathematics and 


Astronomy, Rensselaer Polytechnic Institute 


Plane and Spherical Trigonometry. With Tables . 
The same. Without Tables . . . = 

Plane Trigonometry. With Tables . 

Logarithmic and Trigonometric Tables . 


ECAUSE this work has been prepared for beginners 
B the author has limited himself to the selection of 
simple proofs of the formulas, not striving after original 
demonstrations. Geometrical proofs have been added in 
many cases, experience having shown that the student is 
assisted by them to a clearer understanding of the subject. 
| All of the numerical examples have been computed by the 
author with special attention to correctness in the last decimal 
place; and the arrangement of the computations has been 
carefully considered. Five-place tables have been adopted, 
and the angles in the examples are given to the nearest tenth 
of a minute, because the instruments ordinarily useds by 
engineers are read by the vernier only to the nearest minute 
of arc, while the angle corresponding to a computed function 
may be found usually to the nearest tenth of a minute by the 
use of five-place tables. For convenience the tables are 
printed on colored paper. 
@| Each subject is developed in a logical and natural manner, 
The elementary definitions of the ratios are followed at once 
by the solution of right triangles, in order that the defin- 
itions may be impressed upon the mind of the student, and a 
large number of practical problems are then given to demonstrate 
the utility of the study, The more general definitions of the 
functions, with their values in the different quadrants and 
analogous properties, are then discussed. 
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SCHOOL MUSIC 
Song Collections and Books of Instruction 


pikes shige In one book é : $0.50 


Part Songs \for Mixed Voices , : 65 

Betz’s Gems of School Song . 7e 
Birge’s Choruses and Part Songs on High ‘Schools .65 
Dann’s Christmas Carols and Hymns s : 45 
School Hymnal : 2 ; <hO 

Musical Dictation, Book one 4 A 50 

=, Music Writing Book, Number I . : 10 

i rates Art Songs for High Schools ‘ 80 
I _ Farnsworth’s Education through Music. : 1.00 
_ Johnson’ s Songs Every One Should Know ‘ 50 


4}. Jones’s Songs of Seasons : . 525 
- MacConnell’s Standard Songs and Charnes 5 “75 
‘}  Mathews’s Songs of all Lands y % : .50 
| MecC@askey’s Favorite Songs and Hymns . ; 80 
\ itchell’s Ten Familiar Songs ‘ : 
Natural Music Course (Ripley & Tapper): 


Rote Song Book (First Steps in Music) . 40 
Charts. Sets: A,B, C,D,E,F,andG, Each, 4.00 

Harmonic Series. Six books. Melodic Series. Four books. 

Natural Series. Seven books, Short Course. Two books. 
NeCollins’s Institute Songs. ; : ‘ 245 
Glee and Chorus Book : 65 
Neidlinger’s Earth, Sky and Air in Song. Book I .70 
The same. Book II : 80 
Rix’s The Mastersinger : : i 65 
Shirley’ s Part Songs for Girls’ Voices : : 75 
Part Songs for Mixed Voices 5 ; ie | 
School and Festival Songs . 225 


Smith (Eleanor) Music Course. Six books aiid Manual 
Standard Musical Library: Prices from 1oc. to zoc. 
a Complete list on request. 
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PUPIL’S NOTEBOOKS AND STUDY 
OUTLINES IN HISTORY 


ORIENTAL AND GREEK HISTORY 
By L. B. LEWIS, Teacher of Ancient History, Central 
High School, Syracuse,<N. Yo... 25 oe eae 


ROMAN HISTORY 
By EDNA M. McKINLEY, Ph. B., Teacher ot Ancient 
and European History, Central High School, Syracuse, 
INGT¥ 30.) 22. cata a Dre ahead . $or2ig 


7 


HESE notebooks combine the topical and library 
methods of studying history. They give a correct his- 
torical perspective; they show the relation of important 

events to each other; and they drive home in the pupil’s 
mind certain vital facts by requiring him to perform various kinds 
of interesting work, which in each case is definitely laid out. 
qj A skeleton outline of topics is included with indications of 
subdivisions and blank spaces in which the student is to write 
the more important sub-topics and other brief notes to com- 
plete the outline. 

| Special topics for collateral reading are inserted to supple- 

ment the text in the proper places, ~These special topics are 

to be reported on in class in connection with the regular text 
lesson, and the reports are to be written by the student on the 

blank pages left for this purpose at the end of the book. A 

very full list of books, with pages specified, is given in con- 

nection with each topic. 

4] The large number of these special topics affords ample choice, 

and emphasis has been placed on those which show the life 

and character of the people. These topics may be used as 
themes in English, and as subjects for debate, in order to 
stimulate reading and discussion on the part of the class. 

{| There are outline maps to be filled in, and numerous spaces 

for drawings and plans which can easily be made by the pupil 

after consulting the specific references in the books mentioned. 
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DRYER’S | 
HIGH SCHOOL GEOGRAPHY 


PHYSICAL, ECONOMIC, AND REGIONAL 


By CHARLES REDWAY DRYER, F.G.S.A., F.R.G.S., 
Professor of Geography and Geology, State Normal 
Schoo}, Terre Haute, Ind. 


$1.30 


Parts I and II. Physical and Economic. Price, $1.20 


Bes textbook represents a new departure in geography 

for secondary schools—the correlation of physical and 

commercial geography. It is an effort to afford a clear 
idea of the relation between the earth and man, showing both 
the dependence of human life upon natural conditions, and 
the influence of those conditions in turn upon human life. 
§] Part I is devoted to a brief account of physical geography, 
which forms the necessary basis of study, only those features 
and processes being emphasized which have directly affected 
man in his progress. Each topic is treated as to its economic 
relations, showing how the form and present physical condi- 
tion of the earth affect commerce and civilization. 
@| Part II, economic geography, reverses the point of view 
of the first part. Here the outlines of household manage- 
ment practised by the great human family are presented 
against the background of the natural earth already shown. 
By this method of treatment both physical and economic 
geography are made to have a double interest and value. 

. & Part III furnishes a more detailed, intimate, and graphic 
study of economic geography, arranged according to the 
different types of environment, with reference to the econo- 
mic adaptations of human life. The treatment is by natura! 
rather than by political divisions, 

@| The book contains an unusually large number and variety 
of maps and illustrations, which are given in close.connection 
with the text. 
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DESCRIPTIVE 
CATALOGUE OF HIGH 
SCHOOL.AND COLLEGE 
TEXTBOOKS 


Published Complete and in Sections 


\ i J issue a Catalogue of High School and College Text- 
books, which we have tried to make as valuable and 
as useful to teachers as possible. In this catalogue 

are set forth briefly and clearly the scope and leading charac- 
teristics of each of our best textbooks. In most cases there 
are also given testimonials from well-known teachers, which 
have been selected quite as much for their descriptive qualities 
as for their value as commendations, ; 

§] For the convenience of teachers this Catalogue is also 

published in ‘separate sections tréating of the various 

branches of study, These pamphlets are entitled: Eng- 
lish, Mathematics, History and Political Science, Science, 

Modern Foreign Languages, Ancient ‘Languages, Com-. 

mercial Subjects, and Philosophy and\ Education. A 

single pamphlet is devoted to the Newest Books’ in all 

subjects. 

4] Teachers seeking the newest and best books for their 

classes are invited to send for our Complete High School and 

College Catalogue, or for such sections as may be of greatest 

interest, 

{| Copies of our price lists, or of special circulars, in which 

these books are described at greater length than the space 

limitations of the catalogue permit, will be mailed to any 
address on request. 

4] All correspondence should be addressed to the nearest 

of the following offices of the company: New York, Cincin- 

nati, Chicago, Boston, Atlanta, San Francisco. 
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